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PREF'^CE. 



This Treatise is intended to be a continuation of 
Mr. Hamblin Smith's Algebra (Part I.). 

I have prefixed to it an Appendix to Part I., contain- 
ing several propositions and proofs, which properly belong 
to the portion of Algebra treated of in that Part, but 
were thought too difl&cult for the student when first 
beginning the subject. 

My thanks are due to several friends who have aided 
me with their suggestions ; but I am especially indebted 
to Mr. J. H. Davis of Painswick Grammar School, and to 
Mr. 6. E. Jellicoe of London. The former corrected the 
proof-sheets and worked through most of the examples, 
except in the portion relating to Probabilities, which the 
latter kindly undertook. 

I wish also to acknowledge the help I have obtained in 
Probabilities from Mr. Venn's " Logic of Chance," as I 
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have attempted to make the view taken in that work the 
basis of my own explanation. 

I cannot but fear that in a volume containing so many 
indices and suffixes several errors still remain undetected. 
I shall very thankfully receive any corrections, or sug- 
gestions for the improvement of the book, which may be 
sent to me. 

E. J. GKOSS. 



GONVILLE AND OaIUS CoLLIOE, 

October, 1874. 
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1. The following is an extension of the method of [Art 215], 
to simultaneous equations involving three unknowns. 

To solve the equations, 

aiX+bii/+CiZ=sdi • . . . (i), 
atX+bty+CiZ=:idt , . . (2), 
a^x+bst/+CiZ==di . . . (3). 

If we multiply equation (i) by ftaCg— fts^a, (2) by 5»Ci— ftiC,, 
(3) ^y ^iCi^^iCi and add, we obtain the equation, 

a;{ai(6jC8— 6sCi)+ai(ft8Ci— ftic,)+«8(fti<^t— Ml)} 
=^1(^8— Mi)+^8(Vi— ^C8)+^8(ftiC«— 6jCi) . (4). 

Thus X is determined, and in a similar manner by multiplying 
the equations (i), (2), (3), by appropriate multipliers, we might 
obtain equations for separately determining 1/ and z, 

2. This is called the Method of Cross Multiplication. 

It will be observed that to form any particular multiplier, such 
as that for equation (2) in finding x, we start with b^ the co- 
efficient of the succeeding unknown in the succeeding equation, 
and multiply it by Ci the oo-efficient of the remaining unknown in 
the remaining equation, and from this subtract the product biC^, 
In this observation we consider (i) as the equation succeeding 

to (3). 

3. The expression for y obtained as above has the denominator 

= 6i(cta, — Ctat) + 5t(<?8«i — Ci^s) +*8(ciflj — C8«i)> 
which the student will readily see is the same as the denominator 
in the expression for x obtained from (4). 

A 

n 
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4. To eliminate x^ y, z from the equations, 

aia?+6iy+CiZ=-0 . . . (i), 

a,a?+6,y4-Ca«=0 . . . (2), 

«8a?+ft8y+C8Z=0 . . . (3). 

Multiply (i), (2), (3), respectively by ftfCg— ^sCj, etc., as in 

Art. 1, and we obtain 

a?{ai(6,c,— 6BC,)+a,(5,Ci— 6,r8)+as(^iCi— ftiCi)}=0, 

or fliCftgCs— 68Cj)+etc., =0. 

Note, — Any equation of the first degree is said to be linear. 

EXAMPLES.— I. 
Solve the equations 

I. a*a?+ay+2= — a% 2. 3a?+23/+4z=19, 

fi'a;+6^+2=-6», 2a?+5^+3z=21, 

3. 3a?— 4y+ 62= 9, 4. a?— y+z=0, 

5a?— 6^— 152= 6. bcx—cay+abz^l. 

5. a?4-2^+3z= 14, 6. 5-2;+cy=a, 

2a?-^3^+4z?= 8, ca?+a«=5, 

3a?+4^— 3^=- 4. af/+bx=c. 

7. a?+y+«=a+&+c, 
a o c 

s.,x+™,+»=(yi-y=)(yf-y|)(yi-yi), 

/ w n 

05+^ + 2 = 0. 
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5. We now return to the principle mentioned in [Art. 333]. 
But before we proceed to the proof of it, it will be useful to give 
a few explanations of the words and notation employed 

6. Any expression containing, or involving^ a particular 
symbol, as a?, is called a function of that symbol [Art. 331], and 
is often denoted by writing the symbol within brackets and 
some letter before the first bracket, thus i^(«), /(«)» ^(a?) 
denote different functions of a;« 

7. F(x)^ F(a) denote the same functions of x and of a; for 
example, if F{x)=x^'^2x — «-* 4-6a;^ +7, 

then F(a)=a« + 2a -a-^ +6a^ +7, 
and i^(2)=2«+2.2-2-»+6.2i+7. 

8. If we divide any positive integral function of x [Art. 331], 
such as 3a5*+6a;^ — 2a!:4-l, by a simple expression, such as 05—2, 
it will be found that at each step the remainder is a positive 
integral function of x, but the highest power of x in it is lower 
by one than that in the preceding remainder, until at last 
we obtain a remainder not involving x at all. This, unless 
anything is expressly said to the contrary, is called the re- 
niainder when the given function is divided by the simple 
expression. 

Jhe following Proposition shows that we can obtain this 
remainder at once, by writing 2 for x in the dividend, or in 
other words, that the remainder is the same function of 2 that 
the dividend is of x, 

9. Prop. If <^(x) "be any positive integral function of x and 
<^(x) he divided 5y x— a, tlien the remainder wilt he ^(a), i.e. 
it will he the same function ofnas the dividend is ofj. 

Suppose the division performed, and that Q is the quotient, 
and B the remainder ; 

.-. il>{x)=:{x^a)Q+R . . (i). 
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Now since ^{x) is a positive integral function of x, R cannot 
contain x, and therefore will remain unchanged whatever value 
we give to x; put then x=:a and we obtain from (i) 

<l>{a)=R, Q.B.D. 

Cob. I. If a be a root of the corresponding [Art. 332] equa- 
tion <f>{x)=0, or in other words, if </>(a)=0, then i?=0, and the 
expression <f>(x) is divisible by x— a. 

Cob. 2. Conversely, if the expression (f>{x) be divisible by a:— a, 
we have i?=0, i.e. </>(a) = 0, and .*. a is a root of the corre- 
sponding equation (l>(x)=0. 

From Cor. i we can often see whether a given expression is 
divisible by x—a ; for if it be, it must vanish when in it we put 
«=a. [Art. 333, Ex, (^.)], 

10. Ex. To show that xyz is a factor of the expression 

(^^x+y+z)(pS'-y+zXx+y'-z)+x{x--y+z){x+i/'-z) 

+!/{x+y'-z){—x+y+z)+z{'-x+y+z){x-^y+z). 
In it put a?=0, it becomes 

(y+^)(-y+^)(y-^)-hy(y-^)(y+^)+%+«)(-y+^) 

= (y+^)(y-"^){— y+^+y— -zrjssO; .'. 05 is a factor. 
By symmetry, y and z are also factors ; .*. xyz is a factor. 

11. Ohs. From this example we can show that the given 
expression =4xyz. 

For by the example xyz is a factor of it ; .*. we can put 
(-aj+y+«)(aj— y+«) (a? +y—«)+a;(aj-y +2) (a;+y— 2) + etc.=yj^; 
and if we were to multiply out the factors on the left-hand side, 
all the terms containing a;', x^y, etc. must cancel out, and leave 
only the terms containing ocyz as a factor ; and the numerical 
CO- efficients of these terms, with their proper signs, must make 
up N, i.e. ^ is a number, and does not involve x, y, or z, and 
.*. remains unaltered, whatever value we give to a;, y, and z. 
Put then a:=2, y=l, z=l; 

.-. ^x+y+z—0, «— y+«=2, rc+y— ^=2; 
.-. 2.2.2=Ar.2.1.1 ; .-. ^=4. 
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EXAMPLES.— IL 

1. Write down the remainder after the division of 4a?' — 3a5' — 7 
by 35—3. 

2. Is 2a;*— 5a;*+7a5+l divisible by a?— 1 ? 

3. Is 3x*— 7a?»+2a;«— 40 divisible by a:-2? 

4. Prove that 

(a+6+c)(^+ca+a6)— (6+c)(c+a)(a+i)=aic. 

5. Prove that (6 — c)(a: — 6)(a? — c) + (c — a)(a? — c)(a; — a) 
+(«— ft)(a:— a)(a?— 6)=— (6— c)(c— a)(a— ft). 

6. Prove that 5C7(5- C) + CM (C'- ^) +^^(^ - ^) 
= -(2?-(7) (C-il) (4-5). 

7. If s=a+6+c, prove that «(s— 2ft)(s— 2c)+«(5— 2c)(«— 2a) 
+«(«-2a) (s-26)-(«-2a) (5-2ft) (5-2c)=8a6c. 

8. Prove that (a4- 6 + c)*— (ft + c)*-(c + a)*-(a + ft)* 
+a*+**+c*=12aftc(a+ft+c). 

9. Prove that 

(ft+c)«(«— a)+a(s— ft)(5— c)— 2ftc5 
= (c+a)«(«— ft)+ft(s— c)(«— a)— 2ca« 
=(a+ft)s(s— c)+c(«— a)(s— ft)— 2afts, where 2s=a+ft+c. 

10. If 2«=a+ft+c, prove that 

a(s— ft)(«— c)+ft(«— c)(5— a)+c(«— a)(«— ft) 

=a(s-a)*+ft(«-ft)*+c(s-c)« 

=aftc— 2(5— a)(5— ft)(5— c). 

11. Prove that 

(ft+c— a— a:)*(ft— c)(a— a:) + (c+a— ft— a7)*(c— a)(ft— «) 
+ (a+ft— c— a?)*(a— ft)(c— a?) 
= 16 (ft — c) ( c— a) (a— ft) (a?— a) (a; — ft) (a?- c). 

12. Show that a?*+y+2*-2«y-2^V-22V is divisible 
by the four expressions a; ± ^ ± 2;. 
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12. Let F(x) denote a positive integral function of a:, of the 

nth degree, say jPn^'*+i>n-ia?'*"*+ • • • •Px^'V'P^* 

Let ai, a, . . . . a„ be n different values of a?, which make 
J'(x)=0. 

Then F(x) is divisible by a?— Cj ; denote the quotient by d, 
then i^(a:)=Qi(a5— a,). 

Hence Qi(a?— ai) = 0, when x^=ia^\ but Og— Cj is not equal 
to 0, since a, and a^ are different; 

/., [Art. 324], Qi must vanish when a? = a, ; 

.*. Qtx is divisible by a:— a, ; denote the quotient by Qg ; 

.•. -F(a;)=Q,(a?— ai)(a?— a,). 

Now Qx is a positive integral function of a: of the (n— l)th 
degree, of which j3„a:""* is the first term, hence Q, is a similar 
function of the (n— 2)th degree, of which the first term is p^x^-^. 
Proceeding thus, the co-efficient of the first term of each quotient 
being ^n; ^^ &^ l&st come to 

JF'(a?)=^„(a?— ai)(a?— a,) . . . (a?— fl«). 

13. Ex, What are the limits of the values which x must have 
in order that 6a?* + 7a;— 20 may be positive? 

Solving 6a?«+7a:-20=0 we find a:=--f, or J; 

.-., Art. 12, 6aj«+7ar-20=6(a?+|)(a?-J). 

(i) If a: is greater than j, both the factors aj+f, and a:— jj 
are positive, and then theic product is positive. 

(2) If a: is less than — f, both the factors are negative, and 

their product again is positive. 

(3) If a? is less than J, and greater than — |^, then a:— ^ re 

negative, and aj+f is positive, and their product is 

negative. 
Hence x must be greater than j^, or less than —4, in order 
that 6a:* + 7a:— 20 may be positive, or in other words, 
6a:2 + 7a:— 20 is positive for all values of a:, except those which 
lie between the roots of the corresponding equation. 
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14. Ex, Investigate the limits of the values that the expression 
%jr;C~jro can have, consistent with x being a real number. 

Put ^^+J^=« ; 
then a?*(l— w)+a?(3--5ti)+4— 2m=0 j 



•*• ^^ 2(l-w) 

" 2(1 -tt) ' 

.'. 17m*— 6m— 7 must be positive. 
Nowif 17m«-6m-7=0, 

__ 3zbN^Il9+9 __ 3zb8x/2 
"" 17 """TT" ' 

.-., Art. 12, m«-6M-7=17(M-5±|^VM-?:^]; 

.-., as in Art. 13, 3+8\/2 3— 8V2 

M must be greater than — =^= — , or less than — =-= — • 

It will be remarked here that 17m*— 6m— 7 is positive so long 
as u does not lie between the roots of the corresponding equation. 
This statement, and that at the end of Art. 13 are particular cases 
of the proposition investigated in the following Article. 

15. Prop. To show that for all real values of x the expression 
ax* +bx-i-c Aflw the sarae sign a>s a, except when the roots of the corre- 
sponding equation are real and different, and x lies between them. 

For ax^ +hx + c = a< x*-\ 1 — v 

( a a ) 

and .'. has, or has not, the same sign as a, according as 
I a:+^ j Z~T~ ^^ positive, or negative. 
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Now (^+9-) 9 being a square, is always positive, whatever 

real value x may have. 

1°. Let the roots of the equation ax^ +^^+^=0 be impossible, 

then o»— 4ac, and .*. — j-5 — , is negative; .*. I ^+0- I 2r«~ 

is positive. 

2^. Let the roots of the equation be real and equal, then 

6«-4ac=0 ; .-. (x+^V-^^- becomes (a^+^Y, and .-. 
is positive. 

Hence in both these cases a and ox'+do^+c have the same 
sign. 

3°. Let the roots of the equation be real and different, then 
^*— 4ac, and .'. —j-i — , is positive. 

Now 1^+0" I 471 — ^s positive as long as l^+o") ^^ 

. .1 &*— 4ac 
greater than — ; 

I.e., a:+^ is numerically greater than it ^ ; 

I.e., aj+TT- does not lie between and .7" ^^ t nor between 
'2a 2a 

^^""^ 2^~' 

. 6 J A T u X Vft"— 4ac J V^'— 4ac 

2.e., a7+H- does not lie between -2— -^r and — -^-— ^r ; 

'2a 2a 2a 

i.«., a; does not lie between — -rV — ^^ and "^ ~" ^ — ^^^ 

' 2a 2a 

But these last expressions are the roots of the equation. 
Hence in this case a and (zx*+bx+c have the same sign, 
except when x lies between the roots of the equation. 
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EXAMPLES.— III. 

1. What values of a: will render 3a?*— 7a? +2 positive? 

2. Find the least positive value which — i~j ,A i -i c*^ have. 

3. When X is real, find the limits to the values of 

2a;* - 3a?+ 1 , 3a?* + 7a?- 1 
— ^-^— ,and ^,^3 . 

T7,. . ^ .1 ^' y. a?*+10a?+25 

4. rmd the greatest value which — a 1 r 17 " can have. 

5. What values of a? will make 4a;— 7a?' + l positive? 

^ im. . 1 .1., i. a?*-4a?+5 ,9a?H9a? + 2^ 

6. What values are possible for ^^-^-^^ > ^nd 3^.^^^,^^ ? 

a?^— 3a?— 3 

7. Determine the limits between which *> 219 1 -i lies for 

all possible values of a?* 

16. Ex, To find the sum of the squares of the first n natural 
numbers. 

Let 2»i* denote l*+2*+ . . «*. 
Now (n+l)»=n»+3n*+3w+l, 

n»=(n-^l)»+3(n-l)»+3(n-l)+l, 
etc. = etc. 
3»=2»+3.2«+3.2+l, 
2«=1»+3.1«+3.1+1; 
.•.,adding,(n+l)»=l+3(n«+.. + 2*+l*)+3(n+..+2+l)+n 

= l+32n*+35i2+l)+n; 

...2»'=i{(«+l)'-(«+l)-3"-^>} 
=^|2(«+l)'-2-8n} 

n(n+l)(2n+l) 
= g 
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17. Ex. To find the sum of the cubes of the first n natural 
numbers. 

Let 2n»=l»+2»+ . . n». 

Now (n+l)*=w*+4n»+67i*+4n+l, 

n*=(n-l)*+4(w-l)»+6(n-l)«+4(n-l)+l, 
etc. = etc. 
2* = 1*+4.1»+6.1«+4.1 + 1 ; 
.-., adding, (n+l)*=l+42n3+n(n+l)(2w+l) + 2/?(n+l)+n. 
.-. 2/^«=i{(n+l)*-(n+l)-n(n+l)(2n+l)-2«(n+l)} 
=i(w+l){(^+l)'-l-n(2w+l)-27i} 
=Jw(n+lXn«+3n+3-2w-l-2) 



=Mn+l)-={*P}- 



In the same way, by expanding (n+1)* etc., and adding, we 
might obtain an expression for 2n^ 

18. Ex, These expressions can be easily applied to obtain the 
sums of n terms of other series. 
Thus 1.2+2.3+3.4 . . +n(«+l) 

=l«+l+2*+2+3«+3+ -\-n^-\'n 

_ n(n+l) (2n+l) , n(n+l) 
6 "^2 

=^-(^){2.+l+3} 

n(n+l)(n + 2) 
"^ 3 

EXAMPLES.— IV/ 

Sum to n terms the series — 

1. 2.3+2.3.4+3.4.6+ +n(n+l)(n+2) 

2. 2«+4«+6«+ +2nl« 

3. l«+3*+6«+ +(2w-l)» 

4. 2*+4»+6»+ +(2n)» 

5. 1.3+2.4+3.5+ +n(n+2) 

6. 1.2+2«.3+3^4 +n«(ii+l). 
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* 

19. Ex, Since recurring decimals are Geometric Progressions, 

we can find an expression for their values. 

269 32 32 

Thus 2-26932=2+^5^35+ j^fjp^^+jp-^^^ 

_ 269 32 (. , 1 . 1 , . ) 

■""*■ 1000 ■*■ 100,000 \ ■^ioo'^(ioo)«'*" j 

-o r^ 32 1 

"'■1000 + 100,000* 1-^i^ 
_Q 269 32 100 

■" +1000+100,000' 99 



=2+ 



1000^99,000 
269x99+32 



99,000 
_^ , 269(100-1) +32 
" + 99,000 
_,, , 26932-269 
"'^+ 99,000 • 

20. Generally, let P and Q denote respectively the sequences of 
digits in the non-recurring, and the recurring, parts of a decimal. 
Suppose there are p digits in P and g in Q, 

Then the decimal =j5^+jg^| 1+ — +_+etc.| 

=^4 Q 1 



IQp-riOP+j 



10« 



p . a 1 



■"l/»o"l 



lOP^lO** 10«-1 

P.IO'+Q-P 
~ 10^(10*- 1) * 
Now 10^=100 ... to s' cyphers, and 10''=100 ... to 
jp cyphers, and 10^—1=999 ... to g' nines; .-. 10^(10'— 1) 
stands for q nines followed by J9 cyphers ; and P.IO' + Q repre- 
sents the sequence of figures to the end of the first ^exv^d* 
Hence the rule given in Arithmetic. 
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21. To find the nurnber of combinations of n things taken r at 
a time. 

Denote the n things by the letters a, b, Cj d, . . . and the 
required number by (n)r. 

We can form all such combinations into n classes,— (i) those 
in which a stands first, (2) those in which b stands first, and so 
on ; and the sum of the numbers in all these classes is r(n)r. 
For every combination occurs r times, viz., once in each class 
in which any one of its component things stands first. 

For instance, when r=4, the combination abed occurs in each 
of the first four classes. 

Now every combination of the first class can be formed by 
placing a before one of the combinations of the n— 1 things 
b, c, d . , ., taken r— 1 at a time ; and every one of these latter 
combinations gives a different combination of the first class. 
Henoe the number in this class =(n— l)r«i. Similarly we can 
show that (n— l)r-i is the number in each of the n classes; 
.*. the sum of the numbers in all these classes =n(n— l)r-i. 

Hence r(n')r = n(n— 1),_, ; 
••• (n)r= J(«-l)r-i, 

and (n-l)r_x = ~(«-2),_„ 
etc. = etc., 
(n-r+2).=?^=J±2(n-r+l)., 

.-., multiplying, (nV=-^ /^ ^— (»-^+l)i; 

but (n— r+l)i=n— r+1 ; 
.-. (r,X- <^-^) ' ' ' (n-r+2)(«-r+l) 
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22. To find the number of permutations of n things taken r aJt 
a time. 

Denote the n things by the letters a, h^ Cy d, . . , and the 
required number by the symbol (n)^. 

We can form these {n)r permutations into n classes, — (i) those 
in which a stands first, (2) those in which b stands first, and so 
on ; and (n)r is the sum of the numbers in all these classes. 

Now every permutation of the first class can be formed by 
placing a before one of the permutations of the it— 1 things 
b, c, dj . . . taken r— 1 at a time ; and every one of these latter 
permutations gives a different permutation of the first class. 
Hence the number in this class =(n— l)y_,. Similarly it can 
be shown that (n— l)r-i is the number in each of the n classes; 
.*. the sum of the numbers in all these classes =n(n— l)y_i. 

Hence (n)r=n(n— l)r_i, 
and (n— l)r_i = (n— l)(n— 2V_i, 
etc. = etc. ; 

(n-r+2),=(n-r+2)(n-r+l), , 
.-., multiplying, (n)y=n(n— 1) . . . (n— r+2)(ii— r+l)i; 

but (n— r+l)i=n— r+1; 
.% (n)r=n(n— 1) . . . (n— r+1). 



iDn t^e ifuiHiameiital flDperationjS of aijrebra* 

1. Arithmetical Algebra is the scienee which treats of the 
operations of arithmetic and their results, when they are per- 
formed on, and with, arithmetical numbers, these being repre- 
sented by symbols which stand, not each for some one number, 
but for any which will allow of the operations indicated being 
performed. 

Thus 6 can only stand for the number five, and f for the 
number three-fourths, so that 5+t can only express the sum 
of five and three-fourths ; but a and h can stand for any two 
arithmetical numbers, so that a-f h can express the sum of any 
two such numbers. 

In Arithmetical Algebra we have then the consideration of 
such general theorems as are capable of proof in arithmetic for 
every particular case, which can be obtained by giving some 
one value to each of the symbols employed in the corresponding 
general theorem. 

2. In some expressions we must understand that a certain 
limitation is imposed on a symbol, as to the numbers for which 
it can stand, on account of the proviso above mentioned that 
they mvst he such as to allow of the operations indicated being 
perfcrrmed. 

Thus in the expression a^b,a may represent any arithmetical 
number we please; but whatever that number may be, b can 
only represent some number not greater than a, for otherwise the 
operation we are directed to perform, — viz., the subtraction of 
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b from a, would be impossible in arithmetic. Again, in x^, 
m can only represent whole numbers. 

Again, a+i— c=a— c+5, is a theorem which can be proved 
for each set of particular values we can give to a, 5, c, provided 
the value we give to c is not greater than the one we give to a. 
Hence it is true for all values of a, 6, c, except when c is 
greater than a. 

Also, a5'*~a5'*=a5'*~'» can only be proved in arithmetic when 
m and n stand for whole numbers, and n is less than m, 

3. With such limitations as the above, we have the following 
theorems (or laws) in Arithmetical Algebra : — 

I. The Commutative Law. 

(i) Additions and subtractions may be performed in any order. 
Ex. a+b+c-^d=sa+b—d+c=a^d+b+c=^b -d+a+c^etc. 
This is generally considered self-evident, since the operations of 
addition and subtraction are not confined to arithmetic. 

(2) Multiplications and divisions may be performed in any order. 

Ex, axbxc=bxaxc=axcxb=cxaxb. [Art. 39]. 

Also axft-r c=a-r cX J=&-rcXa=etc. 

Til T , 1 aft 

For axft-rc=axftx— =— > 

' c c 

J , 1 , aft 

and a-rcxft=ax — Xft = — • 

^ ^ h 

Similarly we can show that ft -f c X a =— , and .*. the opera- 
tions indicated by a X ft -r c, etc., give the same result. 

II. The Distributive Law. 

(i) Additions and subtractions of numbers maybe distributed 
over a series of additions and subtractions of their parts. 
Ex. a+b+{c+d''e)=a+b+c+d--e. 

a+ft-(c+rf-c)=a+ft-c— rf+e. [Art. 18]. 
(2) Multiplications (and divisions) of numbers by one 
another may be distributed over a series of additions and sub- 
tractions of the products (and quotients) of their parts. 
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Ex. (a— i) (c— t7)=ac— 5c— af?+M. 

(a+5) {c''d)^ac'\-lc''ad'-bd. [Art. 48-55.] 
Also (a+6— c)-^a:=a4•a:+6-^a5— c-riT. 

For let (^i=a-ra5, g'g=5-^aJ, ^3=c-rjc; 
.-. a=gia5, 5=(?,a5, 0=^83: ; [Art. 72.] 

.-. a+5--c=gia:+2'8a:— 2'8a;=(g'x+9',— 2',)a?, by ^jc. above ; 

IIL Laws of Exponents. 

(i) x'»Xic«=a:'»+«. [Art. 269.] 

(2) a:'" -f a7**=aj'*~'», if w>n 
= 1, ifm=n 



1 .- 



a?' 



This can as easily be proved as (i) is in 

(3) (a:'")**=a;'"** 

(4) {xyy^^x'^if^ 



Art. 269 
Art. 269 
Art. 288' 



4. In Symbolical Algebra we consider the symbols, both of 
number* and of operation, as capable of having any meaning 
that will permit of their obedience to the fundamental laws of 
Arithmetical Algebra. 

5. Suppose then, first of all, that a and h represent numbers, 
but remove the limitation that in the expression a— 5, 5 is not 
greater than a. Put a=0, 5=6 and we have 0—6. 

This is a result we have never met with before; we must 
therefore invent a new symbol for it. Denote it by — 6. Generally 
we define —5 to mean 0—5, and call it a negative number or 
symbol. 

* By a symbol of number, we mean such a symbol as up to this 
point we have used to rex)resent numbers. 

B 
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6. By analogy we should denote 0+d by +&, and call it a 
positive number or symboL 

Now +ft=0+ft=ft+0, Art. 3, L i., 

Thus positive numbers, and arithmetical numbers, are the 
same. Lideed this was anticipated in [Art. 12], where it was 
stated that *' when no symbol precedes a term the symbol + is 
understood." 

7. In the symbol —6, — is called the sign of affection^ and h 
is called the magnitude of the number. Thus —6 and +6 are 
said to be equal in magnitude and opposite in sign, so that to 
every negative there is a corresponding positive number, equal in 
magnitude and opposite in sign, and also a corresponding arith- 
metical number. 

8. We must now investigate what meanings must be attached 
to the sjrmbols of operation, when used with negative numbers. 

Addition and Subtraction, 

a+(— 5)=a+(0— 5), by definition, 

=a+0— 6, Law L i. 

=a— J. 
a-.(-.j)=a-(0-i), 

Hence to add, or subtract, a negative, is the same as to sub- 
tract, or add, the corresponding positive number. 

9. Again, — J±a=0— J±a=rO-:(6qpa)=— (6=pa). 
Hence to add, or subtract, a positive, to, or firom, a negative 

number is to decrease, or increase, the magnitude of the negative 
by that of the positive number. 

10. Multiplication with negative numbers has been explained 
in [Art. 58]. 

Thence it follows that — a=(— l)a, and (— a)'*=±a'*, 
according as m is an even, or odd, integer. Also if a= — d, 
-a=(-l) (-6=J). 
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11. Division. 

Let q denote the quotient ^a-rb ; 

.-. -a=ig; [Def. Art. 72] 

.*. a=s—hq Art. 10 

=i(-2) ; [Art. 58] 

.*. ^q=sa-i-b] .'. 3'=— (a-f 6). 

Hence to divide a negative by a positive number is the same 

as to divide the positive number corresponding to the dividend 

by the divisor, and prefix the sign « to the quotient. 

Again let q denote a -r ^— &) ; 

.*. — 2'=a-r&; .*. 2'=— (a-f &). 
Hence to divide by a negative number is the same as to divide 
by the corresponding positive number, and prefix the sign — to 
the quotient. 

12. We give no d priori definition of an operation performed 
with, or on, a negative symbol, but deduce its meaning from the 
principle that the result of such <m operation is to he the same in 
form as if the symbols operated on had represented arithmetical 
numbers. 

Thus we gave no definition of the operation of addition of a 
negative number, but from the principle that 

«+(c— &)=a+c— ft, whether b is>c or not, 
we found that it must mean, such an operation that its result 
is the same as subtracting the corresponding positive number. 
And any meaning that may hereafter be assigned to a negative 
number must allow of this meaning being true ; accordingly we 
find in [Art. 35] that if we represent a gain by 200, the loss 
equal in amount is represented by ^200. 

X 

13. The fraction — has no meaning if either, or both, of x 



and t/ are negative. We must, in this case, extend the meaning 

of the symbol. It has been shown in [Art. 158] that, when x 
and y are positive, — =a?-ry. Let us then define — to repre- 

if Jf 

sent the quotient x-ry, whatever x and y may be. 
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and 



Therefore 

—a ., , z\Ai.ii ^ f where —a is negative 

o ' ' ( and h is positive. 

_a__ j:.r_7)^ — ^/ i7)\ — ^J' / where a is positive 
— &"" 'V;— v*/— j"^ —& negative. 

Z.« a + (-6) (-a*6) = -{-(a^6)}=«^6=|-, 

where —a and —ft are both negative. 
From these all the theorems relating to fractions with positive 
terms can be proved for those in which either, or both, of the 
terms are negative. 

14. The meaning and laws of combination of a;% when the 
limitation as to m is so far removed as to allow of its repre- 
senting a positive, or a negative, number have been already 
discussed in [Chap, xxni.] 

15. Positive and negative numbers are classed together as 
real numbers. That is to say, any symbol composed of an arith- 
metical number, preceded by the sign +> or by the sign — , is 
called a real number. 

16. Since (+&) (-f &)=5«, and (-5) (-5)=5'; 
therefore &* has two square roots, — ^viz., (i) +5, or &, which is 
the one we have been accustomed to in Arithmetic ; and (2) —2), 
which is equal in magnitude to the arithmetical root, but opposite 
in sign. 

17. Since the squares of all real numbers are positive, a real 
number cannot be the square root of a negative number. 

Hence V— &*, or (—&*)*, where —5* is a negative number, is 
something we have not previously met with. Call it an 

imaginary number; it is such that (^f —b^yssz^b*. 

This does not accurately define the meaning of V— &*, or of 
the operation ( )* performed on V— &*. All we say is that 
tj ^b^, and the operation, must be such, that the performance 
of one on the other must give — &* as the result 
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18. We can put V — 2>* into another form. 

For ^^^^ ^IJPW = ( - 1)*(*')*- I^a^ ^^' 4- 

= (-l)*(zt&)=±&(-l)*i.c.it6 V^. 

li. Any expression involving the symbol V— 1 is called an 
tmpossiblej or imaginary^ expression ; and any expression which 
does not involve this symbol is said to be real, 

20. In the symbols + ^ V—l and —b V^l, h is generally sup- 
posed to be real, and is then called the magnitude of ' the 

symbol; also +h f/^^ is called a positive, whilst — &V— 1 
is called a negative, imaginary number. 

We shall always understand h^f^l to mean the same as 

21. Prop. If a+b V--1 = 0, and a and b are realj then a=0 
and 'b:=0. 

For by Law L i, a+h ^/^^=zb ^f—l+a ; 

.•. &AA--l-f-a— a=— a; 
.•. 5V^-i =— a; 

Now if either of the two positive numbers, a* and &', be of 
appreciable magnitude, their sum cannot be zero. Hence each 
is zero ; 

.\a^=0, &«=0; .-. a=0, &=0. 

Cor. /f a, b, a,)Q are real, and a+b V— l=a+i3 V— 1 ^Acn 

a=a, b=jS. 

For since a+& V--l=a+jS V— 1, 

0=a+& vzri-(a+js V^) 

= a+& V— 1— a— i^ V^^, LawII. I. 

=a— a+& V^— jS V^, Law L i. 

=a-a+(5-jS) V^l ; Law 11. 2. 

.*. a— a=0, and 5— j8=0, by the Prop., 
or a=a, and &=)8. 
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22. The following are examples of the ways in which we can 
combine imaginary numbers with one another and with real 
numbers. 

By Art. 13, / — =a-s-ov — l,=g say; 

/. (— l)aV^=2&; 
.-. g=^ ^-g =,Art.lO, g — = --Viri. 

Similarly ^Z3= J. 

AgMn (a ^J^^lY=za'{ \Cri)*=a*(-l)"; 

and {a+l^P^l) (c^d^/^^) 

=ac+&V— 1 c—ad^f—i—h^/—id^f^y Law II. 2. 
=ac+&c V--i— a^V--l— &^V— 1 V--1, )9 1.2. 

=ac+&c ^/^l—ad^J^^l—hd (-1), Def. Art. 17. 

=ac+&c V--1— a^V--l+&^i [Art. 68.] 

=iac+hd+{bC'-ad) V^— 1. 

23. Also 



m(c+(?V— 1) c+efV— 1 
For let —~^=q', .-. a=g(c+c?V^); 

.-. ma=mg(c+tfV3i) 



So 



a a{c—d's/^l) ^ac-^ad^/^^ 



c+d^-l (c+^V-1) (c-^V-1) c'-(^V-"l)' 
_ac-W=l 
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Also a , q ac—adsP^X ac•\^ad^/^l 

2ac 



c'-^d* 
Again 

m(m-l) (m-2) ,/— .v, . , 

m(rw— 1) (m— 2) , y — . 

Jl j-^ ^a«-«&« VZTl+eto. 

. / «. ,x m(m— 1) (m— 2) , , , — 

+(r72a'»-^&- -^^ — Y^ -V-«&»+etc.) V-1. 

Thus (fl+fe V—l)'* tasbeen reduced to the form A-\-B V--T, 
wliere A and jS are real. 

24. 2b|W< Va+b V— 1 irdo iheform a4/3 V—l. 
Let Va+ft >s/^l= Va?+ Vy V— 1 ; 
.'. a+^ V— l=a?— y+2 V^ V^l ; 
.•. a^x—y^ &=2 V^, Art. 21. Cor. ; 

•"•^"""2 2 * 

and ^=_£±^^; 

both the upper, or both the lower, signs being taken. 
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25. A system has been devised by which imaginary expres- 
sions represent the positionSj as well as the lengths of lines, so as 
still to obey all the fundamental Laws of Algebra. For explana- 
tion of this system the reader is referred to the works of Warren, 
Peacock, and De Morgan. 

EXAMPLES.— I. 

1. Express (a+&A/^)% and {a—h^sf—iy in the form 

2. Kationalize the denominators in 

1 a?— y V^n. x+1/ f/^1 

a— & V— 1 ' aJ+y V— 1 ' V— 1. 

4. Find the value of (2+3 V^)* +(2-3 V^6)^. 

5. Find the values of (zJdL^V, and (:zli_^y. 

6. Find the square root of —79— 8 V— 6. 

7. Express in a form free from imaginaries the square of 



8. Eeduce 






1- V-1' 1+ V-*i 
9. Prove that V3+4V-1+ V3-4V^=4. 
10. Eeduce to a real surd the expression 

V3+2V^+ V3-2 V-1. 



II 

flDn t^z &?mliol0 « anli o, anli tje toorli ^^ILimlt:' 

26. The symbol oo indicates that the symbol with which it is 
connected represents a magnitude, or ratio, which is being endlessly 
increased; thus '' a? is oo " means that the magnitude, or ratio, 
represented by a? is endlessly increased, or, as it is sometimes 
expressed, is increased without limit. 

Ohs. 1. Thus the learner will understand that by saying that 
a? is 00 we do not mean that x is to have any precise value, 
as we do when wo say that a? is 2 ; we only mean that there is 
no end to the increase of the magnitude, or ratio, represented 
by a?. 

Ohs, 2. The word " infinite " is often used instead of the words 
'< endlessly increased," and had better be understood to mean 
exactly the same thing. By an infinite number we mean a 
number which is endlessly increased. 

Oba. 3. The symbol = is often placed before oo , instead of 
" is," or some other similar verb. Thus we have " a?=:oo ," 
which is read " x is infinite," or less correctly '* x equals 
infinity." And we often find, " when a?=oo," used instead of 
the more correct phrase, ^'as x is endlessly increased," as if 
there were some precise point at which x ceased to be finite 
and became infinite. 

Oba. 4. This abbreviation is likely to lead to great confusion, 
unless its precise meaning is carefully remembered. 

Ohs. 5. Thus when a? =2 and y=:2, we at once infer, as in Euc. 
Ax. I., that a:=y. Similarly when a?=Qo and ^=qo , the le^rsi'Kt 
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• 
is apt to think that a?=y, forgetting that = before oo has not 
the same meaning as = before 2, or any other symbol of finite 
number. Take another instance, although as 2;=oo , 4z;=oo 
also, yet x and 4a? do not tend to equality, or in other words, 
X : 4a? does not tend to a ratio of equality, for it always remains 
the same as 1 : 4. 

27. The symbol means, as stated at the beginning of Arith- 
metic, absolute nonentity^ or the total absence of any magnitude, 
such as in any statement may be denoted by the symbols of 
number. 

The symbol has also another use. It indicates that the 
symbol, with which it is connected, represents a magnitude, or 
ratio, which is being endlessly decreased ; thus '^ x is 0," means 
that X represents a magnitude, or ratio, which is endlessly 
decreased, or, as it is sometimes expressed, is decreased without 
limit. 

Observations similar to 1, 2, 3, 4 of Art. 26 apply to 
when used in this sense, only reading " decrease " for " increase," 
" zero " for " infinite " and " infinity," " " for " oo ." 

Ohs, 5. Further, when a?— ^=0, if we know that x and y 
represent finite numbers, we can infer that a?=y; but if both 
a?-=0 and ^=0, then we cannot infer that a;=^, for since x 
and y are now endlessly decreased, their difierence is also, 
whether they tend to equality or not 

Hence the only general test of x being equal to y, whether 
X and y are endlessly decreased, or increased, or are finite, is 

— =l,or— =1. 

y X 

28. We will exemplify our statements by remarks on some of 
the connexions between and oo . 

(Z 

When a?=0, — =qo . This means that, as x is endlessly de- 
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creased, the firaction — is endlessly increased. We also ex- 
press this by saying that — has no limit, or is infinite, when 
X is zerOi 

Conversely when a:=Qo, — =0. This means that as x is 

endlessly increased, — is endlessly decreased, in other words, 

that as a; increases without limit — decreases without limit. 

* X 

29. Again if a<cl, a'=0 when x=co , This means that as 
X is endlessly increased, a^ is endlessly decreased, or decreases 
without limit. 

Consider the expression h+a', where a-«cl; when a;=Qo, 
i.e. is endlessly increased, a'=0, i.e. is endlessly decreased, and 
b+c^ approaches endlessly near to h. 

We sometimes express the same thing thus, if a-<:l, &+a* 
has b for its limit, when a: =00, by which we mean, that as x 
increases the value of b+a' approaches &, and by taking x 
sufficiently great, the difference between it and b can be endlessly 
decreased, or in other words, can be made infinitely small 

In the same way a*, i.e. 0+a*, is often said to have for its 
limit, when 07=00 , i.e. the difference between a" and can be 
made infinitely small by endlessly increasing x. But if the 
here spoken of have the second meaning, viz., of endless 
decrease, a' has no precise value, and cannot be spoken of 
properly as a limit. If, on the other hand, is here supposed 
to have the meaning of nonentity, it is to be observed that a% 
when a?s=Qo , represents something, though endlessly small, ajid 
there is therefore, as it were, a difference in kind between it and 
the symbol of absolute nonentity. 

It would therefore seem advisable to content ourselves with 
the statement that a'=0 when a?=Qo, giving to these phrases 
tiie meanings assigned in Art. 26, 27. 
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30. If in ihe product aj3, one of the factors, as a, is zero, 
whilst j8 is zero or finite, then the product vanishes ; but if a is 
zero whilst j3 is infinite, it does not necessarily follow that aj3 is 
zero. 

For take the following simple examples : — ^Let a=v*, and put 

(1.) jS= — , then ajS=i?; .-. when a=0, *.e. t;=0, jS=oo 
and aj3=0; 

(2.) iS=-7, then aj8=l; .-. when a=0, i,e, t;=0, /J=oo 

and aL^=\ ; 
(3.) iS=-j, then a/3= — ; /. when a=0, *.c. v=0, jS=oo 

andaj3=QO. 

31. We will now explain more fiillj the meaning of the word 
limit which we have used above. 

Consider, for example, the expression qTo " > call it A. 

When x=ily A has a precise value, namely 1, and so it has 
for every other finite value of x except — f , which we shall 
speak of later. Next let a; =0, if by this we mean that x repre- 
sents absolute nonentity, then A has a precise value, namely 
§; but if by a;=0, we mean that a? is to represent a continually 
decreasing magnitude or ratio, then A cannot be said to have 
any precise value, for x has not, but the more x is decreased 
the more nearly does A approach to §, and by endlessly de- 
creasing X we can endlessly decrease the difference between A 
and J, so that § is the limit of the values which A has, as x is 
endlessly decreased. 

Again, when x=cOj A cannot be said to have any precise 

»4 . . 

value, but A= q" > •'• as x is increased, the more nearly does 

X 
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A approach to f , and by endlessly increasing x we can end- 
lessly decrease the difference between A and f ; hence f is the 
limit of the values which A has, as x is endlessly increased. 

When a?=— f, -4 =00, i.e. the value of A is endlessly in- 
creased as X approaches — f , and therefore A cannot be said to 
have then any precise value, nor is there any limit to the various 
values which A has then. 



Ill 

iDit inequalities.. 

32. In this Chapter we shall discuss a number of propositions, 
which have for their object to prove that one of two given expresr 
sions is greater, or less, than another. 

33. Definition, An expression (a) is said to be greater than 
another (&), when the difference o— & is positive, and less if 
a— & is negative. 

34. We use the symbol r> for the words " is greater than," 
and -< for " is less than." 

Thus6>3, V 5-3= +2; but-5<-3, v- 6-(-3)=-2; 
and, generally, if ar>&, then a—h being positive, &— a, or 
—a— (—•&), is negative, and .*. — a>~&. 

Again 0>-7, for 0-(-7)=+7. 

35. The statements a r> 2), and a-<.h, are called inequalities. 
The statement a'^-h'^c means that ar>5, that &>>, or =, c^ 

and that therefore a:>'C. 

The statement d^h is to be read ^' a is greater or less 
than 5." 

36. If ar>&, and if m is positive, then 7na:>-m&, 

for ma—mhy i.e., m(a—h), is positive, for both m and a— & are 
positive; but if m is negative, then m{a'^h) is negative, and 
.*. ma'^zmh. 

Similarly, if «-<:&, ma^mh, according as m is negative or 
positive. 

Again a+m^h+m according as a^h whatever m may be, 
positive or negative. 

X6 
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37. K a and 6 are real, a*— 2a&+&* =(«—&)* ; b^t we know 
that the square of every real quantity is positive; .\ a*+&*— 2a& 
is positive, hence a'+&*r>2a&. 

Similarly if x and y are both positive, a?+y>2 V^, since 
( V^— fjyf is positive. 

38. We can apply these considerations to prove a great 
number of inequalities. 

Ex. 1. o*+&*+c*>5c+ca+a&. 

For ^•+&;>2a& ).., adding, 2(a«+&«+c0>2(a& +&c+ca); 
c"+o*>2co; 

^ote. — If a^^h^s-c this inequality becomes an equality. 

Similarly most inequalities become equalities for special values 
of the symbols involved. 
Ex. 2. The sum of any positive number (a) and its reciprocal 

>2. 

T, , 1 a*+l 2a _ 

For a+— = — !— > — >2. 
a a a 

Ex, 3. If a, &, c are real numbers, not all equal, then 
(6— c)(c— a)+(c— «)(«— •2>)+(o--&)(&— c) is negative. 

For the expression =2{&c+ca+a&— (a*+&*+c*)}, and this 
is negative, since by Ex. 1. 6c+ca+a2> <o*+6«+c*. 

Ex, 4. If a? and y are positive, x'^+y^'~x*y-~xy* is positive. 
For the expression =a?(aJ*— y)— •y(a?*— y) = (a?— y)(a:*— y) 

= (^+^(^+y)(^"■y)^ *°^ *bis is positive, since each of the 
fiustors composing it is positive. 

Ex. 5. If a, 5, c are positive, and not all equal, prove that 
o(a— &)(a— c)+5(&— c)(&— a)+c(c— a)(c— 5) is positive. 

Let a, h, c be in descending order of magnitude. 

The expression =(a— &)(a*— ac— &*+&c)+c(c— a)(c— &) 
={a— &)•(«+&— c)+c(c—a)(c--&), and this is positive since 
a+ft^-c, and c— a, c— ft are both negative. 
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39. The attention of the student is drawn to the following 
statements ; he will immediately perceive their truth. 

(i) If a^^-h and c:>cZ, then a+o&+c?, and ac:^hd, 

a h 

(2) If «:>& and c<:<f, then a—C':>h'-d^ and ""^>'3* 

(3) If a>-&, a and h being positive, when n is a positive 
integer, then a'^>b^j and a-" <&-♦»; but when n is fractional, 
the character of the inequality will depend on the signs we affix 
to the roots. 

Thus if a=3, &=2, n= J, then V3> V^, whilst — V3< V2, 
- V3<- V2, and V^ > - V^. 



40. ^07. I. If a and b are positive, and a>»&, find the limits to 
the value of a? when ^ 



BvArt 39 r.) (a:+a)« (0^+5)' . 
i5y Art. 39(3; ^,+^.>^,a^^, , 



flKC hx 

> 



" a^+x* b*+x^' 
.'. a&^a; + ax* > a^ &a; + &a?' ; 
.'. x{a—b) {x*—ab) is positive ; 

• 

but (a— &) is positive, .-. x{x— fs/ah) {x+ ^/ab) is positive; 
.'. if x is negative it must not be numerically greater than V«&, 
and if positive it must not be less than ^/ab ; 
,'. X must be between and — Va&, or be greater than ^/<ib. 
See Appendix to Part I. Art. 13 and 14. 
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Ex. 2. Show that (n+l)«-i<{|_n}*. 
We have n+l<r(n— r+2), 

if r'— (n+2)r+n+l is negative, 
t.c, if (r— n+l)(r— 1) is negative, 
t.c, if r lies between 1 and n+1. 
Hence, putting r successively equal to 2, 3, • . • n, 
we see that 

n+l<2.n, 
n+l<3.(n-.l), 
etc. < etc., 
n+l<n.2, 
and there being n— 1 of these inequalities, we have by 

multiplying 

(n+l)«-»<{|_n]«. 

41. V \~ } vr> • • • iT ^^ fractions^ which are not all equal ^ 

o j o .1 .1 o 

*^^^ V, It. i 1 V ^*^ between the least and greatest of them. 

Change the signs of the numerator and denominator of any one 
of which the denominator is negative, so that we may take all 
the denominators as positive. 

Let T- be the least of the fractions, denote it by A ; 

• • 'T~ ^ ^> T~ ^ ^j • • • T~~^ A, , • . "j—- > A 1 
Oi O2 Or On 

then since &i, . . . &» are all positive, 

ai>A5i, aa>A&2, . . . a,.= A&,., • . . an>A6„, Art. 36; 
.-. 01+^8+ . . . +«n>^(^i+^a+ • • • ^n), Art. 39, i; 

Similarly it can be shown that t~T'V~% — ^~~ — nr is less 

than the greatest of the fractions. 

c 
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EXAMPLES.— IL 

Prove that the following inequalities are generally true, stating 
the cases of exception, the letters denoting positive numbers 
except when otherwise indicated. 

1. a*&«+a«6*>2a»&»; {a+&)«>4a&. 

2. {^a-\-l-\-cY •\-{a—h-\-c)'-\-{a-\-h—cY>'bc-\-ca-\-oib. 

6+c c+a a+& g 

5. a;»+l>aj*+a?, if 4?+l be positive; and a?'— 1>«*— a?, if 
x>\, 

6. a*+3a6*^&*+3&a* according as a^&. 

7. ac+66?>2 hjdbcd^ ab+dc>2 s/ahcd^ etc. 

8. aW+&*ae?+c*a&+er6c>4a&c£f. 

9. (ai+a8+a8+ . . .jfan)^n(ai »+«,•+ . . . -^an^)-, 
and ai + a, + a, +a4> 4^^010,0,04. 



10. Which is the greater a^+y* or a;».y+a?y* ? 

11. If a? is real, prove that a;*— 8a;+22 can never be less 
than 6. 

12. If a,«+o,«+o.*+ . . . +a„*=l = &i«+V+ . . . +&n*, 
prove that the expression ai&i+02&2+ . . . +affin cannot be 
greater than unity. 

13. l£x,i/,Zj , . . a, by c, . . , are positive numbers, prove that 

— \--r'\ — H — I 1 — ) cannot be less than 9, and, generally, 

y I X V \l a h c \ 

that I — hT-+ ... to n terms — | 1 \- ... to n terms I 

\a j\x y z ) 

cannot be less than n*. 
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14. Prove that, M x^y^z are real numbers, 

^*{^—y) {^—z)+y\y—z) {y—x)+z\z—x) [z-y) 
is necessarily positive. 

15. Prove that a;H >lH — , ifa;>lor <—, n not being 

nx n n 

less than 1, and x being positive. 

16. If 2a;— 1> 10— 5a;, find a limit to the value of a;. 

17. If a, &, c are any real positive numbers, prove that 

— I--T-H — is not greater than — ^^-^r , and not less than 

hfabc 

18. Prove that (a;*+3/*)*>4a2^(a;'— a;y+^*). 

3 * 

19. Determine in what cases a; H — >, or<, 4; and find the 

X 

least value of (i±#±^. 

3+aJ 

20. If X and n are both positive, and n integral and a;>l, 

n+l n~l 

prove that a;"— l>n(a; * — a? * ). 

21. Show that 3»»(n+3)~>22'»-^ [n+2. 

22. Prove that, generally, 

(ai«+a,*+ . . . +an") (V+V+ • • • +V) is less than 

(ai&i+a8&,+ . . . •\'anf)nY. 

23. Show that ' n A a o — - is less than , 

"^ 2.4.0 ... 2/1 V2n+1 



IV 

42. A SERIES is a succession of expressions fonned, each, after 
some particular one, according to one and the same law. 

Thus a, ar, ar* ... is a series, the law being, that each 
expression after the first can be obtained by multiplying the 
preceding by r. 

43. The expressions forming a series may be connected in 
any way we please. 

Thus a,ar.€tr*.ar* . . ., and a+ar+ar*+ar*+etc., 
are both series, the first a series of factors, and the second of 
terms. 

Generally, however, unless the contrary is expressly stated, 
we shall suppose the expressions to bo connected by the sign + 
or — , and each will be called a term. 

44. We expressed the law of the series in Art. 42, by stating 
how each term can be obtained when we know the preceding ; 
but it might also have been given in such a manner, that all we 
need specially to know, in order to determine a particular term, 
is its place in the series. The algebraic expression of such a 
law is called the general term of the series. Thus, above, ar^^^ 
is the expression for the term which stands in the nth place, so 
that by giving n the values 2, 5, 10, for example, we obtain 
from it immediately the 2d, 5th, and 10th terms. Hence it 
is called the nth, or general, term of the series. See [Art. 419, 
430.] 
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45. Again, in the series 1+2+3+ 5+9+17+etc., the law 
of fonnation may be given in two ways, by saying (i) that 
each term, after the second, can be obtained by multiplying the 
preceding by 2 and subtracting 1 from this product ; or (2) that 
the general, or nth term, is 2""*— 2""*+!, n being >1. 

46. A series is often stated by giving a few of the terms at 
the beginning, from which a law of formation can be easily 
inferred, but if this cannot be done we must have the law 
explicitly mentioned also. 

47. If a series stops at some one term, it is called a finiU 

series. 

_, , . m(w— 1) . . . (m— r+1) 

Thus a'^'\-ma^-^x-\' . . .— ^- — ^— nr -^— V-*-af +etc., 

is a finite series when m is a positive integer. 

If a series does not stop, but is endlessly prolonged, it is 
called an infinite series. 

^us the above series is infinite when m is other than a posi- 
tive integer, and the series in Art. 43 are both infinite. 

48. We have various ways of expressing series generally; 
the following are examples : — 

«o+Wi+w«+ . . . Wn-i+Wn+efcc. . . (i), 

/(«)+y(a+l)+ . . . +y(«+n)+etc. . . (2), 

Wo+Miaj+Wfic'+etc. +Mn_ia^"*+u„a;'»+etc. (3). 

We sometimes also write them thus 2o*t«n, 2o*/(a+n), 
So'^u,^, by which we mean that in the general terms, u^^ 
S{a-\'n)y ttfi^, we are to put n successively equal to and all 
integers firom 1 enwards, and connect each term so obtained 
with the succeeding one by the sign +. 

The series Wo— Wi«+etc.+(— l)'*^*Mn-ia^~*+(— l)'*M„aj"+ 
etc. would be denoted by 2p*(— l)»Hi„jtf»*. 

The series (3) is said to proceed according to ascending 
powers of «. 
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49. We often denote the sum of the first n terms of a series 
by iS^nj so ^ba,t the sum of an infinite number of terms starting 
from the first would be denoted by 5^. 

50. It will be well for the student to practise himself in 
determining a form for the nth, or general, term from inspecting 
the first few terms of a series. 

Thus in the series 

7, 16, 22, 26, 32, 36, 42, etc., 

after the second, each term of an odd rank is obtained by 

adding 6 to the term immediately preceding, and each term of 

an even rank by adding 4 to the preceding term. 

Hence 

w„»=16+6+6+etc.tom—l terms +4+4+ etc.tom—1 terms 

=16+6(m-l)+4(w-l)=6+10/7i=6+5.2?7», 

and 

«^m+i=16+6+6+eto. to m terms +4+4+etc. to m— 1 terms 

=16+6m+4(7n-l)=12+10/72=7+5(2m+l); 

.•.Wm=6J-K-l)*~+5.2m, 

and w,„,+i=6^-J(-l)«'»+i+5(2m+l); 

.*. the genera], or nth, term can be put into the form 

«»=6J-K-ir+5n. 

See Bt MorgarCa Algebra, Chap. VIII. 



EXAMPLES.— III. 
Write down the general term of each of the following series. 

'• 1:3+3:6+5:7+ "*^- 
1 . 1.3 , 1.3.5 , , 

"• 2 +23+2A6+ '*"• 

1.2 , 3.2» , 5.2» , 7.2* , 
3--J2+-iT+75"+-[F+^*^- 
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1 aj a;* 

11 , 1 . 

5- («+!) (3a;+l)+(2a;+l)(4a;+l)+(3a;+l) (5a;+l)+®*°' 

6. 1— 2a!— 5a;«— 8a^— 11a;*— etc. 

7. 1+3+7+15+31+ etc. 

8. l+4a;+7a;'+10a;«+ etc. 

9. a— 2(a+l)a!+3(a+2)a;«-4(a+3)a;»+ etc. 

1,1,1,1,, 
'°- 6I6'''8.20+I0:24+12.2B+ ®"- 

3 5,7 9^11 , 
"• "5 ~¥+n~21+l2B~ ^*^- 

"..(i^y+(i;^)w(i-)v+etc. 

,3. l+.+"J^+ "('»+|)(''+2) +etc. 
3--r.3-«+ (--V^-") y-'- (^-2)(r-3)(r-4)3,.._^^^ 



1 , 1 , 1 j^ , 

^S- 3I+-513+7I6+ "'*'• 



1 2 2* 2« 
16. l+i2+f3+f4+i6 + «*«- 



51. Let Sn denote the sum of n consecutive terms of a series, 
starting from any one we please; then if as w=qo (Art. 26), 
the values of Sn have a limit (Art. 29, 31), the series is said 
to be convergent ; and if as n=QO , 5^=00 , the series is said to 
be divergent ; but if Sn is equal sometimes to one number and 
3ometimes to another, the series is said to be periodic. 
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52. Thus the sum of the first n terms of the series 

1 + J+i+i+etc. is — ^ , which has 2 for its limit, when 

n is endlessly increased, this series is therefore convergent. 
Also the sum of the first n terms of the series 

1+2+4+8+etc., is 2"|""S which is infinite (Art. 26, 06«. 2), 
when n is endlessly increased, and therefore this series is 
divergent. 

Again in the series 1—1+1—1+ etc., the sum of any even 
number of terms is 0, whilst the sum of an odd number is 1, 
hence this series is periodic. 

53. When a general symbol of number is involved in the 

terms of a series, the numerical value of the expression for the 

sum of n terms may have a limit, when n is endlessly increased, 

for some values of this symbol, but not for others. 

1 fM 

Thus in the series a +ar+ar*+ etc. 8n=a-^ • 

Hence if r has a positive value less than 1, the numerical 

values of 5n have the value ^ for their limit, when n is 

endlessly increased ; but if r is greater than 1, the numerical 
value of 5» is infinite (Art. 26, Ohs, 2), when n is endlessly 
increased. 

Rules for determining whether a series is convergent or 
divergent will be given in Chapter V, 

54. In the case of a convergent series we denote the limit of 
i8f«, when 71=00 , by fif, and we often call it the sum of the series 
ad infinitum J or shortly, the sum of the series. 

Let Xn=S—Sni then Xn is the sum of the series, starting 
from the (n+l)th term, and is often called the remainder, or 
remnant, of the series after n terms. 

Obviously Xn=0 (Art. 27), when n=oo (Art. 26). 
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55. The student must remember that the algebraic form of 5n 
is unaltered when n is infinite* It is only the numerical valuer 
of iS'n which then have a certain limit, if the series is convergent 

For in algebra any one term of an expression is just as 
important as any other, whatever may be the arithmetical values 

assigned to the symbols involved. 

1— r*» 

Thus in the series of Art. 53, S^ always has the form a -. _ 

whatever r and n may be, it is only its numerical values which 
have =— - for their limit, when n=QO , if r< 1, or > — 1. 

56. When a function indicates that an operation has to be 
performed on an expression involved in it, we frequently find 
that if we perform the operation, there results an infinite series. 

The function is called the generating function of the series, 
and the series is called the development^ or expansion, of the 
function. 

Thus the function ^s indicates that 1 is to be divided by 

\—x\ if we perform this operation we obtain for quotient the 
infinite series, l+a?+a;*+ etc. 

57. If P denote the generating function of the series 
^•+<'i+^s+ 6^*9 ^6 often meet with the expression 

Ps=Mp+Mi+Mj+ etc.; 
this means, not that P represents algebraically the sum of the 
series to infinity, but merely that if we perform the operations 
mdicated by P, the result will be a series, such that, if the opera- 
tion be carried on to any one term of it, the result will agree 
with Uo+^i+^s+ etc. to the same term. 
Thus we often have 

^3^=1 +«+«•+ ... . . . (i), 

1 ic** 

and also =—- =l+a;+.r"+ . . . +^"^+13^ (^)' 
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Here in (i) the sign = may be read "is the generating 
function of the series;" whilst in (2) it has its usual meaning, 
namely, strict algebraic and arithmetical equality, so that if 
any value be given to a; on both sides of it, the results are 
numerically equal. 

58. Generally, after an operation indicated in P has been 
carried on as far as some one term of the series, we find that 
there is a difference between P and the sum of the series up to 
the same term, this difference is called the " remainder." 

ThusP=Mo + Wi+Wa+ . . . +Un^i+Rn* 

Here B^ stands for the remainder after n terms, and is always 
a function of n. Thus in (2) Rn=^ , and generally 

Pz=Sn+Bni or Bn=P—Sn* 

59. Ex. If we carry on for n steps the division indicated 

d I ft Qf* 

^y T I A /a — i > "^^ shall obtain a quotient of the form 

Oq-\'OiX'\-O^X 

C0+C1X+ . . . +Cn_iaJ"~* and a remainder Ax!^+Bx!^+'^. 
Hence 

And this form holds good, however large n may be. 

We will now show how Cqj c^ . . . c«_i may be calculated. 
Since the right-hand side of (i) represents the quotient when 
(ao+ttix) is divided by bo+biX+b^x*, the product of it and 
the divisor b^+biX+b^x*, by [Art. 72], must be identical with 

Hence obtaining this product, and arranging it according to 
powers of a;, we see that 
Cobo+x^Cibo+Cobi)+ . . . af{boCr+biCr^i+biCr-.i)+ . . . 

must be identical with Oo+aiX ; 
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Ci&o+Co&i=ai, . . . (2), 
etc. =etc. 

etc. = 0, 

-4+&iCn_i+&,c„-,=0, . . . (n+1), 
^+c„-i&,=0, . . . (n+2). 
These equations give us means for obtaining in succession the 
coefficients Co, Ci, • . . Cn-i, and ^4 and B. 

60. It may be observed that the coefficient of any one term, 
such as Cry may be obtained from equation (r+1) as soon as the 
coefficients of the two preceding terms are known. Thus the 
law of the series is known. 

61. Here we have been able to show how to calculate the 
successive terms of the development, and also the remainder 
after any given number of terms. 

In Algebra, however, we can often find the generating function 
of a series, or the development of a function, without being able 
to find the remainder; but in the Differential Calculus we have 
theorems which enable us to expand such functions as we are 
generally concerned with, and to obtain as well the form of the 
remainder after any number of terms. 

62. If after some finite number of terms B^ vanishes, the 
development stops at that point, and P has been expanded into 
a finite series, for the sum of which it is also the algebraic 
expression. 

63. The student must distinguish between the meanings of 
the expressions represented in this Chapter by B.^ and X^, 

We have Sn=B—Bn, Hence, if the numerical values of B^ 
have a limit, say B, when n is infinite, S^ has also a limit, viz., 
P^By and the series is convergent, and S=P—B. 

If, moreover, as a particular case of the above, when n is 
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infinite, ^„=0 (Art. 27), then P is the limit of S^t or the 
generating function is the sum of the series ad infinitum, and 
in this case only F=S. 

64. Oenerallj it is found by means of theorems in the 
Differential Calculus, that if the series is convergent, i?n=0 
when n is infinite, and in Algebra we always assume that 
it is so, and therefore also that the generating function of a 
convergent series is its sum ad infinitum. 

Thus in Euler's Proof of the Binomial Theorem [Art. 425], 
we show that (!+«)•* is the generating function of the series 

\'\-mx'\ — ^-s — -^^'\- etc., and then for all values of x and m 

which make the series convergent we always assume that 
(1+a;)"* is the sum to infinity. This assumption is shown to be 
correct by one of the theorems in the Differential Calculus 
above referred to. 

65. Thus to sum up, the generating function can never 
express the algebraic form of the sum to infinity. For how- 
ever many terms we take into the sum, there is always a 
difference between its form and that of the generating function. 
But in most cases of convergent series the value of the expression 
for this difference endlessly decreases as we increase the number 
of terms taken into the sum ; and therefore the numerical value 
of the generating function is the limit of the sum to infinity. 



Contjerjence arm aDtoerjence* 

66. In Art. 52, 53, in order to discover whether the scries 
were divergent or convergent, we discussed the expression for the 
gam of n terms. 

There are, however, many series for which we are unable to 
obtain the corresponding expression. 

We shall, therefore, in this Chapter consider some other ways 
of determining the convergence or divergence of a given series. 

67. First, it is obvious that a series is divergent, if from and 
after some definite term each is equal to, or greater than, some 
finite number. 

For let Mo+Wi+Wa+etc. denote the series, and Sy the sum 
of the first r terms. 

1°. Let Ur=Wr+i=etc.= some finite number /?. 

Then Sr+m=Sr+TnP, and therefore, when w=qo (Art. 26), 
Sf+p^^co . Hence the series is divergent (Art. 51). 

2°. If from and after the rth term each is greater than 
some finite number ^, then each term is greater than the 
corresponding term of i° ; hence Sr+m is greater than in i°, and 
therefore, d fortiori, the series is divergent. 

CoE. A series is divergent if from and after some term (say 
the rth) each is equal to, or greater than, the preceding. 

For then each term after the rth is equal to, or greater than, 
the finite number Ur, and therefore the series is divergent. 
This is sometimes expressed by saying that a series is divergent, 
if frt)m and after some definite term the ratio of each to the 
preceding is equal to, or greater than, unity. 
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We have now, therefore, only to discuss those series in which, 
from and after some definite term each is less than the pre- 
ceding, or, in other words, the ratio of each to the preceding is 
less than unity. 

68, The first method we shall employ will be best explained 
by some examples of it. 
To show that the series 

l+l+i+i+etc, . . (i), 



is convergent. 

Q. 111111, 

Since -<_-<_, |-^< 2;., etc., 



each term of (i) after the third is less than the corresponding 
term of the series, 

1+1+-2 + 2i+2-«+ ^^-^ 

.'. the sum of an infinite number of its terms, beginning with 
the first, is 

.*. the given series is convergent (Art. 51). 

69. The following is an important example :-« 
If XL he a positive number the series 

IS convergent, or divergent^ according as n is^ or is noty greater 
tJmn unity, 

I. Let n > 1. 

2 1 

The second and third terms are together <nii'^'^ii:i 5 *^® 

. j^ . 1111 ,,. 4 1 

next four terms ^^, g^, g^j, jp, are together <-<^^^ 
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8 1 

the next eight terms are together less than ^ < o^^Tj 5 ^^^^'^ ^^^ 

taking 2^ terms together, then 2', and so on, we see that the 
sum of the series ad infinitum is less than 

1 . 2»»-^ 1 

and .% less than j— , which = 2n-i_i =^+ 2^~^ — 1 ' 

■'•""2^=1 

.*. the series is convergent. 

IL Let n=l. 

The third and fourth terms are together > \ which = J ; the 
next four terms, \^ ^, -f, ^, are together > ^ which =|; the 
next eight are together > -^y and so on. 

Hence the sum of the series ad infinitum is greater than 
1+J+J+ etc., and therefore goes on endlessly increasing, the 
series therefore is divergent. 

ni. Let n < 1. 

Each term after the first is greater than the corresponding 
term of the series considered in II., and therefore, dfortioriy the 
series is divergent. 

70. Upon the method of proof pursued in the preceding 
articles we will make a few remarks. 
In Article 68 we have compared each term of the series 

with the corresponding term of the geometric series 

1+ 2-+2i+ ®<^-> 

and have shown that each term after the second is less than the 
corresponding term of the G.P., which we know to be con- 
vergent. Hence we conclude that the given series is con- 
vergent. 
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In Article 69, 1., we have cut up the given series into batches* 
the first term formiDg the first batch, the next two terms forming 
the second batch, the next four the third, and so on, thus 
forming a new series by taking each of these batches as a term, 
at the same time showing that each term of this new series, 
after the first, is les» than the corresponding term of the G.P., 

l+2iii:i+2i;iPi+ etc., 

which we know to be convergent. Hence we conclude that the 
given series is convergent. 

Again in Art. 69, II., the new series which we form by taking 
the terms of the given series in batches, is shown to be, term for 
term after the second, greater than a series which we know to 
be divergent, and therefore the given series is seen to be 
divergent. 

Hence we arrive at the following rule to show that a series is 
convergent [or divergent]. Transform it, when necessary, into 
a new series, convenient for comparing with a known convergent 
[or divergent] series ; if after any fixed term each term of the 
new series is less \(yr greater] than the corresponding term of the 
known series, then the given series is convergent \or divergent]. 



EXAMPLES.— IV. 

1. Prove that the series ,===+ y==+ /===+ etc. is di- 

VL? VO V3^ 

vergent, and that — .4-— + — -+etc. is divergent. 

Are the following seven series convergent or divergent ? 

1 + 2 1+3 1+4 

2. l+I+:2*+l+3^+l+4^+^*^- 

3. The series whose nth term is Vn*+1— n. 
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5. The series whose nth term is 4-ri • 
•^ n*+l 

11 1 

^- 72^"^ V3^^ V4^^ '*^ 

9. Show that the series 

^,3,4,6 
2+2;^+p+j^+ etc. 

is convergent, if w>2, and divergent if w=, or <, 2. 

10. The series Wo+^i+«a+ etc. is convergent, if from and 

after some definite term (t/n)** is <1, and divergent, if other- 
wise. 

11. The series Wo+«i+««+ etc. is divergent, if the limit of 
tm^ IS not zero when n is infinite. 

12. If vi^^Un^ where h is greater than 1, is always finite 
however large n may be, then the series, whose nth term is Un, 
is convergent. 

13. If the terms of the series tto+«i+«j+ etc. constantly 
decrease, then it, and the series u^ + 2t£i + 4u, + 8U| + IGuis + etc. 
are both convergent, or both divergent. 



71. The foregoing method is useful when (bat not unless), we 
can remember some series with which we may conveniently 
compare the given series. 

The following method will be more immediately applicable in 
many cases. 

D 
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Pbop. The «me«Ui+Ua+ . . . +Ur+ete. is convergent^ if after 
some fixed term (uy) the ratio of each term to the ^preceding is less 
than a number which is itself less than unity. 

Let X be this number, Sy-i the sum of the first r— 1 terms. 

Then Ur+i<XUr9 Ur+^<XUr+i<X^Ur9 Ur+9<XUr+^<Ql^Ur, 

and so on ; 

.-. the sum of the series <Sr~i+Ur(l+x+x* . . . ad inf.) 

<Sr~i+tir f — > since x<l ; 

.'. the sum of the series, when the number of terms taken is 
endlessly increased, does not exceed the finite number 

Uf 

Sr^i + 1 , and therefore the series is convergent. 

72. Ex. For what values of x is the series l+lla;+llla:' 
+lllla:^+ etc. convergent, and for what values is it divergent ? 

lO"— 1 
The wth term = — q — a^~*. 

,(/i--l)th„= g af^i 

10«-1 
r\ the ratio =jQ n-i_i ^' 

11 9 

Hence, ifa;=jg, or >j^, this ratio =r, or >, l+jg^iirjQ? 

which is never less than 1 ; 

,'., (Art. 67, Cor.), the series is divergent. 

If a; < j^, the ratio is <1, when (10«— l)aj<10*-»— 1, 

or 1— a;<10'»-»--10«a:, 
„ 10'»->(l-10a;)>l-a:, 



orn— l>log,o 



1-lOa;' 

l-x 
l-lOa:* 
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1— a; 
Hence if m be the characteristic of logio i_iQ^ » when 

n=m+l the ratio is < 1, and since it continually diminishes, 
for all higher values of n it is less than when n=m+l) ^'.c*, it 
is less than a number which is itself less than unity. Hence 
(Art. 71) the series is convergent. 

73. By Art. 67 all series are divergent in which, from and 
after some definite term, the ratio of each to the preceding is 
equal to, or greater than, unity. 

By Art. 71 all series are convergent in which, from and after 
some definite term, the ratio of each to the preceding is less than 
a number which is iteelf less than unity. 

These two Articles give a complete test except in the case of 
those series in which, from and after some definite term, the 
ratio of each to the preceding, though always less than unity, 
tends to unity as its limit. 

For such series we must adopt the method explained in 
Art. 69, 70, or proceed as in Art. 75. 

74. If there be two series 

' ao+«i+«a+ etc. . (i), and 5o+ ^1+^9+ etc. . (2), 
of which (i) is convergent, and (2) such that, from and after 
some term (say the rth), the ratio of each term to the preceding 
is less than the corresponding ratio in (i), then (2) is convergent. 

For (2)=6.+ . . . +6,_.+6,(l+*^'+^^^-^+ etc.), 
which <6o+ . . . +^-i+6rfl+^^+"—^^+eto.V 

\ Or Of+i Or / 

which =fto+ . . . +&r-iH — ^(«r + ar+i + «r+f + etC.). 

Of 

And this latter series is convergent, since (i) is; .*. (2) is also. 
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Cob. If (i) be divergent, and the ratios v— , etc. be greater 
than-^^, etc., then (2) is divergent 

75. Prop. Let Uo+Ui+Uj+etc. he a series in which the ratio 
-^— ^ is less than 1, hvi tends to 1 for its limit when n increases, and 

Un 

1 

let -^^ he put into the form r~i — • Then if na is never in- 

finite; Imtyfrom and after some definite term, is greater than a 
nurnber which is greater than 1, the series is convergent, and if less 
than 1, divergent. 

Since the limit of -^^ is 1, that of « is 0. 
1°. Suppose that from and after the rth term na b > — , 
and that — >1, so thB.tp>q, 

Then (l+*»)'>(l+~)'* 

If 2«+— 1;2~" + ^*^- ^ n +""1:2" h^'^ ®*®-' 

O — 1 1) 27 — 1 1 

t.c., if na+na^-7r-a4- etc. >~+ — ^-o h etc., 

' 2 2 5 2 n ' 

i.e. if na—~>— 1^-75 1- etc. )--wa| ^^r— a+etc. I• 
P 
Now, from and after the rth term, na >— • Also, since as 

n increases a decreases, we can give to n so large a value (say m), 

o— 11 
that, for m and all higher values of n,^-^ h etc., and 

/I— 1 

~^a+ etc. are so small that this inequality holds good. 
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Hence from and after the (m+l)t^ term 



> 




P 



«!„+, , (n + l> 






n* 



bntihe series 1+—+ . . +— + etc. is convergent (Art 69,1.); 

therefore (Art. 74) the given series is convergent. 

2^. Suppose that from and after the rth term na<l, then 

a< — , and l+a<l + --, 
n n 

1 1 
or — — > =- , 

n 



n 

but the series 1+ J+ J+ etc., is divergent (Art. 69, 11.) ; there- 
fore (Art. 74, Cor.) the given series is divergent. 

76. Ex, Show that the series 

1 1 . 1.8 1 . 1.3.6 1 



^+2-8+2!4-6+2:4:6*T+'^*^- 



is convergent. 
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rri, / ^lui. * • 1»3. 5 . . (2n~3) (2n-l) 1 
The (n+l)th term is ^^^-—^^^—.^^, 

1.8.5 . . (2n-3) 1 
» «th, „ 2.4.6.. 2(n-l)'2n-l' 

. . . 2/1-1 2/1-1 4n«-4n+l 

•*. the ratio is — o — "c% — r^'^ — a i \ n — > 

2n 2n+l 4n^+2n ' 

and this is less than 1, bat tends constantly to 1 as its limit when 
n increases. 

Now this ratio s= — , so that a=-j-- — "" . i : 

- on— 1 4n'— 4»4-l 

^+4n«-47i+l 

6-- 

6n*— n n 

.% na= 



'4»«— 4/1+1 ^ 4,1 



n /I' 



which has ^ for its limit when n is infinite, and is always >f, 
and this being > 1 the series is convergent. 



EXAMPLES.— V. 



a* . «• 



1. Prove that the series ^+"o"+'q"+ 6*c. is divergent, if a;=l, 
or>l, and convergent, if 2;<1. 

2. Prove that the series l+a;+^+^+ etc. is convergent. 



2 ^|_3 

Determine whether the following six series are divergent or 
convergent. 

3. e~*+c"**+c"* + etc. 

, 1 , 1.3 . 1.3.5 . , 

4. l+-2^+23^ + 2.4:6^'+ ^*<'- 

5. The series whose nth term is -. — . .,? . !!,; . ov iB* • 
^ (n+l)(n+2)(n+3) 
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6. The series whose nth term is — — a^. 

7. l+2»a;+8V+4V+ etc. 

8. l-na;+!<^)a;«--'^(^"^)(^^^)a:»^ etc., a: beiDg a 

positive namber. 

9. Prove that the series 

is convergent, if n is greater than 1. 
xo. Prove that the series 

-^ , ^(w— 1)^,^, , , m(?7i— l)(m— 2)(m— 3) «, , ^ , ^ 
a^+ ^. ^ ^ iB'»-«y«+ -^- ^^-pj — ^^^ ^aj'^-y + etc. 

is convergent, x being greater than ^. 

77. We have treated hitherto only of series with all positive 
terms. If the terms be all negative, the same methods will 
evidently be applicable, as the divergence or convergence of a 
series depends only on the magnitude of its sum when carried 
on ad infinitum. 

If we have a series with alternately positive and negative 
.terms, there is one case in which we can shew that it is con- 
vergent, viz., when each term is less than the preceding. 

Let the series be Wi— Wj+W8-"'^4+ ©'o- 

Then w^<t*^i, and such a number as w^i— tt^ is positive. 

By writing the series thus 

(tti— tt,)+(i4s— tt4)+(M6— w«)+ etc., 
since each number within brackets is positive, we see that the 
whole series is positive. 
By writing it thus 

«i — (tt,— tts) — (tt4--w«)— etc., 
since each number within brackets is positive, we see that the 
whole series is less than u^ ; therefore the series is convergent. 
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EXAMPLES.— VI. 
Prove that the following series are convergent : — 

■• (p)'-(i±-;)'+-+<->"(s)-+- 

1.1.1 . 1 , , 

3- 2.5"'" 8.11 "^14.17'^20:28'^®"^ 

5- ^-[2+^""*°' 



^ 1,1,1 ■ * 
^- i:8+5?7+9li+'**'- 

7. Under what condition is the series 



EXAMPLES.— VII. 

1. Find whether the following series are convergent or 
divergent : — 

'234 

2. Under what condition is 

o. ' c^ o^ 

— ; — I r-FT H To- +etc. convergent or divergent? 

m-\-'p ' m+2p m+3p ® ® 
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3. Prove that 1+2-5+3-^+4-*+ etc. is divergent. 

4. Prove that l+==^+^^+^=^+etc., 

are convergent, or divergent, accordiiig as /a is, or is not^ greater 
than 1. 

5. If a be a whole number, then the two series 
Ui+Ms+Ms+etc, and t4i+aWa+a%aa+«'^ir.«+etc., 

are both convergent, or both divergent. 

6. Prove that — ; — u-^j-- — r-+7=— — r-+ ete. is convergent 
when X is positive. 



V* 



VI 
(l^;t;ponential &ecte0 anti Hogati^mte f^etit^. 

78. As we shall use the aeries 

1+1+1+1 + *to. . ' . (i), 

we here make a few remarks upon it. 

1°, Its sum, denoted by 6 in [Art. 464], is greater than 2. 
For the first two terms jamount to 2 and all the other terms 
are positive. 

2°. Again« Is less than 3. For j3<oi , |T<2i' ®*^'» 

.*. the series is less tham 

111 1 

Hence e lies between 2 and %. 

By taking the sum of the first twelve terms of (i) the student 
will find the valne of e (correot to 7 places of decimals) to be 
2-7182818. The terms after the twe^th only affect the digits 
after the seventh place. 

3°. Also c is a surd [Art. 289]. For if it is not, it can be 

vn 
represented by a fraction — , where m and n are positive integers 

[Art. 289]; 

^.rfc.1.1. 1. 1 I 1 14. 

41 
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Multiply both sides by |_n; since \n is exactly divisible by 
each of the factorials |2, [3, . . . | n^ and since 1 7i=n | n— 1, 

.-. tn |n-l =an integer+-— .+ 4. etc. 
° «+l (n4-l)(n+2) 

Now 



1 



< 



(n+l)(n+2)(n+3.)^(n+l)«* 

etc. <etc. ; 
.*. the series 

iH:i+(n+l)(n+2)+ "*'• <rH:i + (M^+ ^*^- "^ ^'^■^^• 

1 
n+1 1 

^ n+1 
and therefore is a proper fraction; hence we have a proper 
fraction = m| n — 1 — an integer 

=au integer, 
which is impossible ; .'. e is a surd. 

79. Exponential Theobbm. The aeries for a^, of ascending 

powers ofxy is 

1 I 1 , «*log^ |« a»log^« 
1+ajlog^H — r^—^ H — r|— ^ + etc. 

Whatever n may be we have 

{('+i)"}-=Kr • • <■)• 

Now 

(l4)-=l+4+'^)L+^'2^|<=!=?a+.u,. « 

.i+,+«(._i)+«(«_iX-|)+- 
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Hence vjhen, n is infinite (Art. 26, Obs. 2), 

and t}\jm also, by putting a;=l, we see that 

the limit of ^l4.i-y=l+l+j^+i~+etc.=e;. 



.-. from (i) c»=l+a;+^+^+ etc. 



And this is true whatever form the index of e may have. 
But logee8*=a;logea ^ /. a*=e*i««fea [Art. 447]; 

.-. a»=l+a;logea+— 1|^ +~T3 ®*^' 

This result is called the Exponential Theorem. 

The student will observe that we have taken ( IH — j , the 

generating function of the scries in (2), as the sum of the same 
series. This we do in accordance with the assumption mentioned 
in Art. 64, since the series is convergent. 



EXAMPLES.— VIIL 



1. Prove that n=l+logen+l5|ir+!^I'+ etc. 

2. Express n-| — in terms of logeit. 

n 

3. Prove that — =_-4.-__+etc...+/o-T^Tur-TT+ «<«• 

6 3.1 5 [3 (27t+3) |2n+l 

4. Obtain a series for e-^e"'^. 

Ce«_iy 1 2" 22*-' 

5. Prove that L__A = _ + _ + etc. + -^+ etc. 
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6. Express the sum of the series .-q + ri 4-etc. in terms of e. 



7. ShowthatgH^^I- 1^ l| 

*+r^+il+iT+iT+?*?-. , 

8. ProTe that '- J- J- — = =1 

1+,-2+,4+eto. 2 



9. Investigate a series for e^ *+« *• 

xo. Somtheseries^+j^+^^^^g+etc. to bfinity. 

1 

II. If a; be a positive quantity, prove that af is less than e. • 

80. Pbop. The «ene8/or loge(l+x), o/* ascending powers o/x, is 

a?* ic« 
«—■ 2-+3-+etc., 

z Mn^ <1. 

By the Exponential Theorem 

«''=l+t;lofea+t;S'+*-^''+ etc.; 



2 ^ 13 



Hence when v=0 (Art. 27) the limit of is log^a. 

V 

For the series within the brackets is convergent (Ex. V. 2), 
whatever finite value a may have, and therefore the product of it 
and V vanishes with v (Art. 30) ; 

.-. logc(l+i») IS the limit of (^+^)''-l ^hen t;=0. 
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Now, when a; is<l, the series for (!+«)*, obtained from the 

Binomial Theorem, is convergent ; 
.-. then (Art. 64) 

V V 

=^+72""'"^ — re ^^*+®^-> 



and the limit of this, when t;=:0, is 

X* x^ X* 

«-Y+3— 4+eto.; 

/^•S /|«8 Qfi 

.*. loge(l+a;)=a;— ^4--^— 2-+etc., when a;<l. 

81. We proceed to deduce some formulae for obtaining the 
Napierian logarithms of numbers. 

aj' X* 
We have, when a; is <1, loge(l+aj)=ic— -2"^3"" ^^' (^)> 

X^ X* 

.\\ writing — » for x, \ogj(} — «)= "-^~ o^"" o""" ®*^' 5 

1 "^ tZ/ / ic' aj^ \ 

.*,, subtracting, l<>gej-:::^=2ta;4-g-+^+ etc. )• 

Putting ^±- for j^, and .'. ^^^^ for a;, we obtain 
loge(l+n)-logen = 2{ 2;^+|-(2^^ etc. }(2> 

Again, put ^j^j-j for j-^, and .-. ^-^-^^ for x; 
.-. logewi'— log,(»»«— 1), i.e, 21og,m— log<,(»»— 1)— loge(w»+l) 

=2 { 2i^-^ I (2^=1:)'+ 1 (2^1)'+ «'»• } (3> 
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In (2) put n=l and we have, since log 1=0, 

loge2=2{|-+|-|;+~^+etc. }, 

and by taking a sufficient number of terms of this series, we 
obtain loge2 to any required degree of accuracy. 
In (3) put 772=2 and we have 

l0gea-2k)ge2=^2|y+~^+J-^+etC. |, 

from which, since we have obtained loge2, we can now obtain 
loge3. 
In (3) put m=s3-and we have 

f 1 1 1 1 1 ) 

loge4=21oge3-loge2-2| jy+3-p^-+-g-jy,+ etc. |, 

which gives us loge4, since logeS, loge2 have been abeady ob- 
tained. 

And by putting w=4, 6, etc. successively, we obtain the 
logarithms of all succeeding numbers. 

82. Ohs, The series in ( i ) Art. 81 gives the logarithm of any 
number without our knowing the logarithm of any other 
number. 

The formula (2) gives the logarithm of one of the numbers 
the form n, and n+l, *•«., of two consecutive numbers, when 
the logarithm of the other is known. 

The formula (3) gives the logarithm of one of the numbers of 
the form w— 1, m, w+l, *.c., of three consecutive numbers, 
when the logarithms of the other two are known. 

The reason why it is preferable to use the formula (2) than to 
caloolate the logarithm of each number separately from (i), is 
that the series in (2) is a much more rapidly converging series 
than that in (1), by which we mean that the terms decrease 
much more rapidly in the one series than in the other, and there- 
fore, to approximate to the sum of the series in (2), within any 
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required degree of accuracy, we need take fewer of its terms 
than we should of the series in (i) to obtain the same degree 
of accuracy. 

For the same reason the formula (3) is preferable to either 
(2) or (i). 

83. In calculating logarithms we need use the above formulae 
for primes only, for the logarithm of any other number can be 
obtained from the logarithms of its prijue factors. Thus 
logl2=log3+21og2. 

84. Having thus obtained the logarithms of numbers in the 
Napierian system, we can find the logarithms of the same num- 
bers in the common system, by the method explained in [Art. 
465]. 

EXAMPLES.— IX. 

1. Prove that 

logea=a-l-|-(a-ir+y(a-l)«-j(a-l)*+etc. 

2. Prove that 

logea«loge«:=^— 2(-^) +3(-^J -^*^- 

3. Show that loge(l-aJ»)=-2j|-+j+g-+etc. I • 

4. Prove that 

5. Prove that lo&n=n- - - g (»* "^j+sf **' ~^)-®'"'' 

6. Investigate the formula 
log,(a;+2)=21og,(a!+l)+log,(a!-2)-21og,(a:-l) 
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7. Prove that 

a?* 2 Qc^ v!^ 12 

«» a;8 12 

8. Prove that n{aj-l- J(aj-l)«+i(«^-l)'-eto.} 

a?»*— 1 . 1 /«»*— r 






and that log,{ 1 + (1 +a;) + (1 +«)» } = 3 loge(l +») -log,* 

f 1 , 1 1 . 1 1 . , ) 

I (!+«)» ■'"2 (!+«)• ■'"3 (l+»)«''"®"^* j ' 

9. Find X from the equation 2*+ 2*-' =10. 
la If a, ^ be the roots of the equation a2!'+i»+c=0, then 

loge(aa»+to+c)=log.a+21ogea!--(a+j8)-2^,(o'+)8') 

1 

-8^('»'+/3')-etc. 



1 



11. If ao+«ia?+«s^''+etc. be the expansion of loge(l+«y"*> 
show that 2n(aj„_i— aa^)=l. 

12 Show that lojt „=^-i-^(y:ii)!±*(y:il)!:^?*?: 

12. enow that iog^-a_i_j(^_l).^^(^_l),_gtg 



E 



VII 

85. Pbop. If any positive integral function of x of the rdh 
degree vanish for more than n different values of x, then each 
of the coefficients must vanish. 

Let the function be Noi^+Mai^-'^ + . . . + Cx^+Bx-^A. De- 
note it by f{x) for shortness. 

Suppose f{x) vanishes when 2;=ai, a,, . . . «„ and a^+i. 

Then (App. Art. 12),/(a;)=-Ar(a;— ai)(a;— a,) . . . {x^a^. 

Now when a;=an+i, /(aj)=0; but none of the expressions 
a^+i — Oi, On+i — ®aj • • • ^n+i — ^n Vanish, since ^n+i is different 
from each of the symbols a^^ a^ . . . a„ ; 

.'. thenN=^0\ 
but the value of N does not depend on x ; 

,•. always N=:0, 

Hence y(a;) reduces to ira;'*~*+ . . . +Cl»^+J?a?+-4, which 
therefore vanishes when a5=ai, . . . fln+i* Hence we can show 
as above that M and each of the other coefficients vanish. 

We add another proof of this proposition. 

86. If the expression A+Bx+Ox*+D3?=0 for more than 
three values of a;, then -4=0, 5=0, (7=0, i)=0. 

For let a, p, y, B be four values of x such that 

A+Ba+Ca*+Da^=0 . . (l), 

A+BI3+CI3^+DI3'=0 . . (2), 
A+By+Cy^+Dy'^O . . (3), 
A+BB+CB* + D&=0 . . (4). 

62 
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From (i) and (2) by subtraction we have 

(a-./?){5+a(a+/3)+2>(a«+a/3+/3«)}=0. 
Now since a—/? is not =0, a and /? being different; 

.-. -B+qa+/3)+2>(a«+a/3+/?«)=0. 
Similarly 5+C(a+y) +Z)(a«+ay +/) =0 . (5); 
.-., subtracting, (/?-.y){a+Z)a+/3+7}=0; 
but jS— 7 is not =0; 

/. C+2>(a+/3+y)=0. 
Similarly C+2>(a+/?+8) =0 ; . . (6); 

.'., subtracting, (7— 8)J)=0; 

but y— Sis not =0; 

.-. 2>=0; 

.". from (6) (7=0, and .*. from (5) 5=0, and .*. from (i) -4=0. 
In the same way it can be shown that, if any positive integral 
function of 1. of the nth degree vanish for more than n values 
ofXj then each of the coefficients must vanish, 

87. Cob. 1. If A+Bx+ . . . +Nx'^=A'+B'x+ . . . +N'x'^ 
for more than n values ofx, then A=A', B=B', etc., N=N'. 

¥or amoe {A^A') + {B'-'B')x+ . . . +(iV-i^>« = 0, for 
more thann yalues of «; /. -4— -4'=0, etc., ^— iV'=0. 

88. From this Proposition we cannot assume, if an infinite 
series inyolving positive integral powers of x vanishes for an 
infinite number of values of x, that therefore each of the co- 
efficients vanishes. For being an infinite series it is not of any 
definite degree. 

To this point we shall recur in Art. 93. 

89. Ex. Given A+Bx+Cx^+Dx* + Ex*=l+5x^ -9x* fox 
all (or at any rate for more than four) values of x^ then ^=1, 
J9=0, (7=5,i>=0,JB;=-9. 
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90. The statement in this corollary is called the Principle of 
Indeterminate Coefficients, these two words meaning not *' coeffi- 
cients which cannot be determined/' bat "coefficients which 
.have to be determined.'' 

By this principle, if two positive integral functions of x are 
equal to one another for a number of values greater than the 
degrees of the functions, we are allowed to equate the coefficients 
of the like powers of x on each side of the equation. 

91. Cor. 2. If two positive integral functions of x be equal 
for a number of values of x greater than the degrees of tho 
functions, the highest powers of a; in both functions must be the 
same. 

For if 
a»a;«+an-iaJ»-»+ . . . +axa;+ao=5n+i«*+*+^na^+ . . . +^0, 
for a number of values of x greater than »+l, then 5n+i=0. 

92. Ex, I. Investigate the relation which exists between m 
and n when ww;*— {2m^ + 3n)a;* + (m'+ 6mn)x— 3m«n is a perfect 
cube. 

When it is a perfect cube it must be of the form 

aV+3a«fta;*+3a5*a;+6« ; 
/., equating coefficients, we have 

o'=w, (i)j 

Sa^=-(2m^+Sn), . . . (2), 
8a^*=m'+6mw, . . . (3), 
b^=^Sm'n .... (4). 
From these equations we now eliminate a and b. 
By (i) and (4) a'6'= — 3m»n, 
„ (2) and (3) da^""^ - (2m« + 3n)(m»+ 6mn) ; 
.-. 27m»n=(2m«+3n)(m»+6n) 
=2wi*+15nm«+18n«, 
or w*--6m«n+9n'»=0; 
.*. w*--3n=0. 
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Ex. 2. Detenmne the relation which exists between 'p and g 
when iB?+j>,c+2 is divisible by a factor of the form {x^a)^. 

Let x-\-h be the other factor; 

.\ 5— 2a =0, and /. 5=2a; 
a'— 2aft=2), and .*. — 3a*=^; 
a*5=2', and .% 2a'*=g'; 

•••(-*)■=-=(*)■•> 

.-. 27j«+4p»=0. 



EXAMPLES.— X. 

1. Determine the relations which exist amongst a, 5, c, e?, e,|), ^y 
when aa;*+5a5»+ca;*+e?a5+c is divisible by the factor aj^+jw?+3'» 

2. Investigate the condition for the expression 

4a:*— 4pa;»+4g'a;''+2p(m+l)a;+(w+l)« 

being a perfect square. 

3. Investigate the condition for the expression 

^a?« + 2J?a:y + (7y« + 22>a;+ 2jE;y +i^ 

being divisible by a factor of the form aa;+5y+c. 

4. Resolve 2iB*— 21a:y— lly*— a;+34y— 3 into its factors. 

5. Express 4(a;*+aj'+a;»+fl;+l) as t^e difference between 
two squares. 

6. Investigate the relations between the coefficients that the 
equation aai^-\-hx^-\-cx-\-d^=^^ may be put under one of the 
forms— 

(i) a;*=(a:«+j>a;+g)% 
(2) g*= (a;* +;?»?+ j-)*. 
Solve in this way the equation, 2a;»— a?*— 2a;+l=0. 
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7. Kthe two expressions a;»+jpa;*+gra;+r, x^'\-'p'7^-\'^x-\'r\ 

s y - . - , r— / pV— or' q*r — at' 
have the same quadratic factor, then ?= ^ =^- 5-* 

P — P 9. — 9, T^T 

Show also that the third factors are x-V- — ^r and x-^- — -y\ 

r—r r — r 

and that the quadratic factor is aj*+^ — —flc-^ ,• 

P — P P — P 

93. Pbop. If tlie series ao+aiX+a4X*+a8a5*+ etc. is cou' 
vergentf and equal to zero for all values of x hettoeen certain 
limits including zero^ then all the coefficients ao, a^, etc. vanish. 

For all these values of x the series ai+a^x+a^x^+etc, is 
convergent ; for in it the test ratio is the same as in the given 
series. Hence its sum is equal to zero, or some finite number. 
Denote ithj L ; 

,\ aQ+xL=0. 

Now L not being infinite, when fl;=0, a;Z=0 (Art. 30); 
.*. ao=0; 

.'. xL=^0 always ; 

.*. either x=0, or, L=0 [Art. 324], so that we are certain that 
i^ vanishes for all the values of x which we are considering, 
except when x=Oj and it may also vanish then ; and since it 
vanishes for all the other values of x which we are considering, 
however small, we infer that it does vanish when a;=0. 

Therefore again we have a series ai+aiX+a^x^+ etc., 
which is convergent, and equal to zero for all values of x between 
certain limits including zero ; 

,•., in the same way as above, we can show that ai=0; 
and we can go on to show that each of the other coefficients, in 
succession, vanishes. 

Cob. If for all values of x between certain limits, including 
zero, the expressions ao+«i^+<^««*+ etc., bo+biX+b2X^+ etc. 
are, one a convergent series, and the other a finite expression 
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or a conyergent series, and are also equal to one another ; then 
the coefficients of any the same power of x in both expressions 
are equal to one another. 

For their difference, ao— Jo+(«i— &i)i»+(fl^i— ^O^J'+etc, is 
a convergent series which vanishes for these values of x^ 

•'. ao— 5o, «i— ^n etc., all vanish; 

/. ao=^0) ^i=^i» etc. 

94L Prop. A function of any symbol x, which has only one 

fomiy can only he expanded into one convergent series of ascending 
powers of x. 

For if possible let it be expanded into two series, say 
ao+aiaJ+««aJ*+ etc., and &o+^iic+ etc. 

Then since both these series are, by hypothesis, convergent, the 

function, by the assumption of Art. 64, expresses the sum of 

each to infinity ; therefore the two series are equal to one 

another for all those values of x for which both are convergent ; 

.«. ^0=^0, 01=^1} etc., i,e, the series are identical. 

Obs, If a function can assume more than one form, then it can 
be expanded into one such series corresponding to each form. 

Thus the square root of 1 +^ has two forms, and therefore two 
corresponding series, namely 

1+^a;— 5^*+ etc., and — 1— ^a;+^a;*— etc. 

95. Ex, I. To expand e*(l— «) in a series of ascending 
powers of x. 

Put ^o+^iar+-4,aj«+etc. =fl+a;+^+ etc., Vl-a;). 
=l-.a:«+etc. +(^-^ j;,n+ etc. 
.*., equating coefficients, -4n=i 1 — 1 =-t— = 1 -r i 
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■27 ■}/' 0^ QIj^ 



Ex, 2, Prove tHat the ooefficient of sf in tHe expansion of 

(i^Zx+2x*y^ is sr+i-i. 

^^^ l-3a;+2a;« =^o+^i«+-4,a^+ etc. ; 

/. ls=^o+(^i-3^o>+(2^o-3^i+^,)a;«+ etc. ; 
.*., equating coefficients, we have -4»— 3-4,|-i+2-4tt_,=0. 
Let u4„-,=2'»-»-l 

=3.2"-3-.2"+2 
=2«(3-l)-l=2*^i-l. 

Hence if ^n-s ^^cl u^n-i ^^^e the given form, A^ has also. 

But ilo=l=2<>+»-l, 

andili-3ilo=0; .-. ^i=3=2»+»— 1; 

•'. ^0 fti^d -^1 hd'Ve the given form; .*. A^, and each of the 
succeeding coefficients, has also, i.e, ^^=2*'+*— 1. 

Ex. 3. If iy=aiy+aay*+«sy'+ etc., required an expression 
for y in terms of x. 

Suppose y=^biX+hiX*+b^x*+eto. 

,\ x=aihiX+(aihi+aibi*)x*+{aibi*+2a2biht+aihi)x*+eUi. ; 

.*. ai5i=l, 

a8&i*+2aj&i&j+ai58=0, 
etc. =0. 

Thus we obtain sufficient equations to determine the coeffi- 
cients in turn. 

This determination of y in terms of x is called reversing the 
given series. 
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Ex. 4. To prove that 

n«-.n(n-.l)"+'^^^Cn~2)"- etc. =[«. 

By tHe Exponential theorem we have 

(c*— l)"=(a;+ia;*+etc.)"=af + higher powers of a? (i) ; 

but also (e«— l)*==g*»*— n6<«-0«+~^^-^^e(»*-0«— etc. (2). 

Now, expanding each of the powers c"*, e(*^-i)*, etc. by the 
exponential theorem, and picking out the term in each expan- 
sion which contains af*, we see that the coefficient of af in (2) is 
r£._J.n-\Y n{n-l) {n-2)»_ ^^ ^^ ^^^^^.^^^ ^^ ^ 

in (i) is 1. Hence, the series in (i) and that obtained from (2) 
being both convergent, and the expansions of the same generat- 
ing function in ascending powers of x, we have, equating these 
coefficients of a^, 

n«-n(w-l)«+^:^^^j^\n-2)«- etc. =|_n 

Ohs. The coefficient of x^ in the series obtained from (2) is 
n*- (n-1)'- , n(n-l) (n-2)'- , , . 

j7-n^-|^+-^^i>l^ • (3); 

but there is no term in (i) containing a power of x lower than 
aJ», hence if r < n, n*-— nCn-l)'-+^i^^^\n-2)^ etc. =0. 



Also by taking r>n, and finding the coefficient of 7^ from (i), 
and equating to it the expression (3), we obtain another similar 
theorem for each value of n 



EXAMPLES.— XL 

I. If An is the coefficient of a^ in the expansion of ^ . "^. — - > 

^ l+a;+aj* 

then A^s^Af^^^, 

Write down the first six terms of the expansion. 
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2. \i An\% the coefficient of a^ in the expansion of 

li' then K-A^,=^ 

3. If y = «— ^+^— etc., find a? in a series of ascending 

powers of y. 

4. Expand loge(l +«)*-* in a series of ascending powers of a;, 
when X is less than 1. 

5. Show, by equating the coefficients of aJ** in the expansions 
of 2 loge(l— a;) and logg(l— 2a;+a;«), that 

6. If a;— 3y+y'=0, find y in a series of ascending powers 
of X, 

7. Show that 

„n.«_n(„-l)»+«+!iIi=ll(n-2)»-^.- etc. ^»(«"+n^^^ 



VIII 
Binomial ^i^eorenu 

96. Wb sliall, in this chapter, give some additional Theorems, 
and some examples of various problems, connected with the 
Binomial Theorem. 

97. To find the numerically greatest term in the expansion of 
(fL'i-T)^ in ascending powers of X, 

The magnitude of any term does not depend on the signs of 
a and x ; we shall therefore consider them both as positive. 
The (r+1)**^ term can be obtained by multiplying the r*^ by 

, the numerical value of which we therefore shall call 

the multiplier /or the (r+l)*^ term. 

If for several consecutive terms the multiplier >1, each of 
ihem is greater than the preceding term, and if then the 
multiplier for some term becomes < 1, the terms then begin to 
decrease, so that just before this term we shall find the greatest 
of the terms considered. See [Arts. 410, 411, 421} 

I. Let n be positive. 

Let p be such that ( 1 j - =1, or ;?==i2-— i?, and, if 

p is not integral, let q be its integral part. 

i^. Suppose n is an integer. Then the series terminates after 
Ihe (n+1)*^ term, and r cannot be >n. 

(n+l \ X 
-■ — —1 J— is always positive. It also decreases 

18 r increases; .*. it >1 when r<p, and <1 when r>p. 

(SI 
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Hence, if ^ is an integer, the p^ and the (/?+l)*^ terms are 
equal to one another, and each is greater than any one of the 
other terms; and if p is not an integer, the (^+1)^^ ^nn is 
the greatest. 

2°. Suppose n is a fraction. Then the series is infinite. 
When r>n+l, is negative, and therefore the multi- 






If a;>a, when r>x-^ *he multiplier is >1 and the terms 

go on increasing continually, and therefore there is no greatest 
term. 

If x<a^ or =a, when r>n+l the multiplier <1 and the 
corresponding terms continually decrease, therefore the greatest 
term is amongst those for which r= or <n+l. 

Hence, as in i°, if jp is an integer, thep*^ and the (jp+1)*^ 
etc. 

II. Let n be negative. Then the series is infinite. 

n+1 

Put n^^m^ so that m is positive. . Then 1 

= — flH )• And this being always negative, the multi- 

plieris^l + -^j^. 

Let/ be such that fl+^^'j ^=1, or «'=^^^Illl?, and, if 

p' when positive is not integral, let c[ be its integral part. 
1°. Suppose m>\. 

Then is positive, and \-\ never <1, but decreases 

as r increases. 
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Hence, if aj>a, or =a, the multiplier never <1, and the terms 
go on continually increasing. 

\ix<a^ the multiplier is >1 when r<p' and <1 when r>'p\ 

Hence, similarly to I. 1°, if |?' be an integer, the ^'*^ and 
the 0>'+l)*^ etc. 

2°. Suppose m<l. 

Then is negative, and IH never >1, but increases 

T V 

as r increases. 

Hence if a;<a, or =a, the multiplier is never >1, and the 
terms go on continually decreasing; .'. the first is the greatest 
term. 

If fl;>a when T>'p\ the multiplier is >1, and the terms go 
on continually increasing, and therefore there is no greatest 
term. 



EXAMPLES. —XII. 

Determine, when possible, which is the greatest term in the 
expansions of the following : — 

I. (l+2a:)«. 2. (3+a;)i 3. (l+3a;)-«. 

4. (l-4a;)^ 5. (2+3a;)-«. 6. (2+3a;)-*. 

98. Products are said to be homogeneous when the number 
of factors in each is the same. 

Thus a*, a'&, dbc are homogeneous products of ihret dimen- 
aons. 

99. Prop. To find how many homogeneous products of r 
dimensions can he formed out of the n symholsj a, b, c, . . . etc, 

[Mem, If m be the number of terms in the sum -4+J?+(7-J- 
etc., and if we make A^ B, etc., each equal to 1, then the sum 
becomes equal to m.] 



64 . BINOMIAL THEOREM. 
We have = rsl+oaj+a'aj^+a'aj'+etc. 

1 

etc. =s etc. ; 
.•., multiplying, we have 

1 1 — r- . . . =l+(a+5+c+etc.)aJ 

+(a«+5«+etc.+ai+ac+5c+etc.)a;*+etc. (i), 

the coefficient of of being the sum of all the homogeneous pro- 
ducts of r dimensions which can be formed out of the symbols. 
K now we put a=ft=c=etc.=l, each of the products will 
become equal to 1, and therefore the coefficient of a^ will be- 
come the number required. But now the left-hand side of (i) 
has become (1— a;)-»>, in the expansion of which the coefficient 

of a^ is ^ "T ^ ' *' ^^^ "^ \ Therefore this is the number 

required. 

100. If 'pr denote the coefficient of x^ in the expansion of 
(l+a?)*» then 

2i>o;?sn-2i7iPs„-i+etc.-f2{-l)«-^|?n-iP»+i+(-l)'*P»" 
We have 

.'., multiplying, we see that 
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or 2{/>cJP«n-PiP8n-l+ . . . +(-l)'*-'jPn+li?n-i}+(-l)^i?n" 

sscoefficient oix'^'^ in the expansign of (1— aj')"" 
= coefficient of vS^ in the expansion of (1— a?)^** 

=(-iri>». 

Ex, 2. Prove that the sum of the products of every two con- 
secutive coefficients of an expanded binomial 

1.3.5... (2n-l) n . 
= \l -^1^^ 

n being the index and a positive integer. 

Let (l+x)'*=ao+«i^+ • . . +«n-i^"*+«na?'*; 

then (1+-) =ao+— + . . . +«n-i-ir-7+-^; 

= coefficient of x in expansion of v_jt?2_ 

= coefficient of oj'^+^in expansion of (l+a?)*'* 

1 2n _ 1 2n n 

""|n+l l^— 1 |n|nw+l 

_ 1.3.5...(2yi-l) g^ n 
"" 'n n+1 

EXAMPLES.— XIIL 
I. If n be a positive integer, prove that 



/ -.X |2n 

^ ^ 2(|n)«' 

and if n be an odd number, that 

- , 2n(2n-l) , 2n(2n-l)(2n-2)(2n-3) . , 
1+ j 2 — + 14 r®*o. 

~ 2n 



J ! — p ...Oan-s 



66 BINOMIAL THEOREM. 



2. If n be an even integer, show that 

1 1 1 2**-* 

|1 |n-l "'"|3 In-S "*" • • • "'"Iw-l 1 1 ""T»"' 

3. If /(r) bo the coefficient of a?** in the expansion of (l+a?)**, 
prove that 

y!:r)+,-M,/(r--l)+, '^^,^y^r-2)+...+/(r-m)=. '^^1-^ > 



4. K fljo, flJi, ^t ... be the coefficients of (l+a?)**, show that 



,2n 
|n — r [n+r 

(2) flo^ar— «i«2r-i+aj«jr-i— • • • +( — l)''~*«r-i«r+i 

+(-l)'K'=J(-l)'j;^/ 

(3) «o«r— «i«r+i+«a«r+i— • • • +(— l)**~**«n-r«n 

Examine the condition as to the values of n and r in this hist 
case, and find the value of the expression when this condition is 
not satisfied. 

5. If (a?+a)'*=jpoa?'*+/>ia?»*-ia+pga?«-«a'+ . . ., 
m and n being positive integers, find the value of 

6. If (n)r be the coefficient of a?** in the expansion of 
(l+a)^, prove that (2n)y=2(n)r+2(n)i(n)r-i+ . . , , n being a 
positive integer. 

Write down the last term for the two cases in which r is odd 
and even. 

7. Find the sum of the squares of the coefficients of the 
expansion of (l+x)**, n being a positive integer. 



BINOMIAL THEOREM. 67 

101. Tlie above are examples of the equality of coefficients 
(Art 87) in two finite series, which are known to be always 
equal to one another from their being expansions of the same 
function. 

We shall now give some examples of this equality in two 
infinite series, which are both convergent^ and thus are known to 
be equal for the same reason (Art. 94). 

102. Ex. I. Prove that 
l_n«+n«.-^^+w»-^ gi-+eto. =0, 

n being a positive integer. 
We have 

/I I ^\n 1 I 1 w(n— 1) „ , n(n— l)(n— 2) . . ^ , v 
(1 +«)*»= 1+naj-i — "^ — lx^+ -^ — Y2S ^ "^ ®*^- (^)» 

(l+ir=l-»+^j!H:l)V "<"V><"+^ ^+etc. (.). 
\ xj X 2 a* 1.2.3 «» ^ "^ 

Multiplying we see that 1— w'-J — ^ '" / — etc. is the co- 
efficient of x^ in the expansion of (1 +«)♦*. (1 ^ — j ; 

t.e., of (l+a;)«.-j-^^,orofaJ»; 

.1 9 1 n«(7i«— 1) . ^ 

.•. 1— w'+— ^r ^— etc. =0. 

• 2* 

Here we were able to equate co- efficients, for when x is 
sufficiently large {i.e. > 1), the series in (2) is convergent, and 
therefore the series formed by multiplying it by the finite series 
on the right hand of (i), is convergent. 

Ex. 2. If i>r= '^'o^ '.' ' ^^"T^^ , show that 

2.4.0 . . . 2r 

Here J9r is the coefficient of a;** in the expansion of (1— a;)"*; 

.*. (l-a;)""^=l+jpia;+p,a;a+ . . . +p,n+ia5''*+'+ etc. (i), 

(l-a;)""*=l+jpiaj +i>.n+i«'"+'+ etc. (2). 
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Multiplying we see that 

i>«n+i+Pii?8n+ • • • +PnPn+i+Pn+il>n+ • • • +JP Jni>l +i> Jn+l 

= co-efficient of «■**+* in the expansion of (1— a;)-* 

= 1; 

It will easily be seen that the series in (i) and (2) is con- 
vergent, and therefore also its square, when a; is<l. 



EXAMPLES.— XIV. 

T. Prove that 

1.3.5 . . . (2r-.l) , 1.3.5 . . . (2r-3) 3 , 1.3.5 . . . (2r-5) 3.5 
j — -^ 



r-1 1 * | r--2 L? 



+ eto. =2»-(l+r). 
2. The sum of the first r+1 coefficients of the expansion of 



(1 — aj)""** is r , , m being a positive integer. 

m I r 

3. Prove that 

l+3„+H «(>>-l) I 4.5 n(n-l)(n-2) 

=s2»-»(n»+7n+8). 
Write down the last term of the series on the left side. 

If -1.2.5.8... (3r-4) ^ 
4* ^'^ 3.6.9.12 . . . 3r ' "wi^nai, 

I 1 ^ — 2.1.4...(6n— 5) 



5. If 4^(r,n)==-=^===-, prove that 



(i)<^(r,ti+l)=l+<^(l,n)+<^(2,n)+ . . +<Kr,n); 
(2)^(r+l,n) = <^(r,l)+^(r,2)+ . . ^^{r.n). 
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103. Since hjh lies between two integers, viz., 2 and 3, 
3+ >y5=5+ some fraction; .•. (3+ aJ5)'^= an integer + some 
fraction, n being a positive integer. Eequired to find expres- 
sions for the integral and fractional parts of (3 + V^)^* 

Denote them by a and /respectively, so that 

(3+ V5)'^=:a+/. 

Now 3— iy/5, and .'. (3— V^)**? ^s a proper fraction. 
Denote it by/*, so that 

(8- V5)"=/. 
Now (3+ V5)''=3"+ "^"~^^ 3''-'5+ etc. 

+ V6 { «3«-.+'^§=2)3»-.5+ etc. j- , 
(3- V5)"=3'>+ "^^~^W '5+ete.- Vsj «3»-'+ etc. I; 
.-. «+/+/'=2 1 3«+^^(^=ll3»-«5+ etc. I 

=s an integer, since the coefficients ^ "T ^ , etc., being the 

number of combinations of n things taken 2, 4, etc. times 
together, must be integral. 

Hence a being an integer, f+f must be one also, or zero. 

Now/ and/' being each positive and less than 1,/-|-/' must 
be greater than and less than 2 ; 

.*. it can only be equal to 1 ; 

.-. a=2| 3«+-^^^W«5+ etc. I -1. 

Also/=l-/=l-(3- V^)** 

Obs. 8*>+ ^ "7 ^ 3^-^ 5+ etc. being an integer, 

2 J 3n^, ^v^"" ^ 3n-»5.j, etc. > , or a+1, is an even integer; 
.*. a is an odd integer. 
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Cor. The rational partof (3+ V5)»=3»+5^^-^3"-*5+ etc. 
and the irrational part = iy/5{n3**~*+ etc.} 

=l{a-l+2/}. 



EXAMPLES.— XV. . 

Find the integral parts of the following. 
I. (2+ V3^ 2. (3+ V7^ 3- (8+ V6)^ 

4. (7+3V5)«. S. (3+•2V2)^ 6. (5+3 VS)". 

104. To find the integral part of (V5+2)» 
Let a and / denote the integral and fractional parts respec- 
tively, so that (V5+2)**=a+/. 

Also (>y/5— 2)"=/', a proper fraction, 

1°. Let n be odd. 

Then a+/--/"=(V5+2)*»-.(V5-2)« 

=2 { n6~'^2+^^(^ip^^ etc. I =an integer. 

But a is an integer; .*. /— /' is an integer, or zero. 
Now /and/ being each >0 and<l,/— /' cannot be numeri- 
cally so great as 1 ; .*. /— /'=0 ; .'. /=/ j 

n-l 

and a=2{w.5 * 2+ etc.} 
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2°. Let n be even. 

Then a+/+/=2|6"*+^^^^5'^V+ etc. I; 

and^ as in Art. 103,/+/=! ; 

...a=2| 5^+!?^^5'^'2^+ etc. |-1. 



EXAMPLES.— XVI. 

Find the integral parts of the following : — (i) when n is even, 
and (2) when it is odd. 

I. (V3+ir- 2. (V6+2)~ 3. (^/10+3)^ 4. (2 V3+3)^ 
5. (3V2+4)^ 6. (3 V5+6r. 7- (4V2+5r. 
Find the integral part of the following when n is even. 

8. (V3+ v^r. 9. (V7+ v^r. lo. (2 V3+ vnr- 

11. If ( V^+l)***"*"* =<*+/> where m and a are positive 
integers, and /a positive proper fraction, then /(a +/)=!. 

12. Prove the same thing, if (5 V2+7)*'»+»=a+/. 

13. Prove thatXa+/)=2»'»+S if (8 V3+5)«'»+»=a+/. 

105. Expand ^ in a series of ascending powers of «. 
We have ^±g-=(!B+««)(l_a!)-» 

+fc±llfc±2)..+ etc.) ' 

=iB+4a!'+9x»+ etc., 
the coefficient of »' being (>--l)r^r(r+l)^^^ 
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106. If Or be the coefficient of off' in the expansion of 
(1 +«+«•)» then 

We have (l+a;+a;')«=ao+ai«+«8«'+ • • • +««»«***+ etc., 
and (1— a;+ic")**=ao— «i»+«aa5*— • • • +aj,«***— etc. ; 

.*. flo^ir— «i«ar-i+ ©tc. +( — l)*'-*ar-iar+i + ( — l)*'«r* 

+(— l)*'+*ay+iar_i+ etc.+a,rffo 
=coeff. of x^^ in the expansion of the product 

(l+ic+x«)«(l -a;+a;«)« 
t.e., of {(1 +««)«— a?«}» or of (l+a?'+a:*)«, 
= coeff. of a?** in the expansion of (l+ic+a;*)'*=ay; 



EXAMPLES.— XVII. 

1. If n^Tf. be the number of homogeneous products of n symbols 
taken r together, prove that 

(1) l+n'Si+n^8+ . . • +»fli-=n+i-2i-f 
and (2) ^r-nSr-iC^+nSr-^G,- ... =0, 

where Cr denotes the number of combinations of n things taken 
r together. 

2. If n^V, and nHr represent the expressions 

n(w— 1) . . . (n— r+1) n(n+l) . . .(n+r— 1) 

respectively ; show that 

■ii^4r— n^4r-4«»C'i +n'^4r-8-nCi— ... + (— l)**~*,|fi"4.»(7r-i +( — l)'*nCr 
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3. Show that the sum of the products r together of the n 
quantities a, a*, . . . a** is 

(a^+^-l)(a>-+»-l) . > . (a«-l) t:^ 
(a-l)(a^-l) . . . (an-r_i) « 

4. In the expansion of (ai+a8+ . . . +ap)'*, if n is a whole 
number, and p > n, prove that the coefficient of any term, in 
which none of the quantities ai, a,, . . . appears more than 
once, is equal to | n. 

Prove that 

5. Show that the remainder after n terms of the expansion 
of (1— a?)-* is 

•6. Find the first 7 terms of the expansionof (l+aj+a?«— a:«y®. 
7. Prove that 



1+ 



8. If Or be the coefficient of a?*' in the expansion of (1 •\-x)^t 
prove that, if h be less than n, 

1 71 |n-l | n--2 

there being n— A;+l terms in the series. 

9. Sum to infinity the series 

, , 1+x . (l+a:)(l+2a;) . (l+a:)(l+2a;)(l+3a:) . 

^■*" 1.2 "^ 1X3 ■*■ 1.2.3.4 -«-••• 

10. Prove that the sum of the numerical coefficients of all 
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terxnB containing a/ in the expansion of (ai+a,+ • • . +a,j)**is 
m(7n-l) . . . (7n-i>+l) /^^jw-i,^ 



1 1. The coefficient of d^"^ in the expansion of (a+6+c+c?)» is 
w(n~l)(w-2) (flt»^5s+c»+3&«c+3&c«+ etc +6a&c), 

and the number of terms in the coefficient of d!^^ is 21. 

1 2. Determine the coefficient of any power of a; in the expan- 
sion of 

(n— m+l)a;(l — a;)— aJ^+* +aJ"+* 

according to ascending powers of x^ where m and n are positive 
integers and n+2>w+l. 

13. If 5o) /Si be respectively the sums of the coefficients 
of the odd and even powers of x in the expansion of 
(!+«+ . • • +0?**)**, prove that So=S^ when n is odd, and 

5o=/Sj— 1 when n is even. 

14. Show that if tr denote the middle term of the expansion 

of (1 +«)«»•, then <o+^+««+ • • . =(1— 4a;)-*. 

15. Find the coefficient of of in the expansion of 

(l+2a;+3a;«+4aj«+ etc)*. 



IX 
St^ultfnomial ^leorem^ 

107. In [Art 418] it was sliown how, by successive applica- 
tions of the Binomial Theorem, to express any integral power of 
a trinomial by means of a series. We proceed to the general 
extension of the same method. 

Prop. To find the general term of the series which is the 
expansion q/*(a+b+c+ etc. +t+u)'^, n heing unrestricted. 

From [Art. 419] we see that the general term of the expan- 

- / . N . wi(m— l)...(m— r+1) _ . 

sion of {x+yy^ is — ^ ^-p^ ^0?**"**^*", r bemg 0, or 



any positive integer (not greater than m, if m is a positive integer). 

The method consists in repeated applications of this theorem. 

Now {a-\-b'\'C-\- etc.)"=a**+na'*-^(6+c+ etc.)+ etc., 

the general term of the series being 

n(n— 1) . . . (n— a+1) „ ,, , , . v 
_v L V »_/^n-«(5+ c+ etc.)*, 

where a is 0, or any positive integer, except when n is a positive 

integer, and then a must not be greater than n. 

Let Jf denote n(n—l) . . . (»— a+1) for shortness. 

M M 

Again p-a'*"«(6+c+etc.)*=j— a'»-*{6*+oJ*-»(c+etc.)+etc.}, 

M |<* 

the general term being j — a«-*— =^j-g 5*-^(c+eto.)^ 



M 



where j3 is or any positive integer not greater than a. 

M 
^gain j5-r-^a'*-«&*-^(c+etc.)^ expands into a series of 

M 
which the general term is i ^_q i Oy . a»-<^&«-^oP-Y((?+etc.)y. 

75 
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And this process can be carried on until we find for the final 

general term 5 1— cSi^Hf^-p . , , V-^u'^, 

° a — p , . , o- — T |t 



Where a, j8 . , . <r, t are zero, or such positive integers that 
each is less than, or equal to, the preceding. 

Note. — The sum of all the indices is equal to n. 

We may simplify this formula by putting 

/J— y=y, I .-. n-a+^'+7'+ . . , T'+T=n; 
etc. =etc. i ... j8'+/+ . . . T'+T=a. 



o— t=t'; , , 



M 
Then the general term is ru 1 j r~ri — a^~^W • • . tfw^ 

where j8', . . . t' are all positive integers. 

108. If n be a positive integer, put n— a=a', a positive 

\n 
integer, and J[f=:p=, and the general term becomes 

ex 



K|^...|-r:|r ^'^' • • • *"«-' 
and n=a'+jS'+/+ . . • +t'+t. 

109. Ex. I. Find the terms of the expansion of (a+6a5— ex')* 
which involve oj^. 

16 
Here the general term is i— 7-T^ri—ra*'{&a?)^'(""^*X 

~ Ts ~" 

where a'+j8'+y'=6 . . . (i), and we want all the terms in 

which i8'+2/=7 . . . (2), 

Hence we have to solve (i) and (2) in positive integers. 
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The solutions will be found to be 

i8'=l, 3, 6 
y'=3, 2, 1 from (2) 
a'=2, 1, „ (1). 
Hence tbe required terms are 

-16 |6 -|6 

In writing down expansions by the Multinomial Theorem, 
we arrange them according to ascending powers of some common 
letter. 

Often the sum of all the terms involving the same power of 
this letter is called one term, viz., the term involving that power. 

Thus, above, |6 5ca?'/ — |.^-i^a8c«+r2yga5«c--rg2>* 1 
is the term involving a?'. 

Ex. 2. Find the term involving x^ in the expansion of 

(2— 2a7— a?»+3a?*)"*. 
The general term is 

(_!).+? +V 7.13. . . (6a-6) ^.^,. y^^^^^ 

Here j8'+7'+8'=o, . . . (i), 
)8'+3/+48'=5, . . . (2).. 
The solutions of these equations are 

8'=0, )8'=2, 6, 

y=l, 0, from (2), 
a=3, 5, „ (i). 

7'=0, from (2), 

• «=2, „ (I). 
Therefore the required term is 

x' f 7.13 7.13.19.25 7 ) 

-^Xw^ +-6rjT — w- ^ \ 
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EXAMPLES.— XVIII. 

1. Find the coefficient of oc^ in the expansion of 
(l+2x-3a;« +«»)». 

2. Find the coefficient of o^ in (2— a;+a;»— 3«»)*. 

3. Find the coefficient of a' in {a;— ^»+-Ja;'— ^aj'+etc.}'. 

4. ProTC that the sum of the coefficients, taken positively, of 
the expansion of (1— oj+a;*)** is 3« n being a positive integer; 
and that the sum of the squares of the same coefficients is 

!j!i / 1 , n* , n' (n-l)' ) 

5. Find the coefficients of «*» «*»*"*, «■**-• in the expansion 
of (l-aj+a?*)'**. 

6. Find the coefficient of «« in the expansion of (1 — 2a;+3a;')*. 



7. 


i> 




a;* 




99 




(l+a;-2a;«)-». 


8. 


99 




iB» 




99 




(l+3a;-2a;*)*. 


9- 


99 




a^ 




99 


(1 


— a;— 3a;»+2a;*)l 


10. 


99 




«• 




99 




((i-\-hx'\-cx^f. 


II. 


99 




a5c* 




99 




(a+&a;+c«»)*. 


12. 


99 




a*5« 




99 




(a+2&a:+ca:«)*. 



13. Find the number of terms in the expansion of (a+6 +c)'. 

14- 19 9) (a+2>+c+(f)*. 

15. Expand (1— 2a;— 2a;*)* to 5 terms. 

16. „ (1— aa;+a;*)* „ 4 terms. 



+ etc. 



3|nequaUtiesi^ 

110. Pbop. If^kiy a,, . • • an 5e n positive numbers, not all equal, 
iken »>+»'+- • +'^ >(a,a. . . . a„)". 

For convenience we will assume that the n numbers are in 
ascending order of magnitude when written down as above. 
Let a; be a positive number ; we have 

(l+ff=l+.+-^.»+ V »l^ »4 '+ etc.. 

V+^ =!+«'+— 2—*'+^^ fr -^ 

Nowl > 1 —i , 1-— > 1 % , etc.; hence every 

n «— 1 n n— 1 

term, after the second, in the first series, is greater than the 

corresponding term in the second ; also the first series contains 

one more term than the second, and, since x is positive, all the 

terms are positive.; 

•••('+0>(>+„4,r.- • (■)■ 

Now 
by (i), since ^^+^*+'"+^n-na^ ^^ ^ ^o^Hye number; 
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••I n j ^'''i ^1 j . 



n— 2 

9 



etc. > etc. 



i 3 ] ^ M~"2~" j ' 

.'. > (aiOf . . . a„)» Q.B.D. 

This theorem is sometimes thus stated : — " The Arithmetic 
mean of any number of positive numbers is greater than their 
Geometric mean." We have given Mr. Thacker's Proof from the 
Cambridge and Dublin Mathematical Journal, voL vi., p. 81. 

111. Peop. Ifsiij &t, . . ., an ben positive numbei*s, not all equal 

., a i"^+aa'"+ . . . +an°^ /ax+aa+ . . . +^nY J- 

then 5^ I j , according 

as m doeSy or does not, lie between and 1, excq>t when m=0 or 1, 
and then the inequality becomes an equality. 

The truth of the statement with regard to the two exceptional 
cases is evident. 

I. For two numbers ; denote them by a and h. We have 

=2|V"2"j'*'^r2-i-2-j [-2-) 

+ 5 (^j (-ir) + -"P 

gm^b^ ( a+b Y_'n{ m—iya+b Y~*/ a—b \* 
'''~2~ \ 2 ) ~ 1.2 ^~2~/ ['~2~) 



+ 



m(in—l){m—2){m—S) fa-^b\»-*fa—b\*, 

U (-^) (-2-) + --' 
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This series is convergent {JEx, V. ii), and therefore represents 
the arithmetical magnitude of the left-hand side. 

The sign of each term is the same as that of the coefficients 
»w(m— 1), etc.; henco 

(i) when m is negative, each of these coefficients is positive ; 






m' 



(2) when m is positive and < 1, each of the coefficients is 
negative ; 



• • 



m 



(3) when m is positive and > 1, some coefficients are positive 
and some negative, so that the above series does not readily help 

US to determine the sign of — 5 ( ~~o~ ) • ^^^ however, 

we can do as follows. 

P 
Put m=— , where p and q are positive integers and|7 > q ; 

then a», l^ being two positive numbers, and — <l,we have bj(2) 

Jr 
£. P t Pi PI 

\-2-) > 2 

>-2-' 



• • 



/a+bV 

^-^ j , Art. 39, (3). 



Hence the theorem is true for any two positive unequal 
numbers. We will now extend it for any number of positive 
unequal numbers, when mis <0 or >1. 
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n. For any numbers, of whicli the number is a power of 2. 
Now a,«»+a.«>2(^^)" «.«+««»> 2(21+^)*", by I. ; 






2.2( 2 ■*■ 2 |,tyl-i 



T / 

>\ 4 j • 

.*. the theorem is true for 4 numbers, m being <0 or >1. 

Similarly we can prove its truth for 8, then for 16, and so on 
for any numbers, of which the number is a power of 2. 

III. We will now show that, if it is true when n=a7, it is also 
true when n=ic— 1, m still being <0 or >1. 
We have 

/III \«i / i . . I «i+«f+--+««-iV 



' m 



«,^+a.^+...+a»^,+( ^'+«'+:'-+°'-' ) 



< 



... a:(?l±f!±i^±f^)"<«.»+a.«+...+a»»_, 



.^ / ai+g«+...+g<g-i \*^^gi 



+««'*+.. .+«"*a»-l 



iC-1 

By n. the theorem is true when n is any power of 2, say 2*", 
where r is a positive integer ; therefore, by HL it is true when 
n is 2''— 1, and then, by III. again, when n is 2''— 2, and so on 
for each successive inferior integral value of n. 
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Similarly the theorem can be extended for any number of 
positive unequal numbers, when m is between and 1. 



EXAMPLES.— XIX. 



i.Provethat{|n}'<|(^+^H2^+^)p; 
and that {jn}-<i^i!^J\ 



2. Show that 3m(3m+l)»>4y[3m. 

3. Ifai,at, . . . On be n positive numbers greater than unity, 

1 i 

— log(aia, . . . a„)>(logailogaaloga, . . . logOn)*. 

Why must they be greater than unity ? 

4. Prove that j^^^^^, >jg. 

5. Prove that | 2yi— l <|n(2w)^-^, and that ifix+a) fja^x 
takes its greatest real value when a;= o* * 

6. Establish the inequality [2n<Ln{|(4n«— !)}• . 



MISCELLANEOUS EXAMPLES IN INEQUALITIES.— XX. 

1. Prove that 

«^->>(»+ir'(ir(=i-'r-(»4i)-^ 

2. In a G.P. the arithmetic mean of the extreme terms is 
greater than the arithmetic mean of the series. 

(aa?)*+(Jy)* . , . 

3. Prove that — ^^ — V- — - — \ is a proper fraction. 

4. Prove that { | n— 1 } * > n»»-*. 

o 
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5. If /8» be the sum of the mth powers, P the sum of the pro- 
ducts m together, of the n numbers a^, a,, . . . On, show that 

w— 1 B> I n— 7w I ra P, 



6. If 0^ ^, be all positive, prove that 

(a;8 +j^« 4-28)8(3. 4-y4-;2r)« _ %xyz{x* -f-y» +;Zf*)(aj+y +2)— Oaj^^^ 

•is positive, unless x^^y^^z, 

7. IfXy^jZ be such that any two of them are together greater 
than the third, 2(i/z+zx+xy)>x^+y^+z^. 

8. Show that (a+5-f-c)»>27a&c<9(a»+&»+c»), a, 6, c being 
positive and not all equal. 

9. If a?, y, z be real numbers, prove that 

a2(a7-y)(a?-2)+&2(y-2;)(y-a7)-f-c»(2r-a;)(2:-y) 
will always be positive, provided that any two of the quantities 
a, by c are together greater than the third. 

10. If m is >1, and x>l, then a?**— I>(a7— 1)"*. 

11. If n is positive, {l+x)'^{l+x'^)>2^+^x^. 

12. Prove that xi/z>{y+z~^x){z'\'X~^y){x+y—z), each of 
the factors being positive. 

13. Show that n+l>2 Jv/|n, n being a positive integer. 

14. If a be >1, and m be any positive integer, show that 
ma^{a^l)>a'^—l. 

15. Prove that — +— + . . . +—>n. 



16. If n and m be positive integers. 



I n |m— n 



(2) i n+1 I'^^ Lgg 



1 7. Show that (1 + a**)' > or < (1 + a«y, according as'gr > or <p. 

18. If5^=a?»+y»*, prove that2'»> or <aJ^+^, according as 
m> or <n. 

19. Prove that (^^*<^(;c:i)|»-i, if ifc>l or <0. 



XI 
iDn t^t EDOt0 anti CoeGSctent^ of CquatfottjS^ 

112. Wb shall in this Chapter give a few interesting proposi- 
tions relating to positive integral equations with real coefficients. 

We assume that an equation of the nth degree has n roots. 

It cannot have more than n different roots, for then a positive 
integral function of x would vanish for in ore than n different 
values of x, which it cannot do, by Art. 85, unless it vanishes 
for all values of x. 

113. Peop. To obtain, the connexion between the coefficients of 
a positive integral function of the nth degree, such as 

and the roots of the corresponding equation, 

PiiX^+Pn-iX^~^+ • • • +PlX+Po = . (l) 

Denote the function by F{x), and let ai , a^ , . . . On be th«. 
roots of (i) ; 

.\, App. to Pt. I. Art. 12, PnX^+Pn-i^^~^+ • • • +Pi^+Po 

=Pni^—<^i) • • • (^— «n) 

[Art. 413]. 
Equating coefficients we have, 

Pn-i = -'SiPn, .*. ^1 = — — - I 

Pn 

Pn-i=^iPnj •*• ^i—ir > 

Pn 

etc. := etc., 

Po = (-l)Xpn, .•.^n=(-ir^. 

Pn 

Two simple cases of these results are given in [Kxi. ^1%\ 
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114. £». I. We have ai«4-a,* + -..+«n* 

= (gi+ gt + . . . +«n)* - 2(aiat +«t«. +ai«« + etc.), 



_Pn-i 



-P« 

^07. 9. Determine the relation between p^ q, r when the 
equation, wc*+a?(2r— ^)+2)=0, . . (i) 

has two roots, of which the product =—1. 

Let a, 5, c denote the roots, so that a&= — 1, 

Now by Art. 113, fiince there is no term in (i 
we have «+ft+c=0, '. 



Jlr—2 



Also hc'\'Ca-{-(ib=. 



r 
.•• from (2) and (5) c=:^ ; 



) involving 0?% 

. (3), 



(4). 

(5); 



.•. from (3) a+J=— ^ ; .-. c(a+b)=-^ ; 

T T 



.'. » (4) 



-£!_i=?!l""S'. 



r 



.'. j9»+3r«— rg^ssO. 



EXAMPLES.— XXI. 

1. If (a?i,yi) (a?«,yf) be the solutions of the equations, 
y=m(a?— a), y*=4aa:, then 

^^ . 4a . . 4a ^ , 

a?i+a?»=2a+^, a?ia?,=a«, ^1+3^,=—, yiy8 = -4a». 

2. Find the relation existing between ^^j ^^ ^ when the equa- 
tion x'+l>^' +9^+^—0 has two roots equal to one another. 
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3. If ai, flj, Os 1>G the roots of the equation x^ •\-'px^ +2a;+r=0, 
express, in terms of 2?, 5', and r, 

U^ C*s vtgi 

(3) J^+?+r+?+^+?- 
as a% a^ a^ a-i a^ 

4. Show by 2 that «»— 5a;*+8a;— 4=0has two equal roots, 
and find all the roots. 

5. If a, 5, c, e? be the roots of a?*— a;*+a:+l = 0, find the 
values of (i) a^J+a^c+a^ef+fc^c+etc; (2) a»+6»+c»+c?». 

6. If a, 5, c be the roots of the equation a;*+/?a;^+g'aj+r=0, 
form the equations whose roots are (i) he^ ca, ah', (2) a% ^% c* ; 
(3) ft— c, c— a, a—b. 

7. If a, j8 be the roots of the equation aa;*+5a;+c=0, form 
the equation whose roots are a^+i^S a-»+jS-^ 

8. K the roots of the equation x^'{rpx^ — Sqx+r:=iO are in 

Harm. Prog, then 2g'*=r*+/?9'^- 

9. Show that the roots of «»— 3aB«+ft*a;+2a»— a^2=0 are 
in Arith. Prog. 

10. If the roots of x^+px-^qs^O, and x^+qx+pssiO differ 
by the same number^ p+q+4:=0, 

1 1. Form the equation whose root» are the squares of the sum 
and difference of the roota of 2«*+2(m+n)a;+7w*+w* = 0. 

1 2. If the equations «* +px* + qx^ + rx + l=:0, and 
x*+nx^+qx*+px+l=^Oy have a common root, show that 
p-\-r=q+2, the symbols being essentially positive. 

13. If two of the roots of the equation iB*+ga;+r=0 are 
equal, 

4^27 

14. If two of the roots of the equation ax*+Zbx*+Zcx+dss:0 
are equal, 4(ac— 5»)(ftc?— c«)— (ae?— 6c)«=0. 

15. The equation «'— 8a;*— 21aj+r=0 has one root 6; find 
the other roots and the value of r. 
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115. Peop. In such equations as we are considering^ imaginary 
roots enter by pairs. 

In the expression pna^+pn-.iOc!^^+ . , . +PiX+pQ, if we 
substitute a+p */^l for «, each term can be put into the form 
A+B ^/^^ (Art. 23), and therefore the whole expression can 
be put into this form, say P+Q^/^l. 

Hence if a+p V^^ is a root of the corresponding equation, 

P+QViri=0, .-. Pr=Oand G=0. 

Now if we had substituted a— j8 V— 1, instead of a+/3 V^l, 
the only effect would have been to change the sign of each term 

involving an odd power of V^^, and therefore the expression 

would reduce to P— Q V^-l, which vanishes, since P and Q 

vanish; .•. a— j8 V^^ is a root of the equation. 

Ohs, The imaginary expressions udtp ^/^—l are said to be 
conjugate to each other. 



116. In the same way it can be shown, that if a-j- V^ is a root 
of an equation, involving positive integral powers of x with real 

and rational coefficients, then a— VFis so also, b not being a 
perfect square. Also if a+ /^b+ /^c is a root, c not being a 
perfect square, then a— fjb+ aJc^ a— ^Jb— aJc, a+ ^^b— tjc 
are also roots of the same equation. 



117. Ex, Given that 3+ ^^2 is a root of the equation, 

aj8_lla:«+37a;-36=0, 
find the rest. 

By Art. 116, 3— V^ is another root; lety denote the third; 

.-. 3^(3+ V2)(3- V2)=35, Art 113 ; 

35 . 

.•.y=y=5. 
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118. From Art. 115, 116 it is evident that a cubic equation 
must have one real, rational root ; for it cannot have more than 
three roots, and it must have no imaginary roots, or else an even 
number, therefore it can only have two. Similarly we see that 
it must have no irrational roots, or else two. 

In the same way we can see that any equation of odd degree 
must have one real rational root. 



EXAMPLES .-XXII. 

1. The equation a:»+3««+5aj— 18=0, has one root 
= — 2+3 ^f^y find the rest, and the value of q. 

2. One root of iB*-3a;«-42a;+40=0 is K-3+ V~31), 
find the others. 

3. Solve the equation a;*+2a;'— 4«"— 4iB+4=0, having 
given that one root is /y/2. 

4. One root of the equation «*— 4a5»— 8«+32=0 is 
— 1+ V— 3, find the rest. 

5. Form the equation of the 4th degree) of which one root is 

6. Form the cubic equation having 6 and — J(6+3 V^3) 
for two of its roots. 

7. If adz^V^l be the imaginary roots of a;*+2aJ+r=0, 
then j8*=3a«+gr. 

119. Peop. To find the cube roots of unity. 

This is the same as finding the roots of the equation 

aj«-l=0 . . . (i). 

Evidently 1 is a root of (i). 
Now ««— l=(a;— l)(aj«+a;+l) ; 

.*. the other two roots are given by aj*+aj+l=0, 

f .e. they are « ' 
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Obs. Let 
_-l+V=3 



«= 2 



. then „.=(=l+^^.?J^1^2^^8 



, the other root. 



_^1 / Q 

Similarly, if we put ©= ^ , then the other root is <»•. 

Also (i>* and co* are of course both equal to 1. 

120. Ex. Since x+i/+z is a factor of a;*+y*+z*— 3aryz; 
.*. x+tn/+ii}^z is a factor of a;*+o)^|*+a)*2;|*— Saj.oiy.w^^:; 
but if CO, ci)3 are the two imaginary roots of unity, this last 
expression =ic*+y*4-2*— 3a;yz; /. x+totz+at^z is a factor of 

Similarly it can be shown that ar+co^y+oiz is a factor of it; 
.*. x^+y^+z* — Sx^z=N{x+y+z){x+iay+ta^z){x+ta^t/+(iiz), 
and ^=1, as we see by equating the coefficients of ;c^ 



EXAMPLES.— XXIIL 

[In these examples co denotes an imaginary cube root of unity.] 

1. Prove that 

(i) 0)3+0)+ 1=0, and that o)-* is also a cube root of 
unity ; 

(2) (l+o,)«''=±l; 

(3) (l+o))»»'-*=± 0); r being any integer. 

2. Find the cube roots of —1. 

3. Prove that the cube roots of 8 are 2, 2o), 2o)'. 

4. What are the cube roots of — 8 ? 

5. If a be a cube root of A, prove that ao), ata* are the other 
two cube roots. 



XII 

loi Tf ^'^'+^ ^ ,Bx+0 , „ , , 

05 ; required to find the values of Aj B, C. 
Clearing of fractions we have 

= {A +B)x^ +x{B+ C-A) +^ + C for all values of x ; 
/.y equating coefficients, 

A-^B =3^ 

A + C =1; 

_ 3a;'+l 4 , 5a;— 1 

Hence , . ., =07 — rT\+. 



aj»+l ~3(a:+l)^3(a:«-a;+l) 

3x^4-1 
Each of the fractions, into which ^ , .. has been resolved, is 

called a partial, or simple, fractioiu 

122. It is proved in works on the Integral Calculus that any 
fraction can be resolved into partial fractions, in the manner 
indicated below, 

3a;«+4a;+2 __A B G D 

^^' x{x^l){x-^y^ x ^a;-l"^;c-2'^(a;-2)^ * 
. 2x-b _ A B Cx+D 

W (a;-3)V+a;+l)"'iB-3'^(«-3)«"*"a;«+a;+l* 
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Ta:'^+3a;-2 A B Cx+D 

. Ex+F , Gx+H 



x^+x—1 ' (x^+x—iy 

We thus decompose a fraction into a number of fractions, 
such that the L. C. M. of their denominators is the denominator 
of the given fraction. We must therefore find all the real 
factors of which this denominator is the product, and then to 
each rational factor will correspond one, or more, partial 
fractions, according as the factor is raised to the first, or some 
higher power. 

It only remains to determine the values of the coefficients 
occurring in the numerators. This can be done by clearing of 
fractions, then since the equality we thus obtain exists for all 
values of a?, we may equate the coefficients of the like powers of 
X on each side, and produce a sufficient number of equations for 
the determination required. 

123. If in the fraction to be decomposed the numerator is of 
the same dimensions as the denominator, or higher, we must first 
transform it into an expression involving a fraction in which the 
numerator is of lower dimensions than the denominator. 

Tl^^s STTS =3a:' + 4+ ^^^^ , 

.'. A+B =24, 

2A+G-2B=2, 
4A-W =33. 

TT««-.« A 133 -.155 ^68 
Hence 4=^, B=-^^, C=^', 

. 8a!'+4a;'+2a!+l _n^. . ^ , 133 , 155a;+68 
•• ^^-i "^ ■^12(a;-2)"*"l2(x»+2a;+4)' 
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124. Instead of determining the numerators by solving equa- 
tions obtained from equating coefficients, it is often more 
convenient to adopt a method of which the following is an 
example ; — 

2x^+x—l _ A Bx+C Dx+E 



{x-~2)(x^+x+iyX'-2'^x^+x+l^{x^+x+lY ' 
.-. A{x^+x+iy+(Bx+G){x--2){x^+x+l)+{Dx+E){x-2) 

= 2x^+x--l . . . (i). 
Put aj«+a;+l=0, and .-. x*=—x—l, . (2) ; 

.-. (Dx+E){x'-2)=2x^+x-l = 2x(-X''l)+x^l', 

.-. Dx^ + (E'-2D)x--2E= — 2x*—x-'l ; 
... />(-»- l)+(^~2Z))a;- 2^= -2(-a;-l)-a:-l ; 

/. {E—SD)x—D''2E=x+l . . (3); 

Ut from (.) .=^=1^1^ ; 

' Equating imaginary parts, E— 3D=1, and /. — Z>— 2E=1, 
which result we might have obtained by equating coefficients in (3). 

Hence Z>= — -=-i jEJ=— -=-• 

7 ' 7 

Now in (i), bring the terms containing D and E to the right- 
hand side, multiply throughout by 7, put 7Z>s= — 3, 7^=s— 2, 
and divide by x*+x+l. We obtain 

7A{x* +x+l)+ 1{Bx+ C)(x^ 2) 

_ 14a;»-f7a;-7-K3a;-f2)(a;--2) 
— x^+x+1 

_ 14a;»-f3a;«+3a;— 11 , 

.-. 7A(x*+x+l)+7{Bx+C){x-2)=:14x--ll . . (4). 

Again, if we treat (4) as we did (i), i.e. put «* = — a;— 1, 

and equate coefficients when we have reduced it to an equation 

similar to (3), we shall obtain 

17 47 

^=-49, ^^=49- 
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Now in (4), bring the terms containing B and G to the right- 
hand side, multiply throughout by 7, put 495=— 17, 49C=47, 
and divide by «*+«+!• We obtain 

.9.- 98^-77+(17a:~47)(a;~2) _ 

After we had found B and (7 we might have obtained A at once 
from (4), by equating coefficients of «% thus 

7il+75=0; .-. il = -5=j^. 

Or we might have begun with finding A, 

Thus, put a;=2in (i), we obtain 49'^=17. 

Now in (i) bring the term involving A to the right side, 
multiply throughout by 49, put 49J[=17, and divide by a;— 2. 

We should have then continued, by finding D and E^ etc., as 
before. 

For De Morgan's proof of the existence of partial fractions 
corresponding to rational factors, see Todhunter's Integral Cal- 
culus, and Sect. viii. of Homersham Cox's Integral Calculus, 
published in IFeaZe's Rtidimentary, Series, 

^ I 2x 
125. Ex. Expand 2X5X— SS^ ^^^ * series of ascending 

powers of x, 

w V, 4 +2a? _ 2 1 

we nave 2+6a;-3x«"2-a:"^l+3a; 

=(l-|)"+(l+3a?)-i 
=2— -^.-07+ etc. 
the coefficient of a?** being o;i+(— 1)^3^ 
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EXAMPLES.— XXIV. 

[It is to be noted that the words Eesolve, Decompose, Separate, 

Reduce are here sjnomjmous.] 

I. Supposing the equation 

a . h . c 7? 



a;+l^a;+2^a;+3 (a;+l)(a;+2)(a:+3) 
to be true for all values of x^ investigate the values of a, d, c. 

2. Eeduce to their partial fractions the following : — 

i \ ^+^ / \ a;^— a;+l / v 5+6a;— 2a;» 

^^' a;«-6a;+6' ^^^ (aj«+l){aj-l)« ' ^^^ {3+2ic)« ' 

. V 3a; . V ^a;+^ .,v a:«-.7a;+l 



aja-|-7«+6' ^^'(a;«+a«)(a;«+&«)' ^ ' a;«+6a;«+lLc+6' 

(y) aj«+a;+l 



(a;-l)(ic-2)(a:-3) 

3. Besolve the following into their partial fractions : — 

/ \ 7a; . X lla;«-26a;+107 

^^^ (2a;-3)(a;+2)«' ^^^ a;«-a;«-21a;+45' 

. 3a;«— 2a;«+4a;— 3 / x a;« 

^^^ (a;«-.a;+l)(a;«-l)' ^^^ (a;+l)»(a;-l)« ' 

/^x a;«— a;+7 /,x 5a;«4-3a;4-l 

(5) -zr—^-r-rA^ W 



a;»-3a;*+4' ^ ^ (a;«+7a;+5)(a;+2)« ' 

.V 2a;»+2a;*+6a;«— 8a;+4 
^'^ a;*+a;»-2a;^ 

4a;— 1 

4. Separate (^^2)(x'+5)« '"*'' P"*'"^ fractions. 

5. Decompose ^^ _q i ^^^^ partial fractions; and expand 
each fraction in powers of a;, giving the general term. 
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6. Expand the following into series ascending by powers 
of «: — 

^^ (a;-.l)(ic-2)(a;-3) ' ^"^^ l-3ic+2^2 ' 

7. Expand / _ Vfe—a;'! ^^ * series ascending by powers 
of X as far as x^\ also prove that the coefficient of ic^ is 

—ZTZTL r J aiid show what this becomes when a =5. 

8. Find the coefficient of x^y^ in the expansion of 

a;{l— aa?) 
(1— ic)(l— aa:— 6^) 

9. Find two fractions whose difference is -^^ g , g * 



XIII 
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126. Suppose that a debt lasts for n+p of the equal interrals, 
at the end of each of which interest is due for that interval, 
n being a whole number and p a proper fraction. 

Let r be the ratio which interest bears to its principal for one 
of these intervals, so that if F be the principal during one 
interval Fr is the interest due at the end of it. 

Thus if interest is due every month at the rate of 5 per cent, 
per annum, the interest on j£100 for a month is £j^, and 
therefore r=^^ : 100=tj-j^. 

127. Let P denote the principal of the debt at first. 

A „ its amount at the end of the n+p intervals. 
Then with compound interest, as in [Art. 472], the amount at 
the end of the n intervals is P(l +r)^ ; 

.*. the interest for the next interval =rP(l + r)**, 

and „ „ pth part of it=prP{l+r)*'. 

Hence A=P(l+r)'^+prP{l+r)^=P{l+r)'^{l+pr) (i). 

Also with simple interest, since the interest due at the end of 
each interval is reckoned on the original principal only, Pr is the 
interest for each of the n intervals, and pPr for the pth part at 
the end. 

Hence A = P+nPr+pPr=P{l+n+pr} . . (2). 

Obs. I. From (i) and (2) it is evident that any formula for 

mmple interest can be deduced from the corresponding one for 

compound, by neglecting r^ and all higher powers. Therefore 

97 
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in general theorems we shall confine our attention to compound 
interest. 

Ohs, 2. The form of the formula for simple interest is the 
same, whether the time is a whole number of intervals or not, 
since n and 'p appear, not separately, but combined in n+p* 

128. A debt, if allowed to remain with its interest unpaid, 
increases in value as time goes on, and conversely, a debt may 
be equitably discharged at any date before it is due by paying 
such a sum as will, with its interest for the interval, amount to 
the value of the debt when due. 

This sum is the value vf the debt at the 4ate of the supposed 
discharge ; its interest is called the discourd on the debt for the 
interval, and is evidently the difference between the values of 
the debt when due and at the date of discharge. 

129. A debt, whose value when due is A^ is called a debt A. 

130. By the present worth of a debt due some time hence is 
meant its value at the present time. 

By Art. 127 w« see that, if there is a debt A^ its value n+p 

A 

intervals before it is due is -px—t — w/i , — \ , and .*. the discount 

(l+r)«(l+pr) 



on it is A — -pr~. — .^/< , — r* 

The value, s intervals hence, of a debt A^ due n intervals 

hence, is of course its value n^a intervals before it is due, and 

A 
is therefore represented by /i i w-a * 

If 5>n, n— 5 is negative, then /i . w-g ? or -4(1+ »*)*"'*^, re- 
presents the value of the debt s— n intervals after it is due. 

131. The application of logarithms, as in [Art. 473], to 
the formulas of Art. 130 would be tediouS| and instead 

A 

n JL W1 -u — ^ ^® generally reduced to a simple form by one, 

or other, of the two following methods of approximation : — 
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(i) We neglect r* and higher powers in the denominator, 

which gives ■ « , . , v for the present worth, and i V / j^ \ ^"^^ 

the discount. 

This is equivalent to working with simple, instead of com- 
pound, interest, and is the method usually given in ordinary 
arithmetic. 

A 

(2) We proceed as before to obtain -. , , . , v , which we then 

expand in a series, and neglect r' and higher powers, which 
gives i4{l— (n+i?)''} for the present worth, and il(n+/>)r for 
the discount. 

This is equivalent to reckoning discount as the simple interest 
on the value of the debt, wh^n due, instead of n-|-2> intervals 
before. 

Discount so reckoned is called bankers' discount. 

132. The present value of a debt of £1 due n years hence is 
represented by (1 +r)"**. Tables have been made of the values 
of this expression, for all integral values of n from 1 to 100, and 
for different rates of interest between 2 per cent, and 10 per 
cent. See Jones's " Treatise on Annuities," published in the 
Library of Useful Knowledge, 

133. If r be the ratio of interest to principal when the former 

r , 

is due yearly, — is the ratio when it is due at every mth part 

of a year. 

Now if on being due it immediately begins to bear interest 
itself, the amount {A) in n years time is given by 

Hence, if m is made indefinitely large, i.e., if the interest is 
due every instant, we have ^1=/^"**. 

H 
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134. B Aos tojpay C £a, £b, . . . £b at the ends of a, p, ... or 
years respectively. Find the sum £x which he must pay at the 
end of ( yearSf in order to he free of the debt^ interest being paid 
annually. 

By Art. 130 the values of the debts ^ years hence will be 
respectively, 

a(l+r)f-«, J(l+r)f-^, 5(l+r)f-«^; 

.-. a;(l+r)-f=a(l+r)-*+ .... +s(l+r)-<^. 

If we make the 2nd approximation of Art. 131, we obtain 

35(1— ^r)=a(l— ar) . +8(l^(rr)i 

and now by Art. 127, Obs. 2, it is immaterial whether 5, a, • • • or 
represent whole numbers of years or not. 

If x=a+b+ . . . +s, we have a;^=aa+&^-|- . . .+50-, 
which is the expression of the rule for the equation of payments, 
and is independent of the rate of interest. 

The name of Equated Time has been given to ^. 

135. B makes C n annual payments of £P each. What sum 
will C Otoe B immediately after the last payment^ interest being 
due once a year f 

At the stated time C will owe B 

P(l+r)*^-i on account of the 1st payment, 

P(l+r)«-» „ 2nd „ 

etc., etc., 

andP „ last „ 

(1+r)**— 1 
/. he will owe B altogether P- • 

In the same way, if an annual payment of £P has been due 
to P, but has not been paid for n years, there is owing to him 

r 

immediately after the nth payment should have been made. 



INTEREST, ETC, lor 

Any such annual payment is called an Annuity. In the last 

(l+r)~— 1 
case the annuity is said to be forborne ; and F- is thus 

the value of an Annuity of £P forborne for n years. 

136. WhsJt 8um must C jpay to B, in order that lie may receive 

from B an annual payment of £P for n yeara^ the first being 

received a year after he made the payment ^o B ? 

P 
Here 3— p- will amount to P in one year. 

P 

(l+rj^ „ „ two years. 



(l+r)** •' ^ '* 

Hence C must pay 

P P 



(l+r)n-l ^P/ 1_) 

■■ r(l+r)~ r ( (1+'')'*/ 

The sum that G has to pay for the annuity of £P is called the 
present value of the annuity. 

Of course the results in this, and the preceding Articles, may 
be modified by the two approximations mentioned in Art. 127. 

EXAMPLES.— XXV. 

1. The simple interest on a certain sum of money for a certain 
time is £7, and the discount for the same time at the same rate 
of simple interest is £6. What is the sum of money? If 
the time be 3^ years, what is the rate per cent. ? 

2. A man has £20,000 and makes 4 per cent, of his capital. 
He spends £1000 a year. How long before he is bankrupt, 
supposing that at the beginning of each year, during which any 
J^IOOO is spent, it is withdrawn from bearing interest ? 
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3. Prove that discount is half the harmonic mean between the 
principal and interest. 

The interest on a certain sum of money is £180, and the dis- 
count on the same sum for the same time and at the same rate 
of interest is £150. Find the sum. 

4. What is the present worth of the reversion of a freehold 
estate of £882 per annum to commence two years hence, allowing 
interest at 5 per cent. ? 

5. If the present value of a perpetual annuity be twenty-five 
times that of the annuity, what is the rate of interest? 

6. Find the amount, at compound interest, of P pounds for 
n years at a given rate per cent., the interest being paid q times 
a year; and show that the interest thus obtained is to the 
interest of the same at simple interest in the ratio of 
2g'-f(g'n— l)r : 2g nearly, where r is the interest of one pound 
for one year. 

7. Two men invest sums of £4410 and £4400 respectively, at 
the same rate of interest, the former at simple, the latter at com- 
pound interest; and at the end of two years their properties 
amount to equal sums. Find the rate of interest. 

8. I borrow £1000 on condition that I repay £10 at the end 
of every month for 10 years. Find an equation which will 
determine the rate of interest I pay. 

9. What is the present value of an annuity of £100 to com- 
mence after ten years, reckoning 3 per cent.. compound interest? 
If each payment is to be m times the preceding, within what 
limits must m lie in order that the present value may be finite ? 

10. If the interest on £,A for a year be equal to the discount 
on £J9 for the same time, find the rate of interest. 

11. If the three per cents, are at 90 one month before the 
payment of the half-yearly dividend, what is the rate of interest ? 

Find the value of a perpetual annuity of SLA payable half- 
yearly, to commence one month henoe, reckoning compound 
interest payable half-yearly. 

12. What annuity is equivalent to a sum of £200 paid at the 
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end of every two years, the rate of interest being 5 per cent, 
per annum ? Show from general reasoning that it is less than 
£100. 

13. A person lends at the end of one year £1, at the end of 
two years £4, at the end of three years £9, etc., at simple 
interest. What will the debt amount to at the end of n years ? 

14. If P be the present value of an annuity to continue 
for j3 years, and P+O for 2/? years, the annuity 

15. Find the present value of an annuity of £1, paid n times 
per annum, and continuing for m years, allowing compound 
interest at the rate of r per cent, per annum ; and prove that, 
as n is indefinitely increased, this present value continually 

approaches the limit • 

16. A has just purchased an annuity for ever, and B, with the 
same capital, one for three years, when an income tax for three 
years is imposed. If the tax be 3 per cent, on the perpetual 
annuity, what ought it to be on B's annuity, if the value of both 
properties be taxed alike ? (Allow compound interest of 5 per 
cent per annum.) 

17. Compare the present values of two scholarships, payable 
half-yearly, one of £50 to continue for two and a half years, 
and the other of £35 to continue for four and a half, reckoning 
5 per cent, simple interest. 

18. If j9 years* purchase must be paid for an annuity to 
continue a certain number of years, and q years purchase for an 
annuity to continue twice as long, determine the rate per cent., 
supposing the annuity to commence a year after purchase in 
each case. 



XIV 
Cont(nueti iFract(on0^ 

5 

137. Any such fraction as S+itt^, of which the general 

8+3 
4 

form is a,-! tt" » is called a continued fraction. 

a8+&4 

<3f4+ . . . 

For the sake of economizing space, such a fraction is written 
thus 

Oi-i j r J- etc. 

138. To simplify the numerical fraction given above, we 
proceed thus ; 

3 35 6 6 24 



8+^ = 



4 '*• , 3"36"35' 



. 7_. 6 _>- , 24_245+24_269 

* o.3"""^36"" 35~"35' 
8+4 

^ 6 i__5 175 

••• 7+ 8+ 4 "269"" 269 ' 

35 
5 6 3 807+175 982 



.-.8+ 



7+ 8+ 4 ~ 269 ~269 
See Hamblin Smithes Arithmetic, 2nd edition, Art. 76. 
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139. In the same way by taking any continued froLction^ which 
is not endlessly prolonged, we can show that its value can he 
expressed by a vulgar fraction having its numerator and denomi' 
nator whole numbers^ i.e., such a continued fraction always 
represents a rational number. 

140. Hence, since a surd cannot be a rational number, we 
cannot put it into the form of a terminating continued fraction. 

141. We shall for the most part hereafter consider only those 
continued fractions in which 5i=5s=etc.=l, that is, only those 
of the form 

ai+-— -— etc. 

142. Prop. To express the fraction -g- in the form of a con- 
tinued fouction. 

Divide A by B, let aj be quotient and C remainder ; 

A .0 .1 



•*• ~n — ^l "T"!) — ^l 4 



G 
Again divide B by C, let a^ be quotient and D remainder ; 

. ^- r^_ . 1 

• • ~Q — ^« "T"77 — ^% '"^ ' 

'D 

A , 1 



B ' ' a,+ 1 

D 

By continuing this process as far as possible we express 

A 

Q- in the form of a continued fraction. 



io6 CONTINUED FRACTIONS. 

Ohs, I. It will be observed that the process here pursued is 
identical with that for finding the H. C. F. of A and B', hence if 
A and B be two rational numbers we shall at some point or 
other come to a division having no remainder, and then the 
process terminates, and we obtain a terminating continued 
fraction. 

Hence any vulgar fraction can be put into the form of a 
terminating continued fraction. 

A 
Ohs. 2. If -g is a proper fraction, ai=0. 

A A 

Ohs. 3. Since -g=ai+a fraction, «i<-g' 

143. Pbop. To exfpress a quadratic surd in the form of a con- 
tinxied fraction. 

We will exemplify the method by converting >v^3 into a 
continued fraction. 

V13=3+yi3-3-3+ ^3+3 -**+ v^3+3 

=3+ ' 



V13+3 ' 
4 



V13+8 yi3-l_^ 8 -11 1 

— 4 A+ 3 ^+ V13+l~ V13+1 ' 

3 
V13±l=l+V13:i2^^_^_3 ^^_^ 



3 —^ 3 ~^^Vl3+2~^V13+2' 

3 

V13+2 , , V13-l _, , 4 -11 1 
— 3 ■*■ 3 -^+V13+1"" V13+1' 

4 

^13+1 , ■ V13-3 1 

-4 ■^+~T~ -^+ V13+3 ' 

V 13+3=6+ V13-3. 
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After this, since we have a second time come to the expression 
V^3— 3, the figures will be identically repeated. 

Hence ^13=3+ j^ ^1.. _1_ jl_ _1_ _!. etc. 

Note. — The process performed in each line is the same ; for ex- 
ample, consider the third line, we first seek the greatest integer in 

^ q , it IS 1 ; /. ^ q 1> or -^^— q , IS a fraction, and 

the rest of the line is taken up with rationalizing the numerator 
of this fraction, so that when we invert it we may have the 

expression /no 19 ? ui which the denominator consists of a 

3 
fraction having a rational denominator. 



EXAMPLES.— XXVL 

Express as continued fractions 

I67 81 39 ^^ ^,,„ 

I. -^. 2. jgi^« 3. 2i^* 4. -23. 5. -0058. 

6. 1029. 7. VS. 8. V^^- 9- V8. 10. V7. 

II. V17. 12. V82. 13. V45. 14. V^. IS- 3V11. 

1 1 86400 

\ ^^- 5+3V3. 17. ^- 18. ^. 19. 20929' 

20. Show that 
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144. Bef, The symbols aj, a,, ... a,., ... are called the 
first, second, . . . rth, . . . partial quotientSy or simply quotients. 

The part consisting of Or and all that follows it, is called the 
rth complete quotient. 

Thus any partial quotient is the integral part of the corre- 
sponding complete quotient. 

The part aiH p — r- etc. ... — is called the rth con- 

vergent to the continued fraction, or simply, the rth convergent. 
Thus each convergent forms a terminating continued fraction, 
and we could of course find its value in the same way as in 
Art 138, by beginning at the bottom, but this would be 
laborious; we proceed therefore to establish a rule, by which 
the value of each convergent after the second may be deduced 
from the values of the two preceding. 

145. Prop. The numerator of the nth convergent is equal to the 
product of the nth quotient and the numerator of the (n—l)th 
convergent, increased hy the numerator of the (n— 2)iA convergent, 
and the same is true, mutatis mutandis, ^br the denominator, n 
being greater than 2. 

Pn 

That is to say if — denote the nth convergent, then 

Pn = ClnPn-i +Pn-i, 

ft 

The first convergent ai = y • 
The second gi+>r-= ^ *"' . 

The third «.4-^=a>+-^=<?^^tlH:£i. 

1 a,as+l a,a,+l 

an 
Hence the rule holds for the 3rd convergent. 
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Suppose it holds for any one, say the rth. Now the (r+l)th 
differs from the rth only in having the more complete quotient 

ar'\ instead of Or 5 " 



• • 



l>r+i 



( ^ + ^ j^r-i+l>r-i 



«r+i{«r?r-i+2'r-8) + 2'r-l 

.*. , if the rule holds for any one convergent, it holds for the 
succeeding one; but it does hold for the 3rd, .*. for the 4th, and 
so on generally. 

. Cor. The convergents form a series of fractions, in which 
each numerator is greater than any preceding numerator, and 
each denominator is greater than any preceding denominate. 



EXAMPLES.— XXVIL 

1. Find the quotients and convergents obtained in converting 
into continued fractions the following numbers : — 

(i) n, (2) 9f, (3) ft, (4) V- 

2. Find the first six quotients and convergents of the con- 
tinued fractions corresponding to the following numbers : — 

(i) V5, (2) V14, (3) 2V5, (4) 3+5V8. 

31 

3. How many quotients are there obtained in converting -qr 

into a continued fraction. Find the difference between each 
successive convergent and the whole fraction. 

4. Determine the values of the fractions, 

,.^,1 1 11 .,x 1 _1_J: 1_1. 

(I) 2+-3q: T+ 2 + 3"' ^^^^' 3T 4 + 2 + 3 + 2 ' 



no CONTINUED FRACTIONS, 

also the differences between those valnes and the snocessive 
convergents to the fractions. 

5. Find the difference between each consecutive pair of con- 
vergents to the continued fraction 

6. If -^ -^ , ^ be successive convergents to a continued 

fraction, -—"- = — • 

7. If T^ be the nth convergent of a continued fraction, prove 

that f^r^-lVl-^^Uf^^-lVl-^^V 

361 

8. Reduce qan ^ ^^^ ^^^^ ^^ ^ continued fraction, and 

find the series of convergents. 

2723 

9. Converge to j=qq • 

10. If in a continued fraction the quotients j,, g'sj • • • fi'r+n 

N N 
corresponding to the convergents yr y yr j etc., be all equal, then 

13164 

11. Form the convergents to qaXot' 

13. if 1, ^, — , etc. be the convergents of -s^3, prove that, 

(1) l>«n+i— Pi=Psn+i5«(«-i)+i'«(n-«)+ • • • +!>«, 

(2) /?sn-i — 1 =2{;?jn-i+i?«n"i+P«n-6+ • • • +Pi}j 

(3) JPtn+i— i?i=»*+2{Psn-i + 2psn-i + 3;7,n-6+ • . • 

+(n+l)p,+np,} 
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146. Peop. Th^ convergents of an odd order are leas, and tJiose 
of an even order greater, than the continued fraction ; hut each 
convergent differs from it leas than any preceding one. 

Let X denote the continued fraction ; 
^n, and An, the complete, and partial, quotients of the nth order ; 

'^— , - , • — the convergents of the nth, (n— l)th, (n— 2)th 
orders. 

Pn 

Then x differs from — only in having y„ instead of a„; 

. ynPn^i+Pn-% . 

yn Jn-i + g'n-J 

P^^x 

Now, first, g'n^i, q^-t, yn are all positive; .*. - — ^n^s positive; 

,Fnzl—x and x ^^ are both positive, or both negative; 

.*. if one convergent is greater, the tiezt is less, than x, and 
vice versd, but the first convergent is less than a;. Art 142, 
Obs, 3 ; .*. the second is greater, the third less, and so on ; 
i,e,j all convergents of an odd order are less than Xy 
and „ „ even „ greater „ . 

Secondly, y„ is >1, and, Art. 145, Cotf., - — is also >1; 

... 2«Ziy„is>l; 

/. •^-^^— aj is numerically greater than aj— ^^^ ; 

/. •^- — is nearer in value to x than - — is. 
Hence the convergents continually approach, or converge to, the 



112 CONTINUED FRACTIONS. 

* 

value of the oontinned fraction. It is from this fact that they 
derive their name of convergents, or converging fractions. 
Cob. All convergents after the second are greater than ax and 

less than a^A — • 

147. Hence by taking the successive convergents we obtain 
nearer and nearer approximations to the value of the continued 
fraction. It may then be asked what error do we make in taking 
any particular convergent instead of the whole fraction ? Before 
we answer this question we must prove the following propositions. 

148. Pbop. If pn dnd qn 5e the numerator and denominator of 
{he nth convergent^ calculated according to Art. 145, then 

Pnqn-i — qnPn- 1 = ( — 1>. 

We have Psg'i— 2a^i=aia«+l— aiaj=l, and .•. the law 
holds when n=2. 

Suppose it holds when w=r, *.c., PrS'r-i— 9'ri'r-i=(— l)*"* 

Now Pr+i = ar+iPr+Pr-ij S'r+i = «r+i9'r+9'r-i ; 

= (-l)(Pr^r-i-(7rPr-i) = (-l)''+^ ; 

.*. if the law holds when n-^r, it holds when w=r+l; but it 
does hold when n=:2; .*. also when n=3; .*. when n=4, and 
so on generally. 

Cob. I. The rule in Art. 145 for finding the values of the 
convergents gives them in their lowest terms. 

For if Pn and qn had a common factor other than 1, it would 
exactly divide ^n^^-i—^nPn-ii i*^* (""l)**? which is impossible. 

Cob. 2. The difference between two consecutive convergents 
is a fraction having unity for its numerator, and for its 
denominator the product of the denominators of the two con- 
vergents. 

For ^^ Pn~i_ Pngn-i— Pn-ign _/ 2) n ^ 
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Cor. 3. Now the continued fraction lies in value between 
— and '^^^ ; /. it differs from -2?^^ by a number less than 

, and /., a fortiori y since a^ is >2'n-i> l>y a. number less 

than 



g^'n-i 



Hence the error we make in taking - — instead of the whole 
fraction is less than -j — > ^"^^ l©ss even than • 

2 n-i S'nSft*-! 

149. Peop. Any convergent is a nearer approximation to the 
value of ike continued fraction than any other fraction whose 
denominator is less than that of the convergent. 

Let — , -Oizi b6 two consecutive convergents, -r any other 
fraction such that hKq^^ a and h being positive integers. 

If T is nearer to the continued fraction than — , it is also 
b qn 

nearer than ?^-^ (Art. 146) ; .-. it lies between ■?? and^?^ ; 

S'n-i qn qn-i 

. . numertcaUy. t < > 

^' b qn-i qn fi'w-i 

•'• ^n-i — ^n-i < r- {Pnqn-i — qnPn-l) 

qn 

<- (Art. 148). 

qn 

Now a, b, Pn-i, qn-i are all integers ; .*. ag^n-i— 5pn-i is an 

integer. And b<qn] .'. — is a proper fraction. Hence we have 

qn 

an integer numerically less than a proper fraction, which is 
absurd ; 

. .*. — is nearer than -t- to the continued fraction. 
qn 
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150. Thus by converting any given number into a continued 
fraction, and proceeding to the proper convergent, we obtain a 
fraction differing from the given number by less than an assigned 
difference, and by so doing we have found a fraction nearer in 
value to the given number than any other fraction having so 
small a denominator. This is a great advantage. For example, 
consider the number 3*14159, converting it into a continued 
fraction we have the following quotients : 3, 7, 15, 1, etc. ; 

. o 22 333 355 , 
.*. the convergents are 3, -y , jq^ , ^y^ ' ®^* ' 

355 
.-. the fraction ^^g differs from the true value of 3*14159 

by less than .^^o\a > *-fi' \cyiM\ \ ^-^^ "^^ fraction can be found 

with so small a denominator which does not differ from 
3 141 59 by a larger number. 



EXERCISES.— XXVIII. 

1. Taking 2*7182818 for the exact value of e, show that ?^ 

. , , , 1 J 2763 , , 

differs from it by less than o^gQ > ^^^ 1?)0T ^ "^ '^^ *^^® 

millionth. 

2. Find a fraction differing from >y/2 by less than -=j^ . 

3. Show that -^ is an approximation within q^on/^ to the 
value of isJVl. 

4. What error do we make in taking -w^" as the value of >y/5 ? 

5. Express >y/6 as a continued fraction ; and find the fraction 
nearest to it which has not more than 3 figures in its numerator. 
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6. Mars and the Earth revolve round the snn in 686*980 days 
and 865*256 days respectively. Find the fraction measuring 
the ratio of these periods most nearly, which has the largest 
denominator containing 2 digits; and show that the error in 

taking this measure is <99Tq^' 

7. Assuming that the Earth and Venus revolve round the son 
in 365.25 and 88 days respectively, show that while Venus 
makes 83 revolutions the Earth makes 20 nearly, and that still 
more nearly 303 and 73 revolutions will be made simultaneously. 

8. Two smiths begin to strike their anvils together. The one 
gives 12 strokes in 7', the other 17 strokes in 9'. What strokes 
of each most nearly coincide in the first half-hour ? 

9. Two scales, whose zero points coincide, are placed side by 
side, and the space between consecutive divisions in one is to 
that in the other as 1 : 1.1543. Apply the principle of con- 
verging fractions to find those which most nearly coincide. 

10. Find a series of fractions converging to the ratio of 
5 hrs. 48'. 51" to 24 hours. 

1 1. A metre =3*2809 feet. Show that a kilometre is greater 

3 5 

than -^, and less than -5- , of a mile. 
o 

12. Express, within an error of ygj » *^® value of the ratio of 

£3. 7s. 5d. to 17s. 5d., by a fraction having one digit in its 
denominator. 

13. A clock, which originally beats seconds, will under certain 

circumstances lose n^ beats in an hour. Show that this is 

about 9 beats in 5 hours. 

14. Find hJW correct to two places of decimals. 

15. Find X correct to four places of decimals, in the equation 
5x«=3. 
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151. The following method gives the superior limit for the error 

(Art. 148, Cob. 3), and at the same time an inferior limit for it. 

If yn be the nth complete quotient to the continued fraction (a;), 

__ yn( j^ngn-i — P»-ign) 
S'tt-l(2'fiytt+2'»»-l) 

^ ( ^jVn /Art. 148^ 



(-1) 



n 



S'w-i (gn+r- gn-i) 



Now y« is finite and >1 ; .*. — is >0 and <1 ; 
.*. the error numerically < and > 7 — j c 



152. Pbop, If — , -J- be two consecutive convergents to a con' 
tinned fraction Xf then pp'— qq'x* is positive, or negative, accord- 
ing as — ia greater, or less, than — • 

Let y be the complete quotient of the order next after ^ , then 



=(^^^(^'^'^"^^(^"7) 
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But y>l, and i)'>i?, ^>q\ •*. vV^'^H ^s positive; 
>\pp'—qq'x* is positive, or negative, according as —is greater, 

or less, than A • 

153. ^o;. To investigate the law of formation of the con- 
vergents of 

_^-^«_-^etc. 
We have £l=?l , 

This last obeys the law 

Suppose this law to hold for the nth convergent, from which the 
{n+l)th differs only in having ^n+l — instead of 5„; 

^n+i ^n+i«n^n-» + (Mn+i + an+l)2'»-.l 
®n+ 1 2'n— 1 + ^n+ i^n 

.*., if the nth convergent obeys this law, the (n+l)th does also j 
but the 3rd does obey the law ; .*. all succeeding convergents do 
also. 

Ci\ Ctf CL^ 

For the continued fraction t — t — 7 — etc., we should take 
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EXAMPLES.— XXIX. 

1. If -^ be the nth convereent to Tr'r ,— * i ', etc., obtained 
by the rule in Art. 153, then j5„^»+i — ^n?'n+i = ( — l)**aiai . . -an^.]. 

Hence it follows that ^— and^^^ need not be in their lowest 
terms. 

2. If — \ 7- etc. be such a fraction that in all cases 

j8„+i=l+a,j,and^ be the nth convergent to it, prove that 

Pn+Pi9n=PiP% . . • ^n+1. 

3. If — denote the nth convergent to a continned fraction {x) 
of the form AjH — -r- — -r- etc., y„ the corresponding complete 

quotient, then y.y* . . . yn=(— 1)** ^^^^'""^' - 

fp^^-, 7T — , fp, 7^ are four consecutive con- 

vergents to a continued fraction, and qn-a ^n-it ^n? 9n+i the 
corresponding quotients, such that qn+i=9ni pi*ove that 



XV 

Eecurrftig; ContfnueH jftactfonjf* 

154. Wb have before (Art. 143) shown how to convert a 
quadratic surd into a continued fraction. We proceed to discuss 
the properties of the fraction produced by this process. 

Let JV be a positive integral, but not a square, number. Then 

where a is the greatest integer in ^N^ and ai=a, ri=N^a*, 
Again ^/-^+^' = J. + V^^Zfl = J, + —^1 



where bi is the greatest integer in 






r 



1 



and a|=r|5x— 0], rj= ^» 

K this process be continued, the nth line will be 

where 5,^.i is the greatest integer in -^ — "r^nr-i ^ 

and a»=r,»_i6,j_i — a„_i , r«= • 

Thus ^/N=a+j--j- j-j- . . . T — jp V— p . . . 

Cor. I. The symbols a, &i, i^t} • . • ^n-i, - • • and ri all 
represent positive integers. 

Cob. 2. It is evident that, if a complete quotient is found to be 
identical in its terms with any preceding one, all quotients 



( 
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sncoeeding this will be continually repeated in the same order, 
and we shall have what is called a recurring, or periodic, con- 
tinued firaction. 

CoE. 3. If r„„i=l, then an=a, rn=ri. 

For then an+«n-i=*»-i 

ssthe greatest integer in ^JN+an^^ 

.•. On^a, and r„=jV— a*=ri. 

Hence the (n+l)th complete quotient would be identical with 
the second, and we should have a recurrence. 

155* Pbop. Jf — , —J he any two consecutive convergents to 

i/S, and — — flF — the complete guotient of the order next after -7 , 
ihm a''=±(pp'-qq'N), and r''=±(q'^N-p'*) ; 
the upper, or lower, sign being taken according as-^is >,or < ,"^ • 

.».,.« /»r ^ r" '^P _ p' ^N+p'a' +pr' 
For, as m Art. 146 ^N= ^ ^jy+a' -^ ^N+^a'+gr' ' 

.: g'N+Cs'a'+qr^ */N=p' A/N+p'oT+pr^. 
Eqaating the rational, and the irrational, parts on the two ades 
}f this equation, we have 

g'c^+qr'=p', p'a'+pt^=q'N; 

.'. a'(pq'-qp')=pp'-gg'N, r'(pq'-qp')=^*N-p'* ; 

h\xt pq' —qp' =±\ (Art. 148); 

.-. a'=±(pp'-qq'N). r'=±(q'*N-p'*), 

P • P' 

according as ~ is >, or <,^ , i.e,, according as the order of 

£. is odd or even. 
CoR. I. Hence a" and r" oxe positive integers. 
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For q*^N—p'* (since aJN lies between — and^^J , and 

PP'^-qq'N (by Art. 152), are themselves positive, or negative, 

• P • p' 

according as ^ is >, or <, ^ ; .\ a* and r* are positive. 

They are also integers, for p, p\ q, q\ N are all integers. 

Combining this with Cor. i of Art. 154, we see that each of 
the symbols in the three series a, &i, 5s, . . • , ai, a,, as, • . . , 
^u^*9 • • .J are positive integers. 

Cor. 2. The nnmber of values of a" cannot exceed a. 

For a''*=-ZV-rV''. But r'r" is positive ; .-. a"* is <N, and 
a is the greatest integer in fJN\ 

.*. a^ cannot be greater than a; 

t.e. it cannot have values other than 1, 2, 3 • . . a, which are 
a in number. 

Cor. 3. The number of values of r^ cannot exceed 2a. 

For r'=— ^^j — • But from Cor. 2 cC+a' cannot be > 2a, 

and (Cor. i of Art. 154) V cannot be <1; 

.*. r' cannot be greater than 2a; 

ue. it cannot have values other than 1, 2 ... 2a which are 2a 
in number. 

Cor. 4. The number of complete quotients cannot exceed 2a*. 

For, Cor. 2, ^JN-^-a" cannot have more than a diflferent values, 
and. Cor. 3 r" „ „ 2a „ ; 

.*. combining all the different numerators with all the different 
denominators, we cannot form more than 2a* different complete 
quotients. 

Hence after 2a* complete quotients, at most, we must have 
one that has occurred before. 

Hence every quadratic surd gives rise to a recurring continued 
fraction. 
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156. Peop. The periodic part begins with the second quotient^ 
and ends with one which is double the first. 

Since a recurrence must take place, suppose the (n-f l)tH 
complete quotient is a repetition of the (m-f l)th, so that 

Then the nth complete quotient must be a repetition of the 
mth. 

J<orr„^-.i=: — = — - — =r,|-i, , , , (2). 

Also a»+a»-i=r«-i5,»_i, 



r 



»— 1 



=bm-i—bn^i=zeTO, or an integer, . (3). 

P p' 
Again if ^, ^ denote the (n— 2)th and (n— l)th con- 

vergents, then 3^'a»-i+2'rn_i=j?', Art. 155, if n be greater 

than 2; 

q p' 

But ^ is >a; /. -2jr^i>o— a,i_i^ 
9 9 

and^<^'; /. r^i>a— a^i; 

.•.,ifn-l >i,5^:i?-»=?<i, .... (4). 



Now r»^i=r 



Similarly, if m > 2, ^ ^^^ <1. 






<1, . . . • (5)- 



Hence the difference of (4) and (5) is numerically less than 1 ; 



^n— 1 

must be zero i 



=zero, or a proper fraction, and therefore, by (3), 
^n— 1 



Hence, if m>2, the with complete quotient recurs at the nth. 
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In the same manner we can show that the (m^l)th recurs at 
the (n— l)th, and thus, going back, that each complete quotient 
recurs n— wj terms further on, until we come to the third. 

To show that the second is repeated we proceed as follows. 

We have a^—a^Arn-m^ ^»=»'«+»-«; 
.-., as in (2), ri=ri+^„», 

vvi ^^^ vCl ^B4i^^<m. 

and, as in (3), = zero, or an integer, 

and, as in (4), ^^=^1±5=5<1. 

''i+n— 1» 

Now a^a^, and ri=ri +„_,»; 

• • < J- j • • = zero ; 

Thus the second quotient, as well as all that follow it, is 
repeated in the same order. 

But the first quotient is not repeated before the second. 

For let — — ^^— ? be the complete quotient which immediately 
^« 

precedes the recurrence of the second, so that 

— — ^— and -^ — i— ^ are consecutive complete quotients ; 



U 



..T, l; 

.•.,by (4), o-o,<l; 

but a^ cannot be greater than a by Art. 155, Cor. 2, and must 
be integral by Coe. i ; 

.*. a^a^ cannot be fractional, or negative, and .*. =0; 
.*. Og^a; see also Art. 154, Cob. 2; 

.*. the greatest integer in ^ ' ' is 2a instead of a as it would 

be if the recurrence began with the first quotient. 

Hence the periodic part begins with the second quotient, and 
ends with a quotient which is double the first. 
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Cor. If ~ be the convergeDt preceding that corresponding to 
the quotient a, at the end of the period, then since r,=l, we 

have (Art 155) g*N^p^=±l, according as ^ is of an odd, or 
an even, order. 

We may call — the penultimate convergent of the recurring 
period. 

157. Pkop. Every periodic continued fraction is a root of a 
quadratic equation of which the coefficients are rational. 

Let X denote the fraction, y the periodic pai;t, 

a, 5, c, . . . m, n, the quotients of the non-periodic part, 

a, /'j r> • • • M» y, » jf periodic part, 

*!, * .11 111 
so that a?=a+^r-r — r- . . . — ; , 

= 4. J— L J- A 1 

Let 779 -o ^® ^^ couvergents to x corresponding to m 
and n. 

Tf 

Hence y is the complete quotient of the next order to -~ ; 

... x=^±^ (as in Art. 146), . (i). 

Let — , — be the convergents to y corresponding to ft and v ; 
q s 

ry-\-p 
.-. in a similar way y= - -j^ - , . . . . (2) ; 

.-., eliminating y between (i) and (2), we obtain a quadratic 
for X. 

158. Hence every recurring continued fraction is equivalent 

±L+ ^/N 
to an expression jf where L,J!f,j^7 are positive integers, 

and JV is not a square number. 
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159. For the general proof of the converse proposition, that 
every expression of the above form can he converted into a recurring 
contimied fraction, the student is referred to Serret's Cours 
dAlglhre SupSrieure, 

We may remark that we have proved it, (Art. 155, Oor. 4), 
in the case in which L=sO and J{f=l, and when L and M have 
such values as would make the above expression one of the 
complete quotients obtained during the conversion of f^Niato a 
continued fraction. 



EXAMPLES.— XXX. 

1. Find the value of 1 + ^-- g-p ^x TX oX ®*®-> ^^^ ^^^ *^® 
first six convergents. 

2, Prove that 2a H — r- 3 — : r etc., =2 Vl+a' ; and that 

a+4:a+a+ . ^ ^ y 

the second convergent differs from the true value by a number less 

1 99 

than >. t I ix ; and thence, by making ass 7, show that wk 

differs from V2 by a number <jglgg. 

^. If a, — , ^ , . . . ^, . . . be successive convergents to 

V^M^l, prove that ^'*-'^""^'^' =2g. 

, , , .x.i .211 
4. Prove that {i>(l>+4)}*=i>+jq:^ jq: • • • 

c . If & be the nth convergent to the infinite continued fraction 

A^-L-Letc., 
a+6+a+ 

show that l),n+f — 2p,n+i>iTi-f = abptn- 
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6. Show that a+^-p 1 - : h+^-r- 1 ^ 



a+etc. 6+ etc. 

=a+l:ft+l. 

7. If ~ denote the rth convergent to ^ J^ , show that 

qr *= 2 

i'8+i>»+ • • • +i>«n-i=l>8n— l^f 

8. Show that, if n be any number, 

("+2/^+2^2^ «**'•) "("-2;^2^2^ «**'•) =^- 

9. Show that ^+^ glp 1- g— etc. = i V9a'+12. 

10. Prove that the value of the fraction 

1111 



a?+ 4a?+ a;4- 4a?+ 



• • • 



2aj+2a;+ 
is independent of the value of x. 



11. Prove that 7+i4q:ijq:etc.=5| 1+2+2+^^' } ' 

12. Find the 6th convergent to the positive root of 
2a;«— 3a?— 6=0. 

Tf 1111 

13. If a?= ; J , r- • • • > 



• • • 



__1 1 1 1_ 

^ 2ai + 2a, + 2ai + 2a, + 

__1 1 1 1_ 

' 3ai+3a,+ 8ai+3a,+ ' * ** 

prove that a?(y«— x;«)+2^(2r«— a?*)+32r(a:«-3^»)=0. 
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160. Ex, Show that the nth convergent to the infinite continued 

fraction 111^ 

etc. 

a — CL — a — 

IB ?."" ol^, » where a+j8=a, aB=l. 

Putting 71=1 and 2, we see that this formula gives the first 
and second convergents. 

Suppose then it gives the rth and the (r— 'l)th convergents. 
Then Pr±^ _a{ar^pr) ^ (ar-i«^-i) 

= — . ^— — , Since aB=zl. 

Hence then in this case the law will also hold for the (r+l)th 
convergent; but it holds for the Isttwo; .*., by induction, it 
holds for all succeeding convergents. 



MISCELLANEOUS EXAMPLES.— XXXL 

8— a/5 

1. If — ^^ ^6 converted into a continued fraction, the first 

112 3 

four convergents are — , -^ , -^ , -^ , and the wth is 

, (V5+l)n-(^V5+l)n 

( V5+l)''+^-{- Ajb+1)^+*' 

2. The nth convergent to the fraction 

iqpi-r+l-r+1-®^ 
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3. Wliat is the limiting value of a:+ —-r -—]- etc., when x ap- 
proaches zero ? 
4. Ifu=a-| — I r* ••• to infinity and t;= a H — ; p . . , 

to infinity, prove that t;= 1 — ^--7 

"r • • • 

U 

5. Show that the nth convergent to the continued fraction 

i^JL.JL.etC is a+ V2)n-(1- V2)n 

2+2+2- ^'^^ ^ (1+ V2)«+i-(l- V2)«+* 

6. Show that, if 

^ «■+ etc., oJtn/;, 05 1 ^ J . /. 
^ ' "^ ' etc., aa tn/. 

7. If ai, at, . . . a„ be n terms of a harmonical progression, 

«• - 1 1 etc. -^. 



a,_, 2— 2— at 



XVI 

3|nlieterm(nate (equations of t^e $ivtit SDefftee^ 

161. In [Chapter xxn.] a method was given for finding 
positive integral solutions of Indeterminate Equations of the first 
degree involving two unknowns. We shall in the present and 
17th chapters discuss this subject more fully, principally by 
means of the Properties of Continued Fractions proved in the 
two preceding chapters. 

162. It is evident that an indeterminate equation admits of an 
infinite number of solutions, taking into account all the positive, 
negative, integral and fractional values which can be given to 
the unknown symbols involved so as to satisfy the equation. 

The problems producing such equations, however, very often 
require us to take only the positive integral solutions. 

163. For instance, consider this problem, — "If a bullock cost 
£10 and a sheep £2, find the number of animals I can buy for 
£50." 

The equation produced is 

10a7+2y=50, 
or 5a?+ y =25. 
Here evidently the problem allows us to take only the positive 
integral solutions of the equation, viz.— r 
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a?=0, y=25. 
a?=l, y=20. 
a:=2, y=15. 
a?=3, y=10. 
a?=4, y= 5. 
a?=5, y= 0. 
We Bliall therefore give especial attention to Bueli solutions. 

164. In the instance given above, if I am allowed to buy only 
sheep, or only bullocks, we can take all six solutions ; but if I 
must buy some bullocks and some sheep at the same time, we 
must reject the first and last solutions. 

Such solutions as these two are called zero solutions, and will 
always be considered as included amongst positive integral 
solutions unless the contrary be indicated. 

We shall discuss, in the present chapter, equations of the first 
order, and in the next, those of a higher order. 

165. Every equation of the first degree involving two unknowns 
can be put into one or other of the four following forms, 

a»+Jy=c (i) ; ax— 6y=c (2) ; 
— (w:+5y=c (3) ; — aa?— 2|y=c (4) ; 
for we may always suppose c to be positive, since, if it be 
negative, we may change the signs on both sides of the equation, 
and thus reduce it to one of the above forms. 

Again, we may suppose there is no factor common to a, &, 
and c, for if there is, as in Art. 163, we can divide each side by 
it, and thus reduce the equation to an equivalent one in which 
the coefficients have no common factor. 

Further, if a and h have a common factor, none of the above 
forms are solvable in integers ; for then, if x and y be integers, 
the left-hand sides are divisible by this common factor, but c is 
not, and this is an impossibility. 

Of the above forms we see at once that (4) cannot have a 
positive solution, and (3) is essentially the same in form as (2) ; 
it will suffice then to consider the two first. 



U'- 
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166. Prop. Ifx^^a^j^^phean integral solution of the equation 
ax-|-by=o, and t he an integer^ then all integral solutions are 
included in the formulae, x=a— bt, y=)8+at, hy giving t all 
integral values. 

For aa:+Jy=c=aa+6j8; 

/. a(a?—a)=e»(^-y); 

X— a h 

•• 5—— — > 

y-p a 

but — is a fraction in its lowest terms (Art. 165), hence, as in 

[Art. 163], a?— a is some multiple of 5, say ht^ and y— jS is the 
same multiple, at^ of a, t.e., 

a?— a=— 6f, y^pz=:at\ 

,\ x=ia—btj ys=p+at, 

167. Similarly it can be shown that, if a;=a, ^=j3 be a 
solution of oo;— 5y=c, all integral solutions are included in the 
formulae, 

x=a+btf y=:P-Yat. 

168. If positive integral ' solutions only be required, we 
must give to t only such integral values as will make the above 
solutions positive integers. 

169. If then we find any integral solution of a given equation, 
either by inspection, or by [Chap, xxn.], we may complete the 
solutions by Articles 166 and 167. 

170. Cob. i. We can see at once that ax^hy=c has an 
infinite number of positive integral solutions, for whatever finite 
values a and P may have, we can always find a value for t 
which will make a-\-ht and P+at positive, and then all greater 
values of t will also make them positive. 

Cor. 2. If a+5>c, it is impossible to find positive integral 
values of x and y which will make ax+bi/ bs small as c ; hence 
ax+by=sc cannot in this case be solved ia positive integers. 
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171. Prop. The number of positive integral solutions of 
ax-hby=c cannot exceed -7+I. 

For, if there is no positive integral solution, of course the 
theorem is true. 

If there is one, let it be 

x=a, y=p] 

Then all other solutions may be obtained from the formulae, 

a5=a— 6^, i/z=/3+at, 
by giving t all integral values (including zero) between 

-^ and -^ (Art. 166 and 168). 
b a 

a . P 
Let m and n be the greatest integers in -r and — . 

Then t may have each of the following values, 

W, 771 — 1 ... 1, 0, — 1 . . . — (tZ— 1), —7*. 

For each value of t we have one solution ; 

.•. the number of solutions =77i+l+n. 

But 7» is not > -^ , nor ti > — ; 

a 

a j8 - 

.'. the number of solutions is not >-t-H \'^ > 

a 



. aa+bB , - 
i.e. not > — ',— ^+1, 
ab ' 

not > — +1. 
ab 



EXAMPLES.— XXXII. 

1. In how many ways can a person who has only half-crowns 
and florins pay a debt of £2. 17s. ? 

2. In how many ways can £2. 15s. 6d. be paid by the per- 
son in the preceding question ? 
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3. Show that the equation 49a:+63y=491 can have no 
solution in which x and y are both integers. 

4. In how many ways can the sum of £3 be paid in half- 
crowns and shillings ? 

5. One solution of the equation 9a5— 13y=l is a;=3, y=2. 
Find all the positive integral solutions. 

6. Of all the values of x and y which form the positive 
integral solutions of the equation ax—'by=i% the least value of 
X and the least value diy belong to the same pair. 

[This is called the simplest solution.] 

7. In how many different ways is it possible to pay £100 in 
half-guineas and sovereigns. 

8. li ax'-by=c be solved in positive integers, show that the 
successive values of x are in A. P., of which b is the common 
difference, and similarly for the values of y. 

9. How many crowns, and half-crowns, whose diameters are 
respectively '81 and '666 of an inch, may be placed in a row 
close together so as to make a yard in length. 

10. Determine the number of positive integral solutions of 
2x+7y=100. 

11. Determine the positive integral solutions of 2x+ 7^=100. 

1 2. Find the greatest possible value of c when the equation 
Sx+6y=c has 8 solutions and no more. 

13. Also when the equation 5x+7y=c has 10 and no more. 

14. Determine the greatest number, which can be formed in 
11 ways, by adding together a multiple of 13 and of 7. 

15. A company of men and women pay altogether 1000 
francs. The men pay 19 francs each, and the women 11. 
How many men and women were there in the company ? 

16. There are two unequal rods, one 5 feet long and the 
other 7. How many of each can be taken to make up a length 
of 123 feet? 

17. Find the least number such that when divided by 11 
there remains 3, and when divided by 17 there remains 10. 
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172. Prop. To solve the equation ax— by=c in integer s^ by 
contintted fractions. 

Convert the fraction -r- into a continued fraction, and form the 
successive convergents to it, the last of which is itself. 

Let — be the penultimate convergent, then, according as its 

order is odd, or even, we have 

aq—bp=:±lf . . (Art. 148); 
.'. a{dccq)—h{docp)=Cj 
the upper signs only, or the lower signs only, being taken ; 

.'. xi=dccqy 1/^dccp is one solution, 
and the general solution is 

x=dzcq+btf t/=dzcp+atf . (Art. 167), 
where t is any integer. 

Note, — If the upper signs are to be taken, 4- is >~ ; and all 

CO 

negative values of t between and— — , and all positive values, 
will give positive solutions. 

If the lower signs are to be taken, -r is < ~ , and all positive 

CD 

values of t not less than — will give positive solutions. 

173. Prop. To solve Ike equation ax+by=c in integers, by 
continued fractions. 

In the same way as in the preceding article, it can be shown 
that the general solution is 

x=docq'^bty y=ipcp+aty 
where t is any integer. 



9 :„^P 



all 



Note. — ^If the upper signs have to be taken, y is >— , and 

eg J <^P . , . 
values of t between -r and — - will give positive solutions. 

If the lower signs have to be taken, y is < ^ , and all values 
of t between — -r and will gwQ positive solutions. 
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174. If either a=l or 6=1, this method fails, as- we cannot 
then convert -j- into a continued fraction; but we can at once solve 
the equation by inspection. For instance, consider the equation 

.'. all integral values of x between and — will give positive 
integral values for y. 



EXAMPLES.— XXXIII. 

Apply the method of continued fractions for the solution of the 
following examples. 

1. Find the positive integral solutions of the equations 

(i) Sx+lSi/=U9. (2) 2to+17y=260. 

(3) 6x+ 3y= 78. (4) 6a?+ 73/=122. 

(5) 24a:+66y=243. (6) Sx+Q5z=: 81. 

2. Find the simplest solutions of the equations 

(i) 25a;-163/=12. (2) 39a;-663/=ll. 

(3) 17a?-49y=-.8. (4) 49a:-36y=ll. 

3. Find the least possible solution in positive integers of the 
equation 365a;— 113^=3888. What is the next smallest 
solution ? 

4. Find all the positive integral values of x and y, less than 
50, which satisfy the equation 

13a?— 11^=20. 

5. Find the simplest solution of the equation 

99ar- 100^=10. 

6. In how many ways can a man, who has only 20 crown pieces, 
pay another, who has only 13 florins, the sum of lis. ? Which is 
the simplest solution ? 
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175. To solve the eqiiation ax+by+cz=d in positive integers. 

We have ax+b^=d—cz. 

Give z all positive integral values between and — , and 

determine by the preceding Articles the corresponding positive 
integral values of x and i/. 

Ex, Solve in positive integers the equation 5a: + 20-? + 6y = 1 8 7 . 

187 1 

We have 5a? + 20-? = 1 87 — 6y. Hence y must be < -tj- or 31 g- 

Again since 5 and 20 have a common factor, viz., 5, no value 
of 1/ need be tried which does not make 187— 6y a positive 
multiple of 5. 

Now 5a;+20z=187-6y=5(37-2^)+2-y; 

/. we can try ^=2, 7, 12, 17, 22, 27 ; 
.-. a;+4s=37- 2 =35, 
or =37- 7-1=29, 
or =37-12-2=23, 
or =37-17-3=17, 
or = 11, 

or = 5. 

Each of these must now be solved in positive integers with regard 
to X and z. 



EXAMPLES.— XXXIV. 

Solve in positive integers the following ^Ye equations. 

1. Ux+6i/+20z=ni. 

2. Sx+7i/+nz=100. 

3. 2a?+4y+ bz= 49. 

"^^ 2'+3 + 6-'-^^- 
5. 31a?+lly+2r=200. 
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How many solutions are there of the following three equations ? 

6. 3a7+ 6^+ 6z= 64. 

7. 19a7+143/+162:=100. 

8. 8a7+ 4y+ 82;= 49. 

9. Can the equation 6a;+10y— 16-2:=11 be solved in positive 
integers ? 

176. To solve the equations ax— by+cz=d, a'x+b'y+cz=d' 
in positive integers. 

Eliminate z ; let the resulting equation be 

Ax+Bt/=D, 

Let fl;=a, ^=j8 be a solution of it, then we can put (Art. 
166, 167), 

x=a—Bty i/=l3-\'Atf . . (i). 

Substitute these expressions for x and 1/ in either of the given 
equations, and thus obtain an equation involving t and z. 

Obtain a positive integral solution of this equation, and thus 
by Art. 166, 167, express t and z in terms of a new unknown 
(^, and then by substituting for t, express x and y in terms of 
t\ 

Now give to t' all the values which will make a?, y, and z each 
equal to a positive integer. 



EXAMPLES.— XXXV. 

Solve the following pairs of simultaneous equations. 

1. ^x+4:i/+ 2r=272, 1 
8a?+9y+32r=656. J 

2. 6a?+7y+4s= 22, ) 
lla?+8y-6;?=146. j 

3. a?— 2y+ z= 6, ) 
207+ y— z=z 7. j 
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' 4. In how many ways may the sum of £2 be paid in half- 
crowns, shillings, and sixpences, supposing 28 coins to be always 
used? 

5. A farmer spends £100 in buying bullocks at £10 each, 
sheep at £1 each, and geese at 2s. 6d. each. He buys 100 
head in all. How many of each does he buy ? 



MISCELLANEOUS EXAMPLES.— XXXVL 

1. In how many ways may the sum of £24. 15s. be paid in 
shillings and francs, supposing 26 francs to be equal to 21s. ? 

2. Find a number of three digits, which, when added together, 
make up 20. 

3. Find a number of two digits, which if the digits be inverted 
and 9 added, shall be doubled. 

4. In how many ways can a person pay a sum of £15 in half- 
crowns, shillings, and sixpences ; so that the number of shillings 
and sixpences together shall equal the number of half-crowns ? 

5. Find a number which, when divided by 39, leaves 16 
remainder, and when divided by 56 leaves a remainder 27. 

6. Find a value for x which will make the expressions 

3a:-10 lla?+8 16a;— 1 n , , , 

— - — . — :^ — , — = — all whole numbers. 

7 ' 17 ' 5 

7. Divide 100 into two parts, such that one part may be 
divisible by 7, and the other by 11. 

8. A man buys a number of horses at £30 each, and a number 
of bullocks at £12, and finds that he has spent £8 more on 
bullocks than on horses. How many did he buy ? 

9. Find the number of ways in which I can mix 40 gallons of 
wine, some at 15s., some at 19s., and some at 12s. per gallon, so 
as to produce a mixture worth 166. per gallon, an integral 
number of gallons of each sort being taken. 

10. A certain sum of money consists of £x and y shillings. 
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and its nth part of £y and x shillings; find the values of n 
which will give sums properly answering the conditions of the 
problem. 

11. In how many different ways may £11. 16s. be paid in 
guineas and crowns ? If those values of x and y be taken whose 
sum is the least, show that the nth power of this sum may be 
expressed by the series , 

lO-flm^ 1^(^+1)1 n(n+l)(n+2) 1 > ^ 

12. Find by means of continued fractions the positive integral 
solutions of 2 3x — 1 9^ = 97. 

13. Find three fractions whose denominatora are 3, 4, and 5, 

133 

and whose sum is -^x- • 

60 

14. In how many different ways could a courtyard 20 yards 
long and 15 broad be paved with stones selected from two sets, 
the stones in one set being 3§ feet long and 3 broad^ and those 
in the other 4f feet long and 4 broad ? 

15. A table 7 J feet long and 4f feet broad is to be covered 
with photographs selected from pictures measuring respectively 
\\ feet by 10 inches, If feet by 1 foot, and 2 J feet by 3 J feet. 
In how many ways may this be done? 



XVII 
3|iitimrm(natt (CquationiS of t^e ^etonti SDegree* 

177. In Art. 156, Coe. it was proved that if t^N be con- 
verted into a continued fraction, and — denote the penultimate 
convergent of any recurring period, then j?*— -A/g''=±l, accord- 

ing as — is of an even, or odd, order. From this fact we are 

able to deduce a series of solutions of certain indeterminate 
equations of the second degree. 

178. Prop. To solve x*— Ny*==l, in positive integers, when N 
is a positive integer, hut not a perfect square. 

Convert v^ into a continued fraction, and let — be the pen- 
ultimate convergent of the first recurring period. 

Then (p^''Nq^)^=(dzl)'^=l, n being any positive integer, 

p . 
or any positive even integer, according as the order of — is even, 

or odd ; 

/. (i?- is/NqY[p+ V-2^g')»=(a?- ^Ny)(x+ js/N); 
.^ any values of x and y which satisfy the equations 
X— ts/Ny={p'^ isJNqY^i 
and a?+ /s/Ny=:{p+ \/Nq)^j 

(p+ ^NqYMp- V^g)** 
or a?— ^ } 

and y- ^^ . 

will be solutions of the given equation. 
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179. Ex, Tosolvoa?^-13y^ = l. 

Here Art. 143, — =-f- , and is of the /MA order. Hence 

2' 6 

(18 + 5V13)>'+(18-5V13)>' 

_ (18+5 V13)»-(18-5 V13)^ 
^" 2 V13 

where n must be zero, or an even integer. 

Giving n the values and 2, we get 

a?=l, 649, 

y=0, 180; 

and for every even integer which we might put for n we should 
obtain another pair of values for x and y. 



180. Pbop. To solve x*— Ny* = — 1, in positive integers, when 
N is positive integer, but not a perfect sqitare. 

Convert hJN into a continued fraction, and let -- be the pen- 
ultimate convergent of the first recurring period. 

Then, if — is of an odd order, ^*— ^3'*= — 1, and 

(2?*— ^2'*)*'= — 1, where n is any odd integer; 

.-. {p^'-Nq^Y^{a^'-Ny% 
and the solutions will be of the same form as in Art. 178. 

V) 

If, however, — is of an even order, {p^—Nq^Y^l whatever 
integral value n may have, and the equation cannot be solved. 
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181. K-4 is the denominator of some one of the complete 
quotients which recur in converting ^JN into a continued 
fraction, we can often obtain a solution for the e(][uations 
a;«— iVy«=-4, . . . (i), a?«— iVy2 = — -4, . . . (2). 

\ Let — , be the convergent, in the first period, whose order is 

one less than that of the complete quotient in which A is the 
denominator. 

Let -^ be the similar convergent in the second period. 
Then if the number of quotients in each period is odd, the 

orders of ^ , ^ are, one odd, and the other even ; 
q q 

.%y«-JV^'*=+^, and/*-iV^^'^ = -^, 

or 2?'«-.JV^'«=-A „ i?'^-iV^2"'=+^ 

W 
according as the order of — is even, or odd. Art. 155. 

In the first case x=p'y y^q' is a solution of (i), 

and x=p\ y=q^ „ ,^ (2). 

In the second case x^p"^ y=2^ » w (i)) 

and a?=y, y^q' „ „ (2). 

But if the number of quotients in each period is even, the 

P' p" 
orders of — 7 , -jji are, both odd, or both even 1 

q q 

.\p'^'^Nq'*=A andi?'^-.JV/*=.4, 

or p'^^Nq'^^'-A, „/''-JV/«=-^, 

p 

according as the order of — ? is even, or odd. 

In the first case, x=p\ y=q'f x^p", y=g^, are both solu- 
tions of (i), and (2) has no solution. 

In the second case, x=p\ y=q\ x=p", y^q'^j are both solu- 
tions of (2), and (i) has no solution. 
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182. When any one solution of a?*— -A/y»=:±^ has been 
found, a series of solutions can be obtained, as follows. 

Let ^, h any two numbers, such that A*— ^^^ = 1, obtained 
from Art. 178; and let x-=-'p\ y^q' be a solution of 

= {p'h+Nq'kY''N(p'k+q'hy, 
or ={p'h''Nq'ky-N{p'k'-'q'hyi 
.*. we can put x=p'h±Nq^k \ 

2Lnd y=p'k±q'h ) ' ' ' ^^^' 
both upper, or both lower, signs being taken. 

Now obtain, from Art. 178, a series of pairs of values for h 
and k, then for every pair we have from (i) two pairs of 
values for x and y, 

183. To solve the equation x*— Ny*=ztB'A; where ^ is a 
denominator of a complete quotient occurring in the conversion 
of /s/^ ^^to a continued fraction. 

Put x=Bx\ y=By'j and we have 

These can be solved by Art. 181 or Art. 182. 



184. The general equation of the second degree with two 
symbols, x and y, is 

Ax^+Bxy+Cy*+Dx+Ey+F=:0. 

The solution of which in positive integers cannot always be 
effected. We have, however, just been discussing some parti- 
cular cases of it, and we shall now show how to obtain positive 
integral solutions when the square of one of the symbols is 
absent from the equation, or, in other words, when -4=0, or 
0=0. 

The method is most simply exhibited by an example. 
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Ex. Solve in positive integers 3a:*— 2xy+a?4-%+3=0. 

Here y= .-^-^^-^-x+^+^^^^—^^ . 
Clearing of numerical fractions, by. multiplying by 4, we have 

46 
Now X and y being integers, ^ ^q must be an integer also ; 

.*. 2x — 3 must be a factor of 45 ; 

/. 2a:-3=±l, ±3, ±5, ±9, ±15, or ±45. 

Of these only the following give positive integral solutions. 



2a:-3=+ 1 
2a?-3=+ 3 
2a?-3=+ 5 
2a?-3=+ 9 
2a:— 3=+15 
2a:-3=+45 



X- 



2, 4y=12+ll+45 
,\x= 3, 4^^=18+11+15 
.-. a:= 4, 42/=24+ll+ 9 
.-. x= 6, 4y=36+ll+ 5 
.-. x= 9, 4y=54+ll+ 3 
.-. a:=24, 4y=96+ll+ 1 



.•.y=17. 
/. y=ll. 
.-.^ = 11. 
.-. y=13. 
.•.y=17. 
.-. y=27. 



185. For further information on indeterminate equations the 
reader is referred to Barlow's Theory of Numbers, whence the 
greater portion of this Chapter is derived. 



EXAMPLES.— XXXVII. 

Obtain one solution in positive integers, and the general form 
of such solutions, for each of the following equations. 

I. a:'*— 23y« = l. 2. a:« — 17y« = l. 3. a:«— 15y* = l. 

4. a:«— 5y«=l. 5. x^ — Uy^^l, 6. a:« — 12y«=l. 

7. a:«-13y« = -l. 8. x^- 7y«=2. 9. a:«— 13y« = -3. 

Solve in positive integers the following equations. 

10. a:«+2a;y— 4a;— 9=0. 11. 2a:«— a:y— 3a:— y+2=0. 
12. 3a:y+2a;— 7y=3. 13. 2a:y+3y=4a;+24. 

Solve when possible the following equations. 
14. aj«-7y«=-l. 15. a;«-17y« = -l. 16. a:«-19y«=±l. 



XVIII 
laecurring: ^eriesf^ 

186. A recurring series is one in which, after some one term, 
each term is the algebraic sum of the products obtained by taking 
always the same number of the immediately preceding terms, 
and multiplying them respectively by certain constants. 

Thus 1 + 3a;+ 2a;« +4aj« - 2aj* + 16a;» - 38a;« + 124a;^ +etc.(^), 
is a recurring series, for after the fourth term each term is the 
sum of the products of the preceding term by —2a?, and of the 
term before by 3x* ; so that, if w„, u^-i , w^-s represent any three 
consecutive terms, the following relation holds between them, 

t*n= — 2a?w„_i +3a?*Wn-« , 
or w„+2a?i^n-i — 3a?*Wn-«=0, . . (i). 
The expression l + 2a?— 3a?* is called the scale of relation^ 
being made up of the coefficients of the various terms of the 
relation (i). 

Again it will be found that 

2+a?+3a:«-a?»+a?*-10a;»+6a?«-42a;^+etc., (B\ 
is a recurring series, of which the scale of relation is 
1+O.a:— 4a:« + 2a?», or 1— 4a?« + 2a;». 

187. We divide recurring series into different orders accord- 
ing to the number of terms necessary for forming each succes- 
sive term. 

Thus, series {A) is of the second order ; series (B) is of the 
third, for has to be considered as the constant multiplier of 
the term immediately preceding. 
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The G.P. a+ar+ar' + etc. is a recurring series of the first 
order, the scale of relation being 1— r. 

Again, in Art. 59, the expansion of , , ^ — -j-r — -, is a re- 

curring series, of which the scale of relation is hQ'\-h^x-\'h^x^, 

188. Prop. To find the scale of relation of a recurring series. 

Ex, Let the series be 

2+5x+2x*+7x*+20x*+Qlx*+lS2x*+ete. 
Assume the scale to be l^px-^qx^^rx*. • 
Then for determining the constant multipliers p, g, r we have 
the following relations, 

5r+ 2q+ 7p^ 20=0, 
2r+ 7q+20p--' 61=0, 
7r+20g+61i>- 182 = 0; 

which may be obtained by writing down the relations similar to 
(i) of Art. 186, and dividing by the powers of x which they 
contain. Solving these, we find r=0, g=3, ^=2 ; .*. the scale 
of relation is 1— 2sb— 3a;*, and the terms begin to recur after the 
fourth. 

Generally, if we know 2m or 2m+l consecutive terms we can 
obtain m relations amongst the terms, which will enable us to 
determine m constant multipliers, and thus we may assume the 
scale to have m+l terms in all. 

189. Prop. To find the sum of the first n terms of a recurring 
series. 

Denote the series by Wo+Wisc +«,«*+ . . . +t/»^a?'*+etc., 
and the required sum by S. 

The following is an example of the method to be pursued. 

Suppose the scale of relation to be l-^px-^qx*, and that all 
terms, after the second, are formed according to this relation, so 
that, if r is greater than 1, w,.— ^u,..i— 2^Uy.,=0, . (i). 
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Now 8z=m-\- u\x + ttaaj« + ... +ttn-»B"^+ttn -*»*"* +m»_ijc*-i ; 
.-. -pxS= -ptidfc-pma^—.,. - -pttw-iJB" 1— pM«_-ia5", 

.*., adding, 

8{l •'px—qa^)=:Uo + (ui -pMo)a; — {punr-i + 9t«n-t)«*— gti»-iaJ»+^, 

einoe the coefficient of a:*, viz., u^^pui^quo vanishes by (i), as 

also the coefficient of every power of a; up to x^~^ inclusive. 

But by (i) again ^^,+g'Un_,=Wn ; 

l"^px^qx* l^px^qx* 

Cob. I. We have 

or, in other words, if we carry the division of Uo-\'{ui^puo)x by 
1— j?a?— ^'05* to n steps, the quotient is the given series carried 
on to n terms, whatever number n may be. 

iience —= — ^ if— is the generating funchon of the senes 

X ^""T/X """ QX 

(Art. 56). 

Cob. 2. Also the remainder after this division is 

l-^px—qx* 

If we give such values to the letters involved that, when n is 
endlessly increased, this remainder is endlessly decreased, then 

_£- _V_?^ u^ jg ^Ij^ g^uj Qf ii^Q series ad infinitum. This is 

one instance in which we can see that the assumption in Art 64 
is true. 

Cob. 3. We can put the retnainder into the same form as the 
generating function, for gt«n-i=«*n+i""i^Wn; •*• *^6 remainder 

= ""^"+<""^'-^)^^' , which becomeB «*<>+("--^')^ wheD 
1 —px — qx* ' 1 —270? — g'a:* 

to n we give the particular value 0. 

L 
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Similarly, if the scale of relation had been 1 — j?a?— 2**— ra:*, 
we should have had 

»^ 1 ^ 1 » 

1 —px-^qx* — ra;* 

190. Since in order to find the sum of n terms we most know 
the nth term, we proceed to the 

Pbop. To find the general term of a recurring series. 
Consider the same example as in Art 189. 
Let a, j8 be the roots of the equation 1— ^— 2'aj*=0; 
.-. 1— jpa;— ga;* = — 2'(a;— a)(a;— j8); 
.*. , by partial fractions, the generating function 

-a-x'^fi-X~ay a) "'"^V P) 

But this must be the same as the given series since both are 
expansions of the same generating function, and it is always 
possible to give such values to a;, including zero, as will make 
both series convergent (Art. 94) ; 

.'. the genera], or rth, term of the series is ("7"l"gF)^~S 

where A and B are to be determined by the rules given in the 
Chapter on Partial Fractions. 

Another method of finding the general term is given in 
Chapter xxiv. 

191. Numerical example worked out. 

2+5a;+2aj«+7a;» +20a;*+eto. 
(i.) The scale of relation has been already found, in Art. 

188. Itis 1— 2a;-3a;«. 
(2.) The generating function. Let 5 denote the sum of the 

first n terms. 
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Then 5=2+5aj+ 2a;«+ Ta;»+20a:*+etc. to n tenns, 

— 2a;5x= — 4a;— 10a;«— 4a;8— 14a;*— „ , 

-3a;»5= - 6a;«-15a;»-. 6a;*- „ ; 

.-. 5(1 — 2ar— 3a;«)= 2 +a;— 14a;* — 12a;» + terms involviDg »*»; etc. ; 

o 2+a;~14a;«-12a;*, . ;, 

•'• ^= l-2a;-3a;« + remamckr. 



Hence the generating function ia 



2+.-14a;.-12a;«^4^^^_j^ a, 



l-2a;-3a;* ^ ^l-2a;-3»« 

(3.) The general term. The roots of the equation 
1— 2a;— 3a;2=0 can be found to be J, and —1, therefore 
l-2x-3*«={l-3a;)(l+a;) ; 

• • ^^P^' l-2a;-3a;» =r:::3^+l+^' 
/. a;=^(l+a;)+^(l-3a?) 

^-35=1 P '-^ i^^-tr 

. a; ^1 1 1 1 

•'• l-2a:-3a;^ 4 l-3a; 4 1+a; 

= J(l + 3a;+3S'|«+ . . . +3^|»->+ etc.) 
-J(l-a;+a;«— . . * +^^*-i + etc.). 
Thus the rth term is J (a^-^— ^^ »-»)a;*-^ 
(4.) The sti77i of n terms, beginning with the first 

iS=2 + 5«+ &c + j{3»^-(-l)*^}ar*-«+i{3"-*-(-l)*'*}«**; 
.•.-2a;>^= -4a;- &c. -|{3»-i-(-l)'^}a;", 

-3a;«5^= -6ai*-&c. -ifs^-H-l)*^*}** -f{3»-i-(-l)»'i}a;»+i; 

•. i8^(l-2a;-3ar')= 2+a;-14a;«-12a;8- j{3«-(-lHaj«-i{3'»+3(-lHa?H-i. 

We have been at no pains to find the first four terms of this 
last expression, as we had already obtained them in (2). Also 
we knew that all the powers of x from a;* to x^"^ inclusive would 
vanish. We had therefore only to find the co-efficients of x'^ and 
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0?'*+*, the former of which accidentally came into the unusually neat 

fonn of ^ — ^, since 3.3»-«+2.3»->=3'»-i+2.3'»-»=3» 

and-2(-l)«-i-3(-l)»-*=+2(-l)«-3(-l)«=-(-l)« 

e_ 2+g-14a;«-12a;« {3"-(-l)»}g'»+{3'»+3(-l)^}a;^+^ 
•' ' l-2a;-3aj* 4(l-.2a;-3aj0 

~ "*■ ■*"l-2a;-3a;« 4(1 -.2a;-. 3a;*) 

It will be observed that the first of these fractions is what the 
second becomes when in it we put 9i=0. 

192. In Art. 190 we showed that the series was equal to the 
sum of two geometric progressions, of which the first terms were 

A B X , X 

— , "o , and the common factors — and -3 • 
a p ' a p 

It is often asserted that any recurring series can be expressed 
as the sum of as many geometric progressions as there are 
simple factors in the scale of relation. This assertion, however, 
is not true if two or more factors are the same. 

For example, in Art. 190, if a=j3, the scale of relation 

=— 2'(a;— .a)*, and we should put, by partial fractions, the gene- 

A B 
rating function = V^ v^ , which expands into 

— IH hnr+ etc. )+-iH — r+ etc. , 

of which two series the latter is not a geometric progression. 

When we can resolve a series into two, or more, geo- 
metric progressions, we can often best find the sum of n 
terms by obtaining the sum of each progression separately, 
and then adding together these separate sums. Thus, 



X 



A a 
in Art. 190, the sum of n terms is — 



-1 * 



,B^ 



n 
-1 



a a; - /J « - 



a 



p 
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and in Art. 191, from (3), 

^*4 3a;-l '*"4 a;+l 

193. The scale of relation is sometimes expressed thus, 
— i?-— Sf, instead of in the form 1— jpsc— g'a*. 

194. The recurring series 6+9+16+26+39+eto., can be 
discussed as follows. Consider the series 

5+9a;+16a;*+26a;»+39aj*+etc. 

Find the scale of relation, or whatever may be required, for 
this series, and then put a;=l in the result. 

If, however, x—\ is a factor of the scale of relation, this 
method does not give the sum of n terms readily. 

EXAMPLES,— XXXVIII. 

Find (i) the scale of relation, (2) the generating fiinetion, 
when possible, (3) the general term, (4) the sum of n terms, 
in each of the following twelve recurring series : — 

1. l+2a:+3a;«+4a;*+etc. 

2. 1— 3a;+5a;«— 7a;*+9aj*— etc; 

3. l+ll«+89a;«+669»»+etc. 

4. 10+14a;+10««+6a;«+etc. 

5. 1+4+6-2-19-etc. 

6. 1 — y+-ja;* — g-a;»+etc 

1 7 , 17 55 , , 
^- ^— 3+-9"-27+"*'- 

8. l+4a;+9a;«+16a;*+25a*+ot!C. 

9. 1— 3a;— 9a;*+27iB»+etc. 

10. 3+5a;+7a;«+13a;*+23«*+46a;»+eto. 

11. 2— «+«•- 2a:*+etc. 

12. 1+11+89 4-659+eto. 
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I J. Find the nth term of the recurring series, 

l+3a;+7a;«+13a;»+25a:*+51a;»+103a;«+etc. 
14. Find the nth terms, and the generating functions, of the 
recurring series (i.) 2+7a;+25aj*+91aj»+ . . . , 

(2.) 2+ a;+25aj«+37a:»+ . . . 

15. Show that the nth term of the recurring series 

2+6+20+72+ . . . is2»*-»(l+2»*-»). 

16. If a series be formed having for its rth term the sum of 
r terms of a given recurring series, show that it will also form a 
recurring series, whose scale of relation will consist of one more 
term than that of the given series. 

Find the scale of relation, the rth term, and the sum of n terms, 
of the recurring seriesl+6+40+288+etc. 

Show also that the sum of n terms of the series, formed by 
taking for its rth term the sum of r terms of this series, is 

|(2«»-l)+.^{2'»-l)-|j. 

17. Determine the law of the series 2, —3, 4, 4, 24, 56, 
152, 360, . . . , and find the sum of n terms. 

18. The scale of relation of the recurring series 

l+3a;+5a:*+7»»+etc. 
is of the form a+j3 ; find a and p and the sum of n term? of 
the series. 

19. Find the general term of the series 

x+x^ +a;* +»' +a;" +eto. 



XIX 

feummatfon of ^erfesf^ 

195. Denote any series by Wx 4- w«+ . . . +Wn+etc. 
Let Sn denote the sum of the first n terms, 

then Si=Ui, .... (i). 

<S>j— 6ii=W8, • • . • (2). 

etc. = etc. 

8n''Sn-i = Un, . * . . (n). 

We have therefore to find the form of Sn, considered as a 
function of n, such that it can be made to satisfy each of the 
equations by giving the proper values to n. 

We shall show how to do this in several cases. 



196. We may remark in passing that, if we can express u„ as 
the difference of two functions, thus, 

where Vn and v^-i are the same functions of n and of n— 1 
respectively, we can immediately obtain the form of iS^. 
For then we have from equation (n) 

Sn—Sn-i = Vn^ Vn-i 1 
.*. Sn — '^n^^Sn-i^^Vn-ii 

and from the preceding equation iSf»_i— rn-i5=Sli_t— v„_s, 
and so on. Hence Sn—Vn is an expression which retains a 
constant value, -whatever integral value n may have. 

Denote it by C; then Sn—^n^C, or Sn=C+Vni and 
C=Si—Vi=Ui^Vi. 

158 
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197. Pbop. To find the sura of n terms of the series 
Wi+Ua+ . . . +Un+ etc., where Un is a positive integral 
function of n. 

Ex, l«+2«+3»+ . . . 4.n«+(n+l)»+etc. 

So that Un=n^y and is therefore a function of the 3rd degree. 

Let Sn denote the sum^of n terms. 

FuiSn^Ao+A^n+Atn^+Atn^+A^n*, . . . (i). 

That is, we assume Sn to be a positiye integral function of n 
of one degree higher than Un (see Ohs. below). 

Also 

S^,=Ao+A,{n^l)+A,(n--iy+A,{n^iy+A,{n^iy. 

But n*=Sn^8n-ij hence, subtracting the expression for 
Sn-i from that fer 8n, we have 



+^(n*-n-l|*) 
=.4i+i4,(2n-l)+^,(3n«-3n+l) 

4--44(4n»-6n«+4n-l), . (2). 

Now this is to be true for all positiye integral values of n; 

.-., Art. 87, 4^=1, 3J[,-6il4=0, 2^1, -3^, +4^4=0, 

.-. A,= -r, ^=17, ^=x> ^1=0; 



4 » •""2 ' *""4 



... 5^=_n*+-s-n»+-xW*+^o» • . (3)- 



To determine Aq we have /8>i=Mi=1 ; .*. putting wskI in (3), 

. -y n*+2?i«+ii» / n(n+l) V 
..'^n= 4 "l~2~j ' 

O65. We can see now why we went up to A^n* in 8^ and 
no farther. 

If we had stopped at A^n* in (i), we should not have had an 
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n' on the right-hand side of (2), which we must have in order to 
equate its coefficient with that of n' on the left. 

If, again, we went as far as A^n^ in (i) and stopped, we shotdd 
have on the right hand of (2) il6(5n*— etc.), etc., and when we 
equated coefficients of n^ we should have 5^6=0, ».e. ^5^=0. 

Similarly, if we stopped at il«n*, we should have (Lle=:0; 
.*. ^e=0, and thence ^5=0. 

EXAMPLES.— XXXIX. 

Sum to n terms the following fifteen series — 

1. l«+2*+3«+4*+ etc* 

2. 3»-5*+7«— etc. 

3. l»+3»+6»+7»+ . . . +(2n-l)»+ etow 

4. l»-3»+6»— etc. 

5. 1*+ 2* +3*+ etc. 

6. 1.3.4+2.4.5+3.6.6+ . . . +<n+2)(n+a)+ etc. 

7. 1.3-2.4+3.6- etc. 

8. 1.3.6+2.4.6+3.6.7+ etc. 

9. a»+(a+&)»^+ . . . +(a+n— !&)»+ etc. 

10. l«+(l«+2«)+(l«+2«+3*)+ etc., each bracket being 
taken as a term. 

11. a(a+&)(a+2&)+(a+5)(a+25)(a+3&)+ etc. 

12. P.3+2«.4+3«.6+ etc. 

13. l».2+2«.3+3».4+ etc. 

14. 2.4.6+4.6.7+6.8.9+ ete. 

15. n+2(n-l)+8(n— 2)+ etc. 

16. Find the sums of the first n terms of the series of which 
the nth terms are (2n+l)(3n-l) and (-l)'>-in«(2n-l). 

17. Find the nth term, and the sum of n terms, of the series 

1.2+2.3+4.6+7.8+11.12+etc. 

18. Sum to n terms the series whose nth term is n'*l. 
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198. The following is a proof of the general case of Art. 197. 
Let Un be a positive integral function of n, of the mth degree, 

say u„=2l,»n'*+ . . . +^in+2lo. 

We will show that the equations in Art. 196 will be satisfied 
by assuming that 5n is a positive integral function of n of the 
(m+l)th degree. 

For put 5n=5*n*+ . . . +5in+5o; 

then, from equation (n), i4,»n'*+...+i4in+^o=^n— ^n-i 

= BjfcA:n*~^+ lower powers of n, . • . (i); 
.•. 5ifc=0, if A:— l>m or ^>m+l. 

Hence S>^ need not contain a power of n higher than the 
{m+l)th. 

From (i), by equating coefficients of like powers of w, we can 
obtain m+l linear equations for determining Bn+i,Bfn, . . . 
Bi, Bi. 

These being found we obtain Bq from equation (i) of Art. 195. 

199. The particular case, in which each term consists of m 
factors belonging to the same A. P., whatever term we consider, 
can be treated more shortly as follows. 

Let Un=(h+na){h+n+la) . . . (&+n+m— la). 
This can be put into the form 
(b+na) . . . (ft+n+m— la)(5+n+ma) 

a(m+l) 

{b+n-~la){h+n—a), , .(b+n+m—la) . . 
"■ a{m+l) W- 

Hence we assume at once, Art. 196, 



_ (b+na)...(b+n+ma) ^ ^ 
^'*"" a(m+l) "^^^ 

where G does not contain n. 

For we see from (i) that this form for /S»n satisfies equations 
(2), . . . (n) of Art. 195. 
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By equation (i) of Art. 195 we have 

=(6+a)...(6+««){l+-^|+a, 

, ^__ h(h+a),..(h+ ma) ^ 
"^ a{m + l) 

„ ^(h+na),..(b+n+ma)_b(b+a),,,(b+ma) 
•'• " a{m+l) a{m + l) 

Hence the required sum is the difference between two parts, 
of which the first is the nth term of the given series multiplied 
by a factor next after its greatest, divided by the number of factors 
so increased and the common difference of the A. P; whilst 
the second part is what the first becomes when in it we put n=0. 

200. Or we might arrange the proof as follows. 

Denote the factors of Un by /n, fn+u • • m fn+m-i- So 

that /n+i— /n=a, /n+a— /n+i = «) ©tc, /n+m— /n+m-i=«' 

Therefore, adding, /„+^—/n=m.a; 

. •• /n+m-Zn-i = {m+l)a ; 

•*• ^n^^Jnfn+i • • • Jn+m—i 

—Jnjnti . • • /n+m-i (^ + 1)^ ' 
__ JnJn+i • « ' Jn+m Jn—ifn * » • /n4m— l . 

°'««- (m+l)a (m+l)a 

. - . _ Jn—\fn « « '/n-fm— 1 fn—%fn » « » yn+w— t , 

' • "«-i- (m+l)a (m+l)a ' 

etc. = etc. 

' (w+l)a (m+l)o • 

.'., adding, and denoting the sum Wj+Wa+etc+Wn-i+Wn by 
iS„, we have 

Q — /*>/»>+ 1 * * * fn+fn fof\ ' ' * Jm 

^"■" (m+l)a (m+l)a ' 
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201. Ex, Sum to it tenns the series whose nth term is 
(4n*-l)(4n«-9). 

LetiS^ denote the required sum, then 5n— /Sn^i= the nth term 

=(2n-3)(2n-l)(2n+l)(2n+3) 

(2n-3)(2n-l)(2w+l)(2n+3)(2n+5) 
"" 10 

(2n-5)(2n-3)(2w-l)(2n+l)(2n+3) 
" 10 

Assume then 

^^ (2n-3)(2n-l)(2n+l)(2n+3)(2n+5) ^ ^ 

where C is the same whatever number of terms we sum. 
Put n=l, then ^^=M^^^+(7== 1st term=(-l)(l).3.5; 

.•.C=(-3.6)(l4)=.|; 
. ^ _ (4n«-l)(4n«-9)(2n+5) 9 

Ohz, Although we have yerhally expressed the result of Art. 
199 in a form easily remembered, we recommend the student 
not to quote it, but to work out each example as above. 



202. Many series can be broken up into two or more, 
each similar to that in Art. 199, and thus their sum can be 
obtained in the manner indicated below. 

Ex, Let the nth term be (n— l)*(n)(n+l). 

This =(n-2+l)(n-l)n(n+l) 

= (n-2)(n-l)n(n+l)+(n-l)n(n+l). 

Thus the given series is the sum of two, of which the nth 
terms are 

{n-2)(n-l)n(n+l), and (n-l)n(n+l). 
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It can be shown as in Art. 201 that the sum 
of the first ^ (»-2)(n-lWn+l)(n+2) ^ 

and of the second ^(>»-lK»+l)(«+2) . 

4 

.% the required sum = (n— l)n(n+l)(n+2){ — g— +'t ) 

=^(n-l)«(n+l)(n+2)(4n-3). 



EXAMPLES.— XL. 

Sum the following six series to n terms. 

1. a(a+&)(a+26)+(a+&)(a+26)(a+3&)+ etc. 

2. 2.4+4.6+6.8+ etc. 

3. 1.2.3+2.3.4+3.4.6+ etc. 

4. 1.2.3.4+2.3.4.6+3.4.5.6+ etc. 

5. 1.3.6+3.6.7+6.7.9+ etc. 

6. 2.6.8+6.8.11+8.11.14+ etc. 

7. Prove that 1.2 . . . ^3+2.3 . . . (i?+l)+ etc. 

In 

+(n-p)(n-i>+i) . . . (^-i)=(^q:iyi^^^- 

Sum the following six series to n terms. 

8. 1.4.3+2.9.4+3.16.6+ . . . +n(n+l)«(n+2). 

9. 1.3+2.4+3.5+ +n(n+2). 

10. 1.3.4+2.4.6+3.5.6+ etc. 

11. 2.6.7+3.6.8+4.7.9+ etc. 

12. 1.4.7+4.7.10+7.10.13+ etc. 

13. 1.2.3.8+2.3.4.9+3.4.5.10+ etc. 
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203. The following is another case in which the method of 
Art 196 can be applied, and in which the reader will see that, 
as in Art. 199, the difficulty lies in putting u„ into tiie form of 
the difference between two expressions, of which one is the 
same function of n that the other is of n— 1. 

Let 

^ 1 

""'"(^+na)(6+n+la)...(^'+n+m-2a)(6+n+w-la)' 

Here ««= /- - 1\\ == — 

" a(m-l) ( (6+n+la)...(6+n+m- 



\a) 



+ 



-2a) j 



(t+na)(6+n+la)...(6+w+w— 2a) 
Hence assume. Art. 196, 

g \ •*• I ^ 

" a(w-l)(6+n+la)...(6+n+m-la) 

Also 

(6+a)...(6+wa)"""'"'^'"" a(m-l)(&+2a)...(6+ma)'*'^^ 
.-. a(w-l)«-(6+a)+C7a(m-l)(6+a)(6+2a)...(5+ma); 



.-.(7= 



a(m— l)(5+a)...(6+m— la)(6+»ia) 

1 



a(w— l)(5+a)...(6+m— la) 
a(wi— 1) (5+a)...(64-wi— lo) 



a(m— l)(6+n+l«)»"(^+«+'w— la) 

Hence the required sum consists of two parts, of which 
the second is the nth term of the given series with the smallest 
factor of its denominator cut off, divided by the number of factors 
so decreased and the common difference of the A. P., whilst 
the first part is what the second becomes when in it we put n=0. 
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204. Or we might arrange the proof as follows : 
Denote the nth term by -7-^ 7 > where 

/n+i ^fw= Of /n+% ""^n+i = «> ©tc., fn+n^i — A+w-i = « ; 

.'• /n+m-i— /n=("»— 1)«; 

fn'-'fn+m-i /n/»i+i«»vn+«*-l (w*— l)a 

= f 1 1 ] 1 ; 

\fn/n+ 1 • • -fn+m-i fn+ 1 • • 'fn+m- 1 /«( W — 1 ) 

,y ^ ( 1 1 ) 1 

( fn—ijw •/n+«*-8 fnfn+i • • •/n+m— i j tt(wi— 1) 

etc. = etc. 

/., adding, and denoting the sum Mi+w,+etc.+«,i_i+Wu by 5n, 
we have 

^^^ f 1 1__ )_1 

I /i/i • . •/«-! /»+i • • -/n+w-i J a(w— 1) 



205. Ex. Sum .to n terms the series whose nth term is 
1 



(4n*-l)(4n«-9) 

Let Sn denote the required sum, then £>»— iS>A-i=the nth term 

1 

"(2n-3)(2n-l)(2n+l)(2n+3) 



" 6(2n-l)(2n+l)(2n+3)^6(2n-3)(2n-l)(2n+l) 

1 
Assume then ^»=-6(2n-l)(2n+l)(2n+3l+^' 

where C is the same whatever number of terms we sum. 
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Put n=l, then — ^-j.--+(7=lst tenn=— 77-^ ; 

0.0.0 o.d 



••• ^=-o(-^+i) 



1 
"="18' 



18 6(2n-.l)(2»+l)(2n+3) 
The 05«. in Art. 201 applies also to Art. 203, 205. 

206. The following is an vndicaiion of the manner in which 
some series may be solved, by breaking them up into two or 
more similar to that in Art. 203. 

Ex, Sum to n terms the series, 

1,1,, 

The nth term 
1 

"(2n-l)(2n+3)(2n+5) ' 

2n+l 



(2n-l)(2n+l)(2n+3)(2n+6)' 
2n-l+2 

(2n-l)(2n+l)(2n+3)(2n+6) * 



1 . 2 

(2n+l)(2/»+3)(2n+6)'^(2n-l)(2n+l)(2n+3)(2n+5) 

Hence the given series is the sum of two, of which the nth 
terms are 

and 



{2n+lJ(2n+3)(2n+5) (2n-l)(2n+l)(2n+3)(2n+5) 
The sum of the first is 

2.2(2n+3)(2n+6)^2.2.3.5 * 
the sum of the second is 

2 1 

2.8(2n+l)(2n+3)(2n+6)'^SX33' 
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The required sum is the sum of these two 

8(2«+l)+4 , 3+4 

+■ 



12(2M+l)(2n+8)(2»+5)^12.3.5 

6n+7 _7_ 

~ 12(2»+l)(2»+3)(2«+5)"*'l80* 

7 
The sum to infinity is ^^ • 



EXAMPLES.— XLl 
Sum to n terms, and to infinity, the following sixteen series : 

3- 2ir6"'"4:B:8"'"g:83o+ ®'°- 

1,1, 1 , , 

1 , 1 , , 

^- r5:9'''6:03+9J3l7''" ®**'' 

^- i:23:i+2:3.475+3"i.5:6+ ®**' 

- 1,1,1,1,. 

^- 0+3:5+0+7:5+ ^**'- 

1,1,, 
9- 1X5:7+3X7:9+ ***'• 

"• 0+^+ • • • +Ki^+ **"■ 

1 , 1 , 1. , , 

"• 2^^+P^+4^^^ + 
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12. 



1.8.5 
1 



^2* 1.8.4 
3 



1 



^5-2X1 



•23:S+ «*°- + «(«+2)(n+4) + ^*"- 



2X5+8X6+ ^*"- 
T+6 ^ c+ etc. 



2.3.4^3.4.6 



'^- T3r5+3X7+5?rg+ ^^• 

12 8 

17. Sum the series oTp "^^5^"^ 4 6 8 "^ ®*^'' ^ infinitum, 

n n— 1 1 

18. Sum the series ^ ^ - +n~oT+ • • • 4 



1.2.3 ^2.3.4 



n(n+l)(n+2) 

19. Sum the series 

l(ffl+2) 2(w+3) 3(m+4) , 

2.3...(»»+l)'''3.4...(m+2)"*'43...(m+3)'^ ®"-' '^ *"<'' 

20. Sum to infinity ^+^+^+ etc. 

21. Sum to n terms the series 

3.4.5 



1.2.4.6^2 3.6.6^3.4.6.7 



f 



(- . . . 



a X X X,. . 1-4 . 2.6 , 3.6 , , 
22. Sum to n terms the series 03+34+45+ 



207. Pbop. To find the mm of t'he first n terms of the series, 

Uo+UiX+UjX*+ etc, +UnX°+ etc; 

where Un «« a positive integral function ofn, and the same inform 
whatever n may he. 
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We will first illustrate the method by the following 
example. 
LetiSf=l+a;+3a;«+7a;»+13a;*+...+(n-l|*-n=i+l)iC»-» 

+ (w*— n+l)aJ**; 

then 5a;=a;+a;«+3a;»+7ic*+ . . . +(n^^»-n^^+l)af*-i 

+(n«-3n+3)a^+(n«— n+l>«+»; 
.-. iSf(l-a;)=l+2a;«+4a;»+6a;*+...+(2n-4)«»-»+(2n-2>« 

.-. iS(l-a;)a;=a;+0+2a;'+4a5*+ ... +(2n-4)a^+{2n-2)a^+» 

— (n«— n+l)aj»+«; 

.-. iSf(l-a;)*=l-a;+2a;«+2aj»+etc....+2««-(n*+n-l)a^+i 

+(n«-n+l)aj»+«, 

=sl-a;+2aj«-i — -- -(n^+w-l)aJ»»+» 

+ (n«— n+l)a^+«; 
1 J -0^+1 (n«+n-l)ar»+^-(n«-n+l>"-^ ' 

Thus by successively multiplying by x and subtracting (or, 
which is the same thing, by successively multiplying by 1— a;), 
we have obtained a series forming a Gr. P., with two terms before 
and two terms after it. 

0&& I. It can be seen that the above is a recurring series, of 
which the scale of relation is (1— »)'. 

Ohs, 2. If the coefficient of a^ had been a function of n of the 
3rd degree, we should have had to multiply three times by 1— a;, 
and should have had three terms before, and three after, the 
G. P., and so on generally. 

Obs, 3. If ajbe <1, aJ»* and n*a^ are endlessly decreased as n is 

1 2aj* 

endlessly increased, and thus the sum to infinity is y^T ^" /i^ \8 * 
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EXAMPLES.— XLII. 

Sum to It terms the following nine series, and to infinity 
those that are convergent : 

1. a+3a«+7a»+16a*+ etc. 

n*— 1 

2. l+Zx+7x*+lSa^+ . . . + =-»»+ etc. 

3. 1.2a?+2.3a;«+3.4a;»+ etc. 

13 5 

^ 1.2,3,. 
^' 3 + 3"*+F»+ "*'• 

7. 1.64+3.16+5.4+7.1+9.J+eto. 

8. 2.8.9a;-3.9.10a;«+4.10.11a;»-6.11.12ic*+ etc. 
1.2 , 2.3 , 3.4 , , 

10. From 2 deduce the sum of the first n terms of the series 
I-.3+7-I3+ . . . +(-l)"^f+etc. 

Sum to n terms the following nine series : 

11. 2.6.6-4.7.8+6.9.10- etc. 

12. l-3.2+6.2«-7.2»+ etc. 

13. 3-8.i+lS-i- etc. . . . +(-l)n-in(n+2)2^- 

14. l+7a;+26a;«+ , . . +(n»-l)aJ«->-f- etc. 

15. l+3a;+6a;«+7a;»+ etc. 

16. 1 + ■2+2"2+2"*'^®^* 
1 3,6 7^ , 

^7. l-2+2"«""2"^+'^- 
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18. 1.2+2.3a;+3.4aj«+ . . . +n(n+l)aJ»-». 

19. l+(l+a;)r+(l+a;+2a:V+(l+ic+2a;«+8a;»)r»+eto... 

+(l+a;+2a;«+ . . . +»w^)r»+ etc. 

208. The following is the general case of Art 207. 
Let S denote the sum tto+Uia;+ etc. +tt,j-ia^*, . . (i). 
Then 
iS(l-a:)=tto+(wi-Wo>+etc.+(M«_i— w^,)a^»— ii„>xaj»» (2). 

Let u,., the r+l th term of (i), be of the mth degree, say 

and u^_x=^»^-l h+^f»-.i^-l 1*"'+ . . . +uixr-l+^. 
Then t/^— tt,._x 

=77?-4^r'""*+ terms containing lower powers of r+^lj. 

Hence for any power of x in (2), except x^ and «»*, the co- 
efficient is a positive integral function of the index, the same in 
form whatever power we consider, and also its degree is lower 
by one than the degree of the coefficient of any power of x 
in(i). 

If now we multiply again by 1— ic, a similar result will be 
obtained for all the terms in /S(l— a;)' except the first two 
and the last twOy the first term in the coefficient of of being 
m(m— Ij^^r**-*; and so on for each successive multiplica- 
tion. 

Hence after m multiplications the coefficient of every power of 
X between a;** and aJ'*~* inclusive reduces to >l«[m, and there- 
fore their terms form a G. P., viz., il,»| m(aJ^+aj~+i+ ...-|-aJ»»-»), 
and there are m terms before and m after it. 

Cob. Any such series is a recurring series whose scale of 
relation is (1— a;)'^+^ 

For if we multiply by 1— a? once more, or in other words, 
multiply the whole original series by (1— «)♦*+* ^«1I iV^fc \kto«. 
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after the first m+l disappear. This shows that any term 
(as u^) of the series, after the first m+1 terms, is equal to the 
sum of the products of each of the preceding m-\-\ multiplied by 

the corTegp(ynd%ng term of the senes w+la;— ^ — 19 ^ ' ®*^* 

By corresponding term is here meant that term which will 
make the product contain 3f exactly. 



209. The following are further examples of the method 
indicated in Art. 196. 

1 2 1.2.3 

Ex, I. Sum the series H — '■ — I — 7--rr\+ • . • to » terms. 

n niji-f- L) 

The^th term 

\p_ ^ 1 f b+1 

""n(n+l)...(n+j?-2) 3-n ( w(n+l)...(n+jp-2) 

\P_ ] . 

n(n+l)...(n+Jp-3) j ' 

1 |i)+l ^ 

.-. we can put S,=^:rnn(n+1) . . . (n+j9-2)+^- 



Put J? =2, we have 



^ li+c=5.=i+l; 



8— n n n 

•••^=i+l(i-3!„)' 



''~8-nn(n+l) . . . ln+p-2y 8-n 
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Ex, 2. Show that 

1 - r ^^^r^riL^.,^,^. 1 



p+1 {p+l){p+2)^(j>+l){p+2)(p+S) ^^--p+r+V 
when r is a positive integer. 

Let Sn denote the sum of n terms. 

Then 5„— 5„_i=»th term 

-^ ^ (i'+l)(i'+2) . . . {p+n) 

Assumes -(-1)'>*^a'^ ''~^^ ' ' ' <^~"+^> +(7- 
Assume i)„-t 1; ^ ^^_j_j^ _ ^_j_^^ +0, 

••( a; ^ 0,+l)...Cp+n) ^ '■' (j?+l)...ip+n-iy 

_/ i%^. »-(>— 1) • • • (r-n+2) . 
-^ ^^ (p+1) . . . (i>+n) ' 

.•.A= 1 



and S -(-l)"""' r (r-l) . . . (r-n+1) 

Put n=l and we have 

1 r 1 

■1-0 = 



' • p+l\ r+p+l^ }~rJrp+\ * 

. «f _( -l)"-^' r(r-l) . . ■ (r-n+1) 1 

• ""r+i^+l' (P+I) . . . (i>+») "^r+iJ+l' 
If r be a positive integer, let the nth be the last term ; 

.'. r— «+2=l, and r— n+l=0; 
• • ^-r+i,+l 
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210. Polygonal Numbers, 

The following are specimens of a class of problems with which 
the student will sometimes meet. 

(i.) To find the number of cannon balls, which can be laid out, 
so as to form an equilateral triangle having n balls in an outside 
row. 

It will be seen from the diagram that each ball of 
any one row is to fit in between two balls of the next ♦*♦*# 
row ; thus, beginning from one outside row, each row * * * * 
will contain one ball less than the preceding. Hence the total 
number of balls is 



n+7i-l+w-2+ . . . +8+2+1=-^ 

(2.) To find the number of balls which can be placed in 
pyramid, in which the base is an equilateral triangle having n 
balls in a side. It is evident that the outside row of any 
layer contains one ball less than the outside row of the layer 
immediately below. 

Hence in the rth layer, counting from the ground, the outside 
row contains n— r+1 balls, and the whole layer, by (i.), 

(n-r+l)(n-r+2) ^ ^^^^^ ^^^ ^^ number of balls is 

(n+l)n , <w-l) , 3.2 2.1 

2 ■*" 2 ■*"'••■*" 2 "*"2" 

= J(n+2)(n+l)n, by Art. 199. 

(3.) To find the number of balls in a complete pile, of which 
the base is a rectangle containing m balls in one side and n in 
another. Suppose m not greater than n. 

The rth layer, counting from the ground, will have m— r+1 
and n— r+1 balls in its sides, and therefore will contain 
(tti— r+l)(w— r+1) balls. 
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The mth layer will consist of a single row containing n— m+1 
balls. Hence the total number of balls is 

(n-m+l)+2(»-m+2)+3(w-m+3)+ . . . +»m 

= (n-m)(l+2+3+ . . . +m)+l+2«+3«+ . . . +m« 

^»KnHbl)(3„_3^+2m+l) 
=: "'('»g+^) (3»-m+l). 



EXAMPLES.— XLIIL 

I. The sum of the series 
4 . 9 . 16 , 25 . 
r5+5a4+Ii:30+30:6S"'' •••*»'» *«™" « 

1- 6 



(n+l){n+2)(2n+3)' 

the last factor in the denominator of each term being the sum of 
the first factor and the numerator. 

2. Find the sum of n terms of the series 

1 . 1 , , 

•vjn — , 01. ■ >i \/o — X AX. \ tL \ + etc. 



(a+2&+3c)(2a+3&+4c) ' (2a +35+ 4c) (3a +45+ 6c) 

3. Sum to n terms the series 

l.l^+2(2»+l*)+3(3*+2'+l*)+ etc. 

4. Find the number of balls in an incomplete pyramid, con- 
taining r layers, and having n balls in the side of the lowest layer, 
which forms an equilateral triangle. 

5. Find the number of balls in an incomplete pyramid of 5 
layers, the bottom layer being a rectangle having 7 and 9 balls 
in its sides. 

6. Find the number of balls in an incomplete rectangular pile 
of 18 courses, having 56 balls in the length, and 38 in the 
breadth, of the base. 
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7. Find the number of balls in a square pile having 20 in a 
side of its base. 

8. Sum the series 0+1:2:0+0^33:6+ ''^- 

9. Show that the sum of the series 

l+2«+3+4*+5+6'+ • . . toa:termsis^^(2a;«+«+3), 

when X is odd. 

10. Sum to n terms the series 

2.3.4^3.4.5^4.5.6^ ®^* 

11. Sum 1~"X'^0'~4 STS"^ ®*^'' ^ infinity- 

12. Find the siim of the series 

\ X y^ 
j-g— 23+3-4— . . . , to infinity, x being <1. 

13. Show that, if 5„^=l+"o +"q + ^^' +~ > t^e sum of n 
terms of the series 






isl 



1 



14. Sum to infinity the series j — h i Ti +r^lLO+ ®*^' 5 *nd 
prove that [^=j^3l-|Tf;^Z:2+|Ti^i:^3" ^*''- *^ ** *^"^- 



15. Sum the series 
n(n+3)+(n— l)(n+4)a;+(n— 2)(n+5)a;*+ etc. to n terms. 



XX 

Ci&eorj of ipumftetiS^ 

211. In this chapter we shall make the following limitations 
as to the terms employed. 

(i.) The word number will mean a positive integral number only. 
(2.) „ divisor „ an exact divisor only, i.e., a 

factor, see [Art. 134, Note]. 
(3*) V divisible „ divisible without a remainder. 
(4.) „ divides „ divides „ „ 

212. Def, A number, which is divisible by no other except 
itself and unity ; is called a prime number, or simply, a prime, 

Def. A number, which is divisible by some other besides itself 
and unity, is called a composite number. 

Thus 6 is a composite number, being divisible by 2 and 8, 
and can be expressed by the product 2x3; but 5 is a prime, 
and can only be expressed by a product thus, 1x6. 

And, generally, a composite number can be expressed by the 
product of two, or more, factors, neither of which is the number 
itself or unity ; whilst a prime cannot be expressed as the pro- 
duct of any two factors besides itself and unity. 

It will be observed that 1 is a prime and divides every 
number. 

213. Def. Two numbers, which have no common factor 
except unity, are said to be prime to one another, and each is 
said to be prime to the other. 
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Thus 6 is prime to 25 ; bat 6 and 10 are not prime to one 
another, haying the common factor 2. 

The only numbers, to which a prime number is not prime, are 
its multiples and unity. Thus 7 is prime to all numbers except 
1, 7, 14, 21, 28, 35, etc. In other words, a prime number is 
prime to all except those, of which it is a divisor, and unity. 

214. Def. When any number is expressed by the continued 
product of the highest powers of the various primes which will 
divide it, we say that it is d/ecomj^osed^ or resolvedy into its simple 
factors. 

Thus 15435, when expressed by 3*.5.7S is decomposed into its 
simple factors. For 3*.5.7*= 16436, and the only primes which 
will divide 15435 are 3, 5, 7, and 3«, 5, 7» are the highest 
powers of these primes which will do so. 

Ex. Eesolve 22869 into its simple factors, 
that 

22869 is divisible by 3, 



On trial we find 



7623 

2541 

847 

121 



>} 



)9 



99 



}J 



8, 
3, 

11; 

.-. 22869=3».7.11«. 



3 


22869 


3 


7623 


3 


2541 


7 


847 


11 


121 




11 



EXAMPLES.— XLIV. 

Eesolve the following into their simple factors : — 

I. 225. 2. 1023. 3. 289. 4. 4095. 

6. 42237. 7. 2628. 8. 271469. 
10. 1764. 11. 1666. 12. 5670. 
14. 484000. 15. 2880. 16. 16200. 



5. 504. 

9. 5880. 

13. 30527. 

17. 99225. 
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215. Hence any number N can be expressed thus, 
N=cPJb',c^ • • • ) where a, &, c, etc. are all primes and all 
different, and a**, &^, etc. are their severally highest powers 
which occur in N, This is called the composition of N. 

We now proceed to prove that a number can be decomposed 
in only one way, or, as it is sometimes expressed, a number has 
only one composition. 

Thus 22869, being equal to 3*.7.11*, cannot be equal to the 
product of any other powers of the primes 3, 7, 11, nor to a 
product containing any other primes but 8, 7, 11) t.e., 22869 
cannot be equal to 3*.7M1», or 3».6«.ll, etc. 

This is evident in each individual case ; but in order to prove 
it once for all, for all numbers, we must first establish two pro- 
positions. Art. 216, 217. 



216. In the following Article we shall require the process of 
finding the G. C. F. of two numbers. 

The process was exhibited in [Art. 128] as far as 3 steps. 
We shall now draw the student's attention to such cases as may 
not terminate so soon. 

Let a and c be the two numbers, and suppose a>e. 
Divide a by c, let q^ be quotient and rj remainder, .*. a=cgi+ri. 

Now at the next step, in [Art. 128], the division was supposed 
to be exact, but if it is not so, we continue as follows : — 

Divider! byrj,letg,be quotientandr, remainder, .*. ri=rjg,+^6, 
>» ft >, ^8 » 2'4 )) ^4 » ft^^r^q^+r^'y 

and we should carry on the process in the same way, till we ob- 
tained a remainder (r) which would exactly divide the preceding 
remainder, and then r can be shown, as d was in [Art. 128], 
to be the Q-. C. F. of a and c. 

Now if a is prime to c, they can have no C. F. but 1, i.e., 
their G. C. F. is 1, and .'. the last remainder (r) must be 1. 
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217. Pbop. If a number c divides ab, the product of two 
numbers a and b, and is prime to a, it must divide b. 

Perform the operation of finding the G. C. F. of a and c, then 
since a is prime to c, we must at some one step have unity for a 
remainder. 

Let a be >c, let the quotients be gi, gs, • . . qn-n ?n> 

and the remainders r^, r,, . . . r^-i, l^ 
then a=cgi+ri; .*. ha=:hcqi+hri, . . . (1), 
c=rig,+r,; &c=&rig,+fer„ . . . (2), 

ri^r^qs+r^; hr^^hr^q^+hr^^ . . . (3), 

etc. = etc. etc. = etc. 

From (1), since c divides ha and he, it divides hfi, 
„ (2) „ &c „ hri, „ 6r,. 

„ (3) „ hr^ „ 2>ra, „ Jr.. 

Proceeding in this way we can show that c divides the pro- 
duct of h into each remainder; but the last remainder is 1; .*. 
c divides & X 1, or h. 

The same result would follow if a were <c. 

Cob. I. If&be a prime, a^ is divisible by no prime except a. 
For let c be any other prime, and suppose it will divide a", ».c., 
it divides a.a^~^ ; /., being prime to a, by the Prop, it divides 
aP^^ ; in the same way we can show that c must divide each of 
the powers of a down to a itself inclusive ; but, being prime to a, 
it cannot divide a. Hence the supposition that it could divide 
a** was absurd. 

Cob. 2. If Q is prime to a and to b, it is prime to a.b. 
For suppose c has a factor, which will divide ah, this factor 
cannot divide a, for c, being prime to a, has no factor which 
will divide a ; .'. by the Prop, this factor must divide b ; but 
this it cannot do, since c is prime to h. Therefore c and ab 
have no common factor ; .*. c is prime to ab. 

Obs. This of course includes the case of c being a prime, and 
dividing neither a nor h, and .*. not dividing a,h. 
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218. Prop. A number can he decomposed into simjple factors 
in only one way. 

Thus, if N=cPJ)^,<f . . . , (i), and also -^^=a» jSy.c* . . . , (2), 
where a, 5, c, . . • are all primes, and all different, and 

then a must be equal to one of the primes a, 2), c, . . . , say a, 
and then x must be equal to p. 

For if a is not equal to one of the primes a, 2>, c, . • . , it cannot 
divide any of their powers o^, &*,,,. , (Art. 217, Cor. i); 
.•. it cannot divide the product a*. ft*. . . . , (Art. 217, Ohs,). 

But from (2) a divides N, and .*. from (i) it divides the 
product aP,h^ . . . 

These results contradict one another; .*. a is equal to one of 
the primes a, &, e, . . . , let a=a. 

Similarly each of the primes j3, 7, etc. is equal to one of the 
primes &, c, etc., say jS=6, 7=c, etc. 

Further, if a;>^, we have 

¥.<f. . . . =a'^^.hy,d' . . • 

Here a divides the right-hand side; but, since it is prime 
to 5, c, etc., it cannot divide the left, and this is absurd; 
/. X is not greater than p. 

Similarly it can be shown that p is not greater than x; 
/. x=ip. Similarly y=q, etc. 

219. If a number is a perfect square, it is the product of two 
numbers exactly alike, and therefore pj q, r, etc. are all even, 

P 9 r £ 1 Z 

and a^b^(f ... is the product of a^h^c* . . . y,a^J?<? . . . 
Also ^is not a square unless i?, g, r, etc. are all even. 

220. Ex, Find the least number the product of which by 
2250 will be a square number. 

We have 2250=5».3«.2, and 6».3«.2x5.2=6*.3«.2«. 
Now this last is a square number, since all its indices are 
even; .*. the required number is 6.2=10. 
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EXAMPLES.— XLV. 

1. Find the least number the product of which with 1500 will 
be a perfect square. 

2. Find the least number the product of which with 1500 will 
be a perfect cube. 

3. Find the least number the product of which with 14175 
will be a perfect cube. 

4. Find the least number the product of which with 1323 
will be a perfect fourth power. 

221. Pbop. To find the various divisors^ or factors, of a 
number. 

Denote the number by N^ and its composition by c^.h^.d^ . . . 

As in Art. 218 it is easily seen that no number can divide N 
unless it be wholly composed of two or more of the following 
numbers, 

1, a, a*, a', . . . , c^j 

1, 6, 6', , 6', 

etc., 
multiplied together, «.e., that it must be a term of the product, 
(l+a+a«+ . . . +a*)(l+&+ . . . +&*) . . . ; 

and that every term of this product is a factor of N, 

Cor. I. The mm of the factors of iV is this product, and 

aP+i-1 6«+i-l 

Cor. 2. The number of the factors of N is the number of 
terms in this product, and .*. =(i?+l)(g'+l) • • • 

If ^ be not a square number, one at least of ^, g, r, etc. is 
odd, and one of the factors p+l> etc- is even, and therefore the 
number of factors of .^7'is even. 
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Cob. 3. To find the number of ways in which N can he resolved 
into two factors. 

Each of the factors of N must be paired with another factor, 
such that the product of the two may be N; thus we have one 
way of resolution for each pair of factors. Hence, if N is not a 
square number, the number of ways required is half the number 
of factors of ^, and .*. =js{p+l){q+l) . • . 

If, however, ^ is a square number, one way is formed by 
repeating one of the factors, viz., js/N, and multiplying it into 
itself, hence the number of ways required is half the number of 
factors oi N increased hy unity ^ and 

. _ Cp+i)(g+i) . . . +1 

222. Ex. 144=3«.2*. 
Its factors are 1, 2, 2', 2% 2*, 

3, 
3^ 

and their number is (2+l)(4+l)=l^« 

The ways in which it can be resolved into two factors are 
lx3«.2S 2x3^2», 2«x3-".2«, 2»x3«.2, 2*X8% 

3x3.2*, 3.2x3.2», and 3.2«x3.2«. 

Thus«3.2' has to be multiplied into itself to maJce up 144; 
hence in pairing the factors together we bring in another, 3.2', 
to pair with the one we have already, and then half the number 
of factors so increased is the number required. 

223. Required the number of ways in which a number (N) can 
be resolved into two factors, so that one factor of any pair is prims 
to the other. 

Denote the composition of .^by cFJf.if ... 

Now in each pair one factor must contain c?^ and the other 
factor cannot contain a at all, for otherwise the factors would 
not be prime to one another ; similarly for 2>', etc. Thus, we 
shall have just the same number of ways, to whatever powers 
a, Z>, etc. are raised. Hence the number of ways required is the 

N 



., 2, 2», 2% 2S ) 

I, 3.2, 3.2«, 3.2», 3.2*, \ . . (il), 

;», 3«.2, 3^2% 3«.2», 3«.2*, j 
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same as the number of ways in which the number a.&.c . . . can 

be resolved into two factors, and /. =^ ^^-5 — ' =2^~^, 

n being the number of the primes a, h^ e, etc. 

examples;— XLVL 

Find the various factors of each of the numbers, 
I. 225. 2. 42237. 3. 1764. 4. 48400. 

See Examples xliv. i, 6, lo, 14. 

Find also their number and sumj and the number of ways in 
which each of the above integers can be resolved into two 
factors, and into two prime to one another. 

5. Find the sum of all numbers less than a number and 
prime to it. 

224. Let a be a given number, h any number. 

Divide h by a, let g be the quotient, and r the remainder ; 

.•. 6=gra+r, or h—r-=qay . . (i). 

If &<a, g=0 ; if & be a multiple of a, r=0. 

Hence any number can be expressed in the form ga+^j 
where g is zero or some positive integer, and r is zero or one 
of the integers 1, 2, . . . g— 2, g'— 1; this limitation will 
always be supposed to be placed on the symbols g and r, or 
whatever stand in their places, whenever a number is expressed 
in this form. 

225. Foreign writers have a different phraseology at this 
point. Instead of saying 

h on division by a gives a remainder r, they say 

h to modulus a is congruent to r, 
and instead of expressing this fact algebraically, as in (i), they 
write 

5^r (mod. a), or &— r=0 (mod. a), . (2), 
it being very seldom important to mention the quotient g. 
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Each of the modes of expression in (2) is called a congruence ; 
and all numbers, which on division by a give a remainder r, 
are said to be congruent to each other to modulus a. 

226. Note. 4m+3=4(m+l)— 1, which is of the form 4m— 1. 

Similarly, if r exceeds -^ , g'a+^=a(2'+l)— a— »". 

Any even number is of the form 2n. 
Any odd „ 2n+l. 

227. Ex, I. Every square number is of one of the forms 
5m, 5mdbl. 

Every number is of one of the forms 5n, 5n±l, 5n=t:2. 

Now (6n)* = 5.(6n*) which is of the form 5.m, 
(5n±l)»=5.(5n«±27i)+l „ 5.m+l, 

(67idb2)*=5.{5n*db4n+l)-l „ 5.m-l. 

Ex, 2. If n is an odd number, (w*+3)(w"+7) is divisible 
by 32. 

Since n is odd it is of the form 2ot+1 ; 

.-. (n»+3)(n»+7) = (4m»+4w+4)(4m*+4m+8) 

=16(7w*+?n+l)(w*+m+2). 

Now m*+m+l, m*+^+2 are two successive numbers, and 
.'. one or other must be even, i.e., divisible by 2 ; 

... (n«+3)(7i«+7) is divisible by 32. 

It is easily seen that it is m^+m+2 which is even, for it 
=m(m+l)+2. Now w?(m+l) must be even, since m and 
w+1 are successive integers. 

Ex, 3. Every prime greater than 3 is of the form Gwil. 

For every number is of the form 6m, 6mdbl, 6m ±2, and 
6ot+3. 

Now 6m, 6m±2, are divisible by 2, and 6m +3 is divisible 
by 3 j .'. these cannot represent primes; .'. primes >3 can only 
bo represented by 6m ±1. 
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EXAMPLES— XLVII. 

1. If w be odd, n(n*— 1) is divisible by 24. 

2. The difference between any number and its square is even. 

3. Prove that the sum and difference of any two odd, or of 
any two even, numbers are even. 

4. The sum of any three odd numbers is odd. 

5. Any powjBr of an even number is even, and of any odd 
number, odd. 

6. Every prime number greater than 2 is of the form 4ndbl. 

7. Every odd square number is of the form 4n+lj and also 
of the form 8n+l. 

8. Every even square number is of the form 4n. 

9. The sum of two odd squares cannot be a square. 

10. The difference between any two odd squares is divisible 
by 8. 

1 1. If the sum of two squares is another square, one of the 
three is divisible by 5. 

1 2. Show that every cube number is of one of the forms 7n, 
7n±l. 

13. Show that n*— 4n»+5^*-"27i is divisible by 12 for all 
integral values of n above 2. 

14. If n be a prime greater than 3, then either n*+n^2 or 
n"— n— 2 is divisible by 18. 

15. The difference of the squares of any two prime numbers 
greater than 3 is divisible by 24. 

16. Show that to modulus 6 every number is congruent to its 
cube. 

. 17. The sum of the cubes of two whole numbers, one next 
greater and one next less than a multiple of 3, is divisible by 86. 
18. Find the form of r in order r(r— 1) may, when divided by 
7, give an odd quotient. 
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19. Prove that n'— » is always divisible by 30, and if n is 
odd by 120. 

20. If n>-2, n+2 be both prime numbers greater than 5, 
prove that w, when divided by 30, will leave a remainder 9, 15, 
or 21. 

21. Find a series of square numbers which, when divided by 
7, leave a remainder 4. 

22. If •» be an even number, n'+20n is divisible by 48. * 

23. Show that (27i+l)2«*-l is divisible by 8. 

24. K a cube be divided by 9, the remainder is 0, 1, or 8. 

25. If a*+&«=c% then aJbc is divisible by 60. 

26. The twelfth power of a number is of the form 13n, or 
13/1+1. 



228. Prop. If a is prime to b, and if the same remainder is 
left after dividing^ 6y a, two numbers of the form mb+k, m'b+k, 
then m and m' differ by a multiple of a. 

Let r be the remainder, g, q' the quotients ; then 
mb+k=qd+r, w'&+A;=g'a+r; 
.'. (m— ?w')6=(g— g^)a. 
Hence a divides (m^m')h ; but it is prime to 6; .'. it divides 
m^m' ; in other words, m^m* is a multiple of a. q.b.d. 

Cob. I. No two of the numbers 0, 1, 2 . . . a— 1 differ by 
a multiple of a, each being less than a ; .*. if the numbers 

h^ b+k, 2&+A;, . . . 'a^lb+h, . (i), 

be divided by a, the remainders are all different, and their 
number being a, and each less than a, they must be the numbers 

0, 1, 2, 3, . . . 5:1:2, 'i^l, . . (2), 
though, of course, not necessarily occurring in this natural order. 

CoR. 2. Let nb+k be any one of the numbers in (i), divide 
it by a, let r be the remainder, and q the quotient; so that 
nb+k=^qa+r. 

Now if r and a have a common factor it must divide n5-V^\ 
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therefore amongst the numbers in (i) there are as many as 
amongst those in (2), which have a factor in common with a. 

Hence the number of those which are prime to a in (i) and 
in (2) is the same, or, in other words, the number of integers in 
(i) which are prime to a, is the same as the number of integers 
less than a and prime to it. 

229. We use the symbol F{cii) to denote the number of integers 
(including 1) less than a and prime to it. 

230. Prop. If a artd b are two numbers, prime to one anotJier^ 
required P(a.b), i.e., required the number 0/ integers less than the 
jproduct a.b and prims to it. 

The first ab numbers can be arranged thus : — 

J-| My O, •.• nT, •.• Oj 

h+1, 5+2, 6+3,... h+k,,.. h+b, 

2&+1, 26'+2, 26+3,... 26+it,... 26+6, 






• f • * * 



. .... 



(a-.l)&+l, (a_i)j+2, (a-l)6+3..(a-l)6+Jfc..(a-l)6+6. 

We will now examine these numbers, and reject those which 
have a factor in common with a or 6. 

Consider any one column, e.g., the A;th. If X; be prime to 6, 
each number in the column is prime to 6 ; but if k and 6 have a 
common factor other than 1, it must divide each number in the 
column, and, therefore, the whole column must be rejected. 

Now in the first line there are P(6) numbers prime to 6. 

Hence there are P(6) columns of numbers prime to 6. 

Let the kth be one of these. Then (Art. 228, Oob. 2) the 
number of integers in it prime to a is P{a). 

Hence each of the P(6) columns of integers prime to 6 contain 
F(a) which are prime to a* 

Hence amongst the first ab natural numbers there are 
P(a) ^^(.6) which are prime to a.b ; 

.-. P(a.6)=P(a).P(6). 
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Cor. I. Evidently P(2)=l. 

Let M be any odd number, then 2 is prime to M\ 

.\ F{2M)=F(2).F(M) 

=P{M). 

Cor. 2. Let a, h, c, , , , h, k he a, set of numbers in which 

each is prime to each, and therefore to the product of any, of the 

others. Then 

F(a.h.c . . , h.k)=F(a)F(h,c . . . h.k) 

F(b.c . . . h.k)=P(b)F(c h.k) 

etc. = etc. 

F(h.k)=F(hyF(k) 

.-., multiplying, P{a.hx . . . h.k)=^F(a),F{b),F(c) . . . P{h).P(k). 

231. We will apply this formula to prove the well-known 
Prop. To find the number of integers less than a given number 
and prime to it. 

Let N denote the given number, c^b^<f ... its composition. 

Amongst the natural numbers 1, 2, 3, . . . a^— 1, a**, the 
only ones not prime to a are the various multiples of a up to a**, 
or a, 2a, 3a, . . . c^~\ a**, i.e., the numbers which are the pro- 
ducts of a into each of the numbers 1, 2, 3 . . . c^~\ and 
.•. their number is o^"^ ; 

.-. P((^)=aP-aP-^=a''/^l— i.]. 

Each of the factors a**, h^, c*", . . . being prime to each of the 
others, we have, Art. 230, Cor. 2, 
F(N)=P(c^).F{b').P{(f) ... 

-H)H)('4)-- 
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Note. — ^Here 1 has been cousidered as a number prime to ah. 
If not, we should have as our residt 

^(-^)('-t)('-|) • • • ->• 



EXAMPLES. — XLVIII. 

1. Find the number of integers less than 360 and prime to it. 

2. „ „ 1023 

3- ,» 99 1764 „ 

4. „^ „ 1000 

5. Show that if any number of square numbers be divided by 
a given number Mj the greatest possible number of different 

remainders is -o^+l* 

6. The sum of the numbers less than a given number N, and 

prime to it = 2" ^ *^® number of numbers less than ^and prime 
to it. 

232. Peop. The product of any n successive integers is divisible 
hy\^ 

Let m be the greatest of the integers. 

«,, Wm— 1) . . . (m— n+1) . , * , . 

Inen — ^ ■, — ^ -'= the number of combma- 

'— 
tions of m things taken n together, and is .'. an integer; 

/. m(m— 1) . • . (771— n+1) is divisible by | n. 

Cor. If m is a prime and greater than n, it is prime to each of 
the numbers 1, 2, 3, . . . n, and therefore to n ; 
/, In must divide (w— 1) . . . (m— 7i+l), Art. 217; 



. (m-1) . . . (m-n+1) . 

•. -^ r^ IS an integer, 

, »n.(m— 1) . . . (771— n+1) ,.. , ^ 

and — ^ — I — ^^ ■ — - a multiple of m. 
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In the same way, if we recognise any expression, in the form 
of a fraction, to be the sum of a number of integers, we know 
that its numerator is divisible by its denominator. 

EXAMPLES.— XLIX. 

1. Show that n(n+l)(2n+l) is always divisible by 6. 

2. Show that (^+2) (2? +3) .-. . (i?+w) is divisible by | n, 
if J9+1 is prime. 

3. If n, ^, ^ be all integers . and n=^+2^) prove that 

n 

is a whole number. 



4. Kp be a prime, the coefficients of (1+a;)^^^ will diflfer from 
multiples of p by 1, in excess or defect alternately. 

5. K p be a prime, and A^^ Ax<t A^^ etc. be the coefficients 
of (1+ic)^^ then udo— 1, ^i+2, ud^— 3, ^^8+4, etc. will be 
multiples of j?. 

233. Fermat*s Theorem. If^^ he a prime, b a number jprime 
to p, then y*~^— 1 is divisible by p. 

If ft,26, . . . (p-l)5, . . (I.), 
be divided by p, the remainders must be the numbers 
1, 2, . . . (i?-l). 

(i.) The remainders are all different. For, if possible, let two 
of the numbers in (I.), say mb and nb, give the same remainder 
r ; denote the quotients by s and t ; 

.•. mb=sp-\-rf 

7ib=tp-\-r ; 

.•. (m— w)6=(«— <)2?; 

/. p divides (m— w)ft, but is prime to 5, and therefore divides 
972— 7^; but this is absurd, since m and n are both less than^; 
/. the remainders are not the same. 

(2.) No remainder is since p is prime to each factor of each 
dividend, and .*. cannot divide any one of the dividends. 
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(3.) Hence the remaiuders being all different their number 
must be^— 1, and since each must be <'p and >0, they must 
be the numbers 1, 2, ... ^—1, though not occurring in this 
natural order, and the numbers in (I.) must be of the form, 

ni^+1, n,^+2, . . . n^ii?+i?— 1; 
.•. their product is a multiple of ^+|^— 1, 

«.c., |j?— 1& ^^^= a multiple of ^+|i^— 1 > 
.•. |j?— 1( 5^-^—1) is divisible by^. 
But^ is prime to each factor of the product |j?— 1 , and .*. to 
|j?— 1 itself; 

.•. 6^^— 1 is divisible by 'p. 



234. Febmat's Theobem. Another Proof. 

Ifxi 6c a 'prime and N prime to n, then N*^""^— 1 is divisible hy n. 

We have 

In 

On the right hand of this equality each term, which is not simply 

the nth power of one of the symbols a, 6, etc., has a coefficient 

In 
of the form j — j-g= , which, being the number of combinations 

of n things taken altogether, a being alike, P alike, etc., is a 

whole number. But n being a prime is not divisible by any 

[n-l 
factor in ja I )S . , . ; .•. j — | q . is an integer, and the 

term is a multiple of n. Hence we may put 

(a+h-^-c-^- etc.)"— (a"+6'*+ etc.)= a multiple of n. * 
Now put a=5=c= etc., and let there be ^of these symbols , 
.-. -^»— ^, t.e., ^(-^»-»— 1)= a multiple of n; 
but, N being prime to n, it is iV**-*— 1 which is divisible by n. 
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235. Ex. I. If n is >2, it is odd; /. n— 1 is even; 
.-. we may put -^»-i-l=(iV^-.l)(iV^+l); 

n-l n— 1 

•'. ^ ^ —1, or .AT^+I, must be divisible by n\ 

n-l 

/. ^ ^ is of the form winzhl. 

JK». 2. If a; is prime to 91, a;"— 1 is divisible by 91. 

For since x is prime to 91, it is to 13 (91=13.7), and 13 is 
a prime; .*. a;^*— 1 is divisible by 13. 

Also X is prime to 7, and 7 is a prime; .•. a?*— 1 is divisible 
by 7, but a;"-l=(ic«+l)(a;«-.l), and .-. is divisible by 7. 
Now 7 and 13 are prime to one another ; 

.*. a;"— 1 is divisible by their product 91. 



EXAMPLES.— L. 

1. If j^ be a prime greater than 2, ^•—1 is divisible by 28. 

2. If n be a prime >-^, then ^»-»+-^»-»+ . . . •\-N-\-\ 
is divisible by n, 

3. If ^ be prime and N prime to J9, ^+«+---+«>-ij-i jg 
divisible by^*. 

4. Prove that a;*«— y" is divisible by 91, if x and y be prime 
to 91. • 

5. If n be a prime, 2«-i+3'*-'+ . . . +n-.l|«-*+2 is 
divisible by n, 

6. If ^ be a prime not a sub-multiple of a, then the sum of 
the remainders, when a, a*, . . • a*^^ are divided by ^, is less 
by 1 than a multiple of ^. 

7. If ^ be a prime, a and a— 1 integers not multiples of 
^, and m any integer, show that a**"*"* +«**"*"*+ • • • +0**^ 
is divisible by ^. 

8. If ^ be a prime number and n not divisible by^, show 
that n^+i)i'(p-«— n^'tP-^ is divisible byi?». 
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9. K n be a prime number and x any integer, prove that the 

n-3 

remainder, on dividing a; * by w, is either 0, 1, or n— 1. 

10. If n be a prime number and N be not divisible by n, 
prove that ^n^-w'^-.l is divisible by n*". 



236. Wilson's Thborbm. If ^ is a prime, l+|p— 1 is 
divisible by p. 



Let h be one of the numbers 2, 8, . . . i?— 2, . (i), 
then b is prime to p, and therefore if the numbers 

ft, 26, 36, (6-1)6, 6% (6+1)6, . . . (j>-l)b, 
be divided by pj the remainders are all different (Art. 233, i) ; 
.'. one and one only is 1. 

Also 1 is not the remainder from the division of 6, 6', 6(^—1) ; 
for 6 when divided by p gives 6 for remainder, and 6(^—1), 
or (6—1)^+^—6, gives ^—6 for remainder, and if 6* gave 1 for 
remainder, 6*— 1, i.e. (6—1) (6+1), would be divisible by py 
but this cannot be (Art. 217, 06s.), since both 6—1 and 
6+1 are prime to^. Hence one and only one of the products 
26, 36 . . . 6(6—1), 6(6+1) . . . 6(^—2) give 1 for remainder 
when divided by p. Hence for each of the numbers in (i) we 
can find one other and only one, such that the product of the 
pair is of the form^n+1, n being an integer. 

But the product of any number of integers of this form is still 

of the same form, viz., 1+ a multiple of^; .*. 2.3.4 . . . p—2 
is of this form, being the product of all such pairs of factors as 
described above ; 

/. 2.3.4 . . . ^—2=^.771+1, 
m being an integer. Multiplying by^— 1, we have 

\p—l =p.m{p''l)+p^l ; 
.'. \p-'^ +'i-=p{mp-m+l)y 
and .'. is divisible by j?. 
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237. Ex. !• If i? is a prime and >2, 1 1^^ | +(-1)^^ 

is divisible by^. 

For^ is of the form 2n+l, where n is an integer; 
.'. 271=^—1, 2?i— 1=^—2, . . . w+2=^— n— 1, n+l=^— n ; 
.-. 2n(2w-l) . . . (n+2)(w+l) is a multiple of i?+(-l)«[n; 
... l+[^--l=l + |2n=l + |n.(n+l)(n+2) . . . 2n 

=1+ a multiple of^+(— l)'»{|_n}*; 
.-. l+(-l)^{|n}«, and .-. (-.l)n+{|n}«, is divisible by^?. 

If^ is of the form 4w+l, n=2m; .'. (— 1)»»=1, and j? is 
a factor of the sum of two squares, 1 and {W}*. 

EXAMPLES.— LI. 

If n be a prime, prove that 

1 . 2(n — 1)1 71 — 3 — 1 is divisible by n. 

.. i'-2'.3'.4:r: ■ . (»-5)(«-4)(^-i)+i,,^ ^^g^^. 

3. 1— (— l)**!^— 1 1 71—^ is divisible by n. 

4. The series of squares 1', 2% 3», . . . (^^ J leave each 
a different positive remainder when divided by a, if a is a prime. 

238. Prop. To find the highest power of a prime a, which is 
contained in the product \ m. 

Let Ni be the number of integers not >m containing a but not a', 

N^ „ „ a* „ a% 

and so on. 

Hence amongst the numbers 1, 2, 3, ... f» we have a 
repeated ^1 times ; .*. a^» is a factor of |_m. 

Also we have a* repeated N^ times ; .*. a^* is a factor of [w, 
and „ a« „ c^» „ 

and so on ; .•. a^i+2^H-8^k+. . . jg ^ factor of [w, 

and this is the highest power of a in [m. 
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We will now express this in a form more convenient for 
application. 

Let ni denote the greatest integer in — » 

Then the integers not >m, containing a, are 

a, 2a, 3a . . . n^a ; 
.*. there are n^ integers which contain a, including those which 
contain a', a' ... ; 

.-. ni=-K^i+^a+^8+ etc. 
Similarly there are n, integers which contain a*, a% etc., 

.•. n2=:^,+j^,+ etc. 
^,=-^,+-^4+ etc.; 
.'. tii+W2+W8+ etc. =^i+2^,+3^8+ etc. 

239. Induction is often useful in problems where it is required 
to prove that a certain form is divisible by a given number. 

Ex. I. The integral part of (3+ isjhY-\-\ is divisible by 2'», 
n being a positive integer. 

Let /denote the integral part of (3+ V^)**, ^its fractional 
part; 

.-. /+i^=(3+V5)'». 
Now 3— /y/5, and .'. (3— V^)**> ^^ * proper fraction. 

Put i^=(3- V5)«. 
Therefore 7+^+^=(3+ V5)^+(3- V5)» 
= an integer, since all the irrational parts disappear, and all 
the coefficients are integers (Art. 232) ; 

.'. F-\-F' is an integer, and ,\ =1 (see Art. 103) ; 
.-. 7+l=(3+ VS)«+(3- V5)'»=^» say. 
When n=l, we have 5i=6=2.3, 

n=2, „ ^,=2(3«+5)=28=2«.7; 
•*• the theorem is true when n=l^ and n=2. 
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Suppose it to be true, when n=7», and when n=77i+l, say 

Now >S,«+i=(3+ V5)"»+^+(3- V5)"*+S 
and6=(3+V5)+(3- V^); 
.-. 6S«+,=(3+ V6)-+«+(3- V5)'»+* 

+(3+ V5)(3- V5){(3+ V5)'«+(3- ^5)"*}, 

.-. S«+,=6.2'»+^&-4.2'».a=2'»+»(3&-a); 

.'., by Induction, 5,»+a is divisible by 2'*+*. 

240. Ex, 2. To prove that 2«»-3n— 1 is divisible by 9. 
Let/(n)=:2«'»-3w— 1; 
.•.y(w+l)=2^'*+«-3(w+l)-l ; 
,-.yi(»+l)-./(n)=2«'*+«-22«-3=3.2««-3=3(2«'*— 1) 

=3(2'»-l)(2'»+l). 
Now 

2'*=(3-l)»=3'»-n.3»-i+'?^^^-8«-«-etc.±.n.3q=l 

= a multiple of 3::pl ; 
/. either 2^+1, or 2^—1, is always divisible by 3; 
.•.y(n+l)— y(w) is divisible by 9 ; 
.*. when/(7i) is divisible by 9,/(n+l) is also. 
Now/(2)=16-6-l=9; 
.•.y(3) is divisible by 9 ; .% /(4) is also, and so on generally. 

EXAMPLES.— LII. 

1. If n be any prime number except 2, the integral part of 
(V5+2)'»-2»+» is divisible by 20n. 

2. Show that, if x be any prime number except 2, the integral 
part of (l + ,^2)* diminished by 2 is divisible, by 4a;. 

3. Show that 2^"+^-97i2+3n— 2 is a multiple of 54. 

4. Prove that 7^^+16n— 1 is divisible by 64, if w be a positive 
integer. 

5. Find the highest powers of 5 and of 25 contained in 1 30. 
6.- „ „ 3 „ 6 „ [16. 
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241. Pbop. The number of primes is infinite. 

For let ^ be a prime; then the continued product 
1.2.3.6.7 . . . j> of all the primes up to p is divisible by each 
of them; .*. 1.2.3.5 . . . p+1 is not divisible by any one of 
them except 1. 

Now let 1.2 .. . p+l be resolved into its prime factors. 
Since it is not divisible by any number so small as p, each 
of its prime factors must be greater than^, t.e., there is a prime 

>P' 
Thus we have shown that whatever prime p may be, there is 

always a prime greater than it. Hence the number of primes is 

infinite. 

242. Any prime >3 is of the form 6m±l, Art. 227, Ex, 3. 
But every number of the form 6m ±1 is not necessarily a 

prime ; and in fact 

No Algebraical formul-a can represent primes only. 
For let a-\-hx-\'Cx*-\' etc. be an Algebraical expression which 
represents primes for some values of Xy the symbols a, ft, c, etc. 
representing constant numbers. 

Let a+hx+cx^^ etc. ^ a primes, when a;=m. 
Put a;=7?i+wp, then the expression becomes 
a+h(m-\-np)-{-c{m'\-npY-\' etc. 
s=s a +&m+ cm' + etc. + a multiple of j? 
=^+ a multiple of ^. 
Hence the number now represented by the expression has p 
for a factor, and therefore is not a prime. 

Therefore the expression a+6a;+caj*+ etc. does not always 
represent a prime for every value of x. 

For further information on the subject of this Chapter, see 
Peacock's Algebra^ Barlow's Theory ofNumhers, Serret*s Alglbre 
Sup&rieure. 
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243. In the problems we are about to discuss the chief 
difficulty is in understanding the ideas involved, and the terms 
employed ; the Mathematics necessary for their solution being of 
a very simple character. 

We shall therefore venture, by way of introduction, upon a 
somewhat lengthy explanation, for which we beg the student's 
careful attention. 

244. We commence with the following example. 

Ex. A record has often been kept of the ages of all persons 
who have died at a certain place through a long sequence of 
years. 

Now, on examining such a record up to the end of each year, 
suppose we find the numbers, amongst those who have died up 
to that instant since the beginning of the record^ (i) ^^ those 
who were over 1 year of age at the time of death, (2) of those 
who were over 26. These numbers would continually increase, 
of course, as we continued to take in, at each examination, one 
more year, and we should see that the ratios of the second to the 
first differed continually less and less from some one ratio. 

As a matter of fact it was found at one place that this ratio 
was 560 : 1000, or 14 : 25. 

We should then say that the jprohdbility of any person, whose 
age at death had been recorded, and whom we knew to be over 
1 year at death, being also over 26 years, was 14 : 25. 

Here we considered a succession of persons, each possessing one 
general characteristic, namely, dying at this place after reaching 
the age of 1 year. This characteristic is common to them all, 
and distinguishes them from all others whose deaths are recorded, 
so that by it we are able to class them together. 
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Further in this succession we considered a certain jparticular 
section, each member of which, besides the general characteristic 
of being 1 year old, or over, at death, possessed an additional 
characteristic of being 26 years, or over, at death ; and we sought 
the probability of any one, whom we are told belonged to the 
general class, belonging also to the jparticular section. 

245. The following is a general definition of the term 
Frohahility, 

Suppose that we have a succession of things (or events 
or persons), each possessing some general characteristics, on 
account of which they can be classed together, and that amongst 
them is a section, each member of which, besides the general 
characteristics, possesses an additional attribute, which distin- 
guishes this particular section from all the other things. Then 
if, on taking any large number of the general things, we find 
that the number of particular things amongst them tends to 
bear to it a constant ratio, this ratio is called the Probability 
of any one of the general being also one of the ^particular things. 

246. Ex, Thus if, by taking notice of a large number of ships, 
of the same class, and sailing under the same circumstances, we 
find that on the average three in a hundred are wrecked, we say 
that the probability of any one of such ships being wrecked is 
3 : 100. 

247. Of course this ratio, like all others, is represented by a 
fraction, having the antecedent and consequent as numerator 
and denominator. Thus in Art. 246 the algebraic representative 
of the probability is j§^. 

248. In most of the cases, with which we have to deal in 
practice, it is only when we take large numbers of the general 
succession that we find that the ratio is constant. At first, when 
small numbers are taken, the ratios have large differences, but if 
by taking more and more of the succession we find that the 
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fractions diflfer by less and less from some one fraction, then we 
say that this is their limit and represents the probability con- 
sidered. If no such limit exists, then there is no definite 
probability that any one of the general succession is also one of 
the particular class. 

The reader must bear in mind then, that it is only when large 
numbers are considered that the results of our investigations can 
be expected to correspond, with any degree of accuracy, to the 
actual state of things. Thus we should make our calculations 
as if 3 wrecks had occurred in every 100 ships that had sailed, 
whereas actually a wreck might not have occurred till we came to 
the 500th sailing. Also in Art. 244 we should reason as if 14 
out of every 25, who were more than one year of age, survived 
to the age 26 ; but it would be only when we worked with large 
numbers that our results woidd agree with experience. 

249. Ex. Again, suppose that a ball is drawn from a bag and 
then put back, and this repeated for a great number of trials, 
and that we draw white, black, and red balls, and no others. 
If now, on keeping records of the number of times a white, 
black, and red ball is drawn, it is found that the ratios of the 
number of appearances of the white, black, and red balls to the 
whole number of drawings tended respectively to the following 
ratios :— 27 : 100, 53 : 100, 20 : 100, then the probabilities that 
any one particular drawing had produced a white, black, or red 
ball would be represented by ^^^, -j^, -J-. 

Also it would be said that it was 27 to 73 for, and 73 to 27 
against, a white ball having appeared at any one drawing ; and 
that the odds were 80 to 20 (i.e., 4 to 1) in favour of, and 1 to 
4 against, a white cr a black ball having appeared at any one 
drawing. 

250. We have supposed that notice has been taken of how 
many only, and not which, of the general succession belonged 
also to the particular section. That is to say, we are ignorant 
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of the particular circumstances of each individual thing, having 
a knowledge of the aggregate only. This is sufficient to enable 
US to settle the probability required. 

251. If every one of the general events belongs to the parti- 
cular section, then it is said to be a certainty that any one of 
the general events belongs to the particular section. Also the 
number of those belonging to the particular section is equal to 
the number of general events. Hence the probability of a cer- 
tainty is represented by 1. 

252. The words i^nce and prohahiUty are used as synonymous. 

253. The following is an instance of the use we can make of 
probabilities. 

In many cases, when we have actually observed only a certain 
portion of a succession, we are enabled to infer, by induction, that 
the probability, found to exist amongst the observed members of 
the succession, exists also amongst those which have not been 
observed. 

Thus we should conclude that 3 : 100 is the probability of 
any ship being wrecked, of the same class, and sailing under the 
same circumstances as those in Art. 246 ; taking no account of 
whether it is a ship that has sailed in the past or will sail in the 
future ; and that ^ represents the probability of any infant of 
the age of 1 year living to be 26, if the circumstances of his 
life do not differ from the generality of those of which a record 
was made. 

254. We add some more examples. 

Ex. I. If, on the average 1 man in 10 is under 5 ft. 6 in., 
and 3 in 40 have red hair, what is the probability that any one 
man is both red-haired and under 5 ft. 6 in., it being assumed 
that the colour of a man's hair has no effect on his stature ? 

Since in every 40 men 8 have red hair ; .% in every 400 men 
80 have red hair. 
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Now 1 in every 10 is under 5 feet 6 inches ; .'. amongst the 
30 who have red hair there are 3 who are under 5 feet 6 inches. 
Hence in every 400 men, 3 are both red-haired and under 6 
feet 6 inches, t.e., the probability required is 3 : 400, 

Ex, 2. If one man in 30 is 6 feet at least, and, of those under 
6 feet, 1 in 40 is 5 feet or under, what is the probability of a 
man being between 6 and 6 feet ? 

Since 1 man in 30 is 6 feet at least, 29 in 30 are under 
6 feet. 

Now consider 1200 men. Of these 1160 are under 6 feet; 
and, since 39 in 40 are over 5 feet, .*. of the 1160 men 1131 are 
over 5 feet. 

Hence of 1200 men, 1131 are within the specified limits, or 
the probability required is 1131 : 1200, or 377 : 400. 

Ex. 3. If 1 man in 30 is 6 feet or over, and 1 in 40 is 5 feet 
or under, what is the chance of a man being between 6 and 6 
feet? 

Out of 1200 men, 40 are over 6 feet, and 30 are 5 feet at 
most; .-. 1200—70, or 1130, are between 6 and 6 feet; .% 
the required chance is 113 : 120. 

255. In a large number of cases we have no observations, on 
any portion of the succession, recorded, but are expected to deter- 
mine what the aggregate of the succession will be from d priori 
considerations, drawn from the circumstances under which it b 
to take place. 

Thus, if we have 3 white, 4 black, and 11 red balls in a bag, 
we determine what the aggregate will be from the assumption, that, 
in the long run, out of every 18 times that a ball is drawn and put 
back, a white ball will be drawn 3, a black 4, and a red 11 times. 

AgaiD, if a coin is tossed, it may be fairly assumed that it 
will turn up heads as often as tails. 

Conversely, if we knew that we had 12 balls in a bag, and 
that the chance of drawing a white ball was J, we shoidd con- 
clude that there were 4 white balls. 
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256. And in general, if there are h ways in which an event 
may happen, and there is no d. priori reason why one should 
occur rather than another (or, as it is sometimes expressed, all 
the ways are equally likely), And if a is the number of ways in 
which the event may occur, so as to be of a particular section, 
then it is assumed that, in the long run, it will be of this section 
u out of every h times that it happens. Hence the probability 
of its thus happening is a : &. 

This is the same as assuming that this known numerical ratio, 
existing amongst the possible, or equally likely, ways, is a cause 
so much more efficient than any other for determining the 
aggregate of the succession, that the effects of all other causes 
may be neglected in comparison. 

EXAMPLES LIIL 

1. What is the chance of an ace being thrown with one die ? 
What is the chance of an ace or a six being thrown ? 

2. What is the chance of a six being drawn from an ordinary 
pack of cards ? 

3. Show that it is 10 to 3 against a court card being drawn 
from a pack. 

4. What are the odds against drawing a black or a white ball 
from a bag containing 5 white, 6 black, and 7 red balls ? 

5. What is the chance of drawing, from an ordinary pack of 
cards, a court card of the club suit ? 

6. A bag contains 20 sovereigns and 80 shillings, of which 3 
in every 10, whether sovereigns or shillings, were coined in the 
present roign. What is the chance of drawing a Victorian 
sovereign, supposing that I cannot tell a sovereign from a 
shilling by the touch? 

7. Two bags contain the same number of balls, the chance of 
drawing a red ball from one is y^^, and from the other is ^. If 
all the balls are put into one bag, required the chance of drawing 
a red ball from it 
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8. A bag contains white, black, and red balls, 12 in all. The 
chances of drawing the various kinds are respectively J, J, and J. 
Find the number of each kind. 

9. A bag contains white and black balls only, and the odds 
against a white ball being drawn are 3 to 2. What is the 
chance of a white ball being drawn ? What is the chance for a 
black ? 

10. One of two events must happen. The odds against one 
event are 7 : 6. What is its chance of happening? 

11. The chance of drawing a white ball from a bag is ^. 
Are the odds for or against such a ball being drawn, and what 
are they? 

257. In working out such problems as are referred to in Art. 
256, the difficulty usually consists in determining, (i) the 
number (5) of different ways in which the general event may 
happen, and (2) the number (a) of these ways in which it may 
happen so as to belong to the particular section. 

258. Ex, I. What is the chance of throwing exactly 12 with 
3 dice ? 

Here the general event is the throwing 3 dice, and the 
number of different ways in which this may be done is 
6x6 X 6=216 ; and, in order that any one of these may belong 
to the particular section, the sum of the numbers turned up must 
be 12. It will be seen that the following 25 throws are those 
which give 12 : — 

651, 615, 561, 165, 516, 156, 

642, 624, 462, 264, 426, 246, 
633, 363, 336, 552, 525, 255, 
543, 534, 453, 354, 435, 345, 444. 
Hence the chance of throwing 12 is -^^, 

Ex, 2. Find the probability of an ace being thrown, once at 
least, in two throws with a die. 

To make any one of the double throws, any one of the faces 
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at one tbrow may be followed by any one of the faces at the 
second throw, thus we have 86 possible different double throws. 

Now an ace may occur in any one of 11 double throws, 
namely, an ace may be followed by an ace or by any one of the 
other 5 faces, or an ace at the second throw may be preceded 
by any one of the 5 other faces at the first throw, and, there 
being no general reason why one double throw should occur more 
often than another, we assume that an ace will occur, at least 
once, 11 times out of 86, i,e. the probability of its occurring is H. 

The chance that an ace occurs at both throws is '^. 

The chance that an ace occurs at the second throw, and not 
at the first, is ^ ; and that it occurs once, but either at the first 
or at the second throw, is M=A- 

Ex, 3. What is the chance of two white balls being drawn in 
succession from a bag containing 5 white and 6 black ; the first 
ball drawn not being put back ? 

Here the general event is the drawing two balls ; and, since 
any one ball may be followed by each of the others, the 
number of different ways of drawing two balls is 11 X 10=110. 

The drawings in which two whites are produced form the 
particular section, and the number of these is 5x4=20. For 
to produce such a drawing any one of the 6 whites must be 
followed by one of the remaining 4. 

Hence the chance required =-n-. 

So the chance of a white being followed by a black is ttu^tt} 
„ black „ white -^. 

„ white and black being drawn in either 

order =^1* 

Ex, 4. One of a pack of 52 cards having been removed, from 
the remainder of the pack two cards are drawn and found to be 
spades. Find the chance that the missing card is a spade. 

The missing card may be, and is equally likely to be, any one 
of the pack except the two drawn, i.e., any one of 50 cards. Also 
there are 11 cards, any one of which it may be so as to be a 
spade. Hence the probability of its being a spade is 7^. 
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EXAMPLES.— LIV. 

1. A ball is drawn from a bag containing 5 white and 6 black, 
and replaced, and then another drawing made. Find the 
chances (i) that both balls are white, (2) that a black ball is 
followed by a white, (3) that a black and a white ball are drawn. 

2. Compare the chance of throwing 10 with that of throwing 
7 with a common pair of dice. 

3. A throws with a common die, B with one in which 5 is 
counted as a blank. What is the chance that A throws higher 
than^? 

4. A and B play with 3 dice, and the highest wins. A throws 
14 ; what are the chances of -B's winning ? 

5. There are 3 balls in a bag, and each of them may with 
equal probability be white, black, or red. A person puts in his 
hand and draws a ball ; it is white ; it is then replaced. Find 
the chance of all the balls being white. 

6. A bag contains 5 white and 6 black balls. What is the 
chance of drawing two white balls together ? What is the chance 
that a black and a white ball are drawn together ? 

7. In 3 throws with a single die, find the chances that an ace 
is thrown (i) at least once, (2) only once, (3) at least twice, (4) 
only twice. 

8. What are the chances of throwing (1)8, (2)10, with two dice? 

9. Out of a heap of 10 counters, numbered from 1 to 10, a 
counter is drawn and replaced 4 times. What is the chance that 
the sum of the numbers drawn is 33 ? 

10. What are the chances of throwing with 3 dice at one throw, 
(i) 10, (2) not more than 10? 

11. In three throws with a pair of dice, what is the proba- 
bility of having doublets once at least ? 

1 2. A man is known to have in his pocket half-a-crown in small 
silver. A coin taken from it at random is found to be a shilling ; 
show that the chance of his having another shilling is \. 
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13. A bag contains 6 coins, each either a shilling or a 
sovereign ; the 5 'priori probability that any particular coin is a 
sovereign is J. Supposing two shillings and one sovereign have 
been drawn out of the bag, what would you offer for the remain- 
ing three coins ? 

14. If a thousand counters be numbered from 1 to 1000, find 
the chance of drawing a number prime to 1000. 

15. When a coin is tossed, what is the chance that it falls heads 
twice running ? 

16. In a bag are 3 white, 4 black, and 6 red balls. If two 
balls are drawn, what are the chances that they are (i) one white 
and the other black, (2) both red, (3) one at least red? 

17. In one throw with a pair of dice, what is the chance that 
there is neither a six nor doublets ? 

259. The results of Chapters [xxxin., xxxrv.], will often be 
found useful in determining a and h (Art. 256). In fact, solutions 
of chance problems of this class merely consist of two or more 
applications of the rules for Permutations and Combinations. 

Ex, Seven gentlemen and six ladies meet at a croquet 
party, at which the game consists of two ladies and two gentle- 
men on each side ; find the chance of a given couple playing on 
the same side. 

1° For the general event. 

The number of different quartettes of gentlemen possible 
_ 7.6.5.4 _^^ 

The number of different quartettes of ladies possible 

"1.2.3.4""^^' 

Now, taking any one quartette of gentlemen playing with any 
one quartette of ladies, we can form 6 pairs of gentlemen and 6 
pairs of ladies, and therefore 36 different sides ; but we must 
have two sides in each game. Hence we have 18 games which 
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can be formed by the same set of 8; /.in all we have 35.15.18, 
or 7.5^3^2, different games. 

2° For the particular section. 

6.5.4 
There are tVq > ^^ ^0, different quartettes of gentlemen, in 

which any one gentleman plays, and 10 different quartettes of 

ladies, in which any one lady plays, and, hence, 200 different 

arrangements, so that one couple play in the same game. 

Now they are as often opposed as together. Hence the 

number of games in which they are on the same side is 

100=5«.2«; 

2 2 
/. the chance required "^^^Toq* 



EXAMPLES.— LV. 

1. Four white and 8 black balls are placed in a line; what is 
the chance that the end balls are white ? What are the odds 
against both end balls being black ? 

2. What is the chance of drawing 2 black balls and 1 white 
from an urn containing 5 white, 4 black, and 2 red balls ? 

3. A person draws 3 coins from a bag containing 4 sovereigns 
and 4 shillings; what are the odds against them being all 
sovereigns ? 

4. From a bag containing 1 white, 2 red, and 3 black balls, 
two are drawn ; what are the chances that they are both (i) red, 
(2) black ? 

5. If 20 cards are drawn from a pack, what are the chances 
that they contain (i) the 13 clubs, (2) the 4 kings, (3) the 18 
clubs and the 4 kings ? 

6. Eight persons are to play at croquet. Four of them wish 
to play on the same side, but take up four mallets at random. 
The sides are decided by the order of the colours on the stick. 
Find the probability that these four will play together. 
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7. A^ By G, Dj E take a four oar, determimDg each man's 
place by lot, find the chance that A and B are the stroke side oars. 

8. What is the chance that a person who deals at whist will 
have four trump cards and no more ? 

9. There are n books on a shelf which are taken down, 
dusted and returned. If all the ways of arranging them with 
their backs outwards are equally likely to be made in returning 
them, find the chance that they are replaced exactly as. they 
were, (i) when they are all put right ends upwards, (2) when 
right ends and wrong ends upwards are equally likely. 

10. A thief in a dark night catches four birds in an aviary, 
which contained altogether five canaries, four goldfinches, three 
nightingales, and two robins. What is the probability of his 
catching one of each kind ? 

11. Eight people sit down to a round table. Show that the 
number of ways in which they can be arranged is to the number 
of arrangements so that the same two shall sit together as 7 : 2. 

1 2. Ten people sit down to a round table. Show that it is 7 
to 2 against any two given people sitting next one another. 

13. What is the probability of drawing 4 aces from a pack in 
4 successive trials ? 

14. If the House of Commons consist of m Tories and n 
Whigs, and a committee oi p+q members be selected by 
ballot, what is the chance that it contain p Tories and q Whigs ? 

15. In 5 throws with a single die, find the chance that an 
ace will be thrown at least twice. 

16. An urn contains 3 white, 4 red, and 5 black balls; what 
are the chances of drawing (i) 1 white and 1 red and 1 black in 
3 successive trials; (2) 2 white and 2 red in 4 successive trials; 
(3) 1 white, 2 red, 3 black in 6 trials ? 

17. At a game of whist, what is the chance of dealing one 
ace and no more, (i) to a specified person, (2) to each person ? 

18. In a lottery there are 100 numbers, of which 6 are drawn, 
what is the chance that 3, and only 3, out of 6 previously 
specified numbers, are drawn ? 
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19. K we draw 4 cards out of a pack, what is the chance that 
they each belong to a different suit ? 

20. An urn contains 20 balls, namely, 6 white, 4 black, 
3 red, and 7 blue, what is the chance that, in 9 drawn at one 
time, we shall have 2 white, 3 black, 1 white, and 3 blue ? 

260. We shall now pass on to some more general theorems 
relating to probabilities. 

The word event is applied not only to the general thing, as in 
Art. 245, but sometimes also to any one of the particular ways, 
in which the general event can happen. 

Thus, in Art. 255, the drawing of each ball is an event ; but 
also we talk of the event of the ball when drawn being red, 
white, or black. 

Single Exclusive Events, 

261. Def, Events are called exclusive, if, when one of them 
does, no other one can, happen. 

Thus the drawing of single white, black, or red balls, in Art 
255, would be exclusive events. 

262. If p and q he the respective probabilities of two exclusive 
events (call them A and B) happening on any one of a succession 
of occasions, when one or other must happen, then p+q=l. 

Let ^= — • Out of the h occasions when A may happen, we 

have, a on which ^ daes happen, and .*. on which ^ does not happen, 

*— « 9) »»o<^ » » ), happen; 

h — a 

Cor. If a succession of trials be made to do anything, which 
must either succeed or fail, then if p be the chance of any one 
trial succeeding, \~-p is the chance of its failing. 

If the chance of an event happening is ^, the chance of its not 
happening is ^; and the chances of its happening, and not 
happening, are said to be even; or, it is said to be an even 
chance whether it happens or not. 
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263. Prop. If there he n exclusive events, Aj, A,, . . . . A^, 
and Pi, Pi, . . . Pn he the chances of their respectively happening 
on any one of a succession of occasions, on which one must 
happen, then the chance that, on any given occasion, one of the 
first r events happens w Pi+Pa+ . . . +pr. 

jjet ^1=—, ^j=— , . . . ^„=— ; so that, out of every c 

c c c 

occasions, Ai happens on Oi, and ^, on at, and so on. 

Since no two can happen on the same occasion, therefore on 
<*!+««+ • • • +^rj out of c, occasions one or other of the first r 
events happens; .*. the chance of some one of them happening 

. ai+aa+...+ar , , , 

on any given occasion is =i?i+i?s+. • • +Pr' 

c 

Cob. If j? be the chance of any one of r exclusive events, all 
equally likely to happen, then rp is the chance of some one 
happening. 

Compound Events, Components heing Exclusive, 

264. The following example will enable the student to under- 
stand more easily the method pursued in Art. 265. 

The chance that a white ball is drawn from a bag is -^^ and 
•^ that a black is drawn. Find the chance that, in any 
sequence of 3 drawings, 2 white and 1 black are drawn^ each 
ball being put back after it is drawn. 

Consider 1000 sequences of 3 drawings each. 

In the 1000 drawings which begin these sequences we may 
calculate that a white ball is drawn 300 times ; i,e, there are 300 
of the sequences which begin with a white ball. 

Then in the 300 drawings which come second in these 
sequences, a white will be drawn 90 times; i.e. there are 90 
sequences having a white ball at each of the two first drawings. 

Then in the 90 drawings at the end of these sequences a black 
will be drawn' 63 times ; i.e. there are 63 sequences in which 2 
white are drawn first and then 1 black. Similarly, 63 is thu 
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number of sequences in which 2 white and 1 black occur in any 

13 
given order; but we have -r|^(=3) different orders of arrange- 
ment of 2 white and 1 black balls; .*. there are 3.63 (=189) 
sequences out of 1000, in which 2 white and 1 black occur ; 

.'. TTw) is the chance required. 



265. Pbop. a and B are two exclusive events^ p is the chance 
of Ay and q^ 0/ B, happening on any one of a succession of 
occasions when either A or B mv^t liappen. To find the chance 
thaty in any given sequence of n occasions^ A wilhhappen r tirryea 
and B n—T times, 

ah 

Since j9+g'=l, Art. 262, put i?=— j9'= — , where a+h^s^c, 

c c 

Consider c^ sequences of n occasions each. 

Of the c** occasions coming first in these sequences, A will 
occur on ac^^"-^ ; so that there are ac^~^ sequences in which A 
occurs on the first occasion. 

Then of the ad^"^ occasions coming second in these sequences, 
A will occur on d^d^"* ; so that there are d^d^^* sequences in 
which A occurs on the first two occasions. 

Similarly there are a^d'^'^ sequences in which A occurs on 
the first r occasions. 

Of the a^c'*""'* occasions coming in the (r+l)th place in 
these sequences, B will occur on a^hc^"'^^'^ \ so that there are 
a'*5c'*'"''~^ sequences, in which, A occurs on the first r occasions, 
and then B on the next occasion, and so on generally. Hence 
we have a^V^"^ sequences, in which, A occurs on the first r 
occasions, and then B on the remaining n—r. 

And in the same way we can show that there is the same 
number of sequences, in which A and B occur, r and n^r 
times respectively, in any given order of arrangement 



210 PROBABILITIES. 



But there are i i different arrangements of n things, in 



which r are alike and n— r alike. 

\n 
Hence out of c* sequences we have | — "~^ a^'5**-'', in which 



4 occurs r times and jB n— r times in some order or other; 
\ the chance, that, in any given sequence of n occasions, A and 
B so occur, is 

[n a'^b^-^^ \n 



w— r 



p^gfi^. 



|r|n— r c** \r 

Putting successively r=n, n— 1, ... 1, 0, we see that the 
chance, in any 'sequence, 

that A occurs n times and B not at all, is p* ; 

that A occurs n— 1 times and B once, is np^'^q; 

that A occurs w— 2 times and B twice, is ^ ^ ' p^-^q^ ; 

etc. etc. etc.; and 

that A occurs not at all and B n times, is g*. 

CoR. Out of d^ sequences the number, in which A occurs at 
least r times, is 

nfn— 1) \n 

' 1.2 ' |r|n— r 

Hence the chance, that, in any sequence of n occasions, A will 
occur at least r times, is 

n(n—l) \n 



266. The student will notice that the chances of the various 
combinations of the occurrences of A and B are the terms of the 
expansion of (jp+g')**. 

Hence the most likely combination is that for which the 
corresponding term of the expansion of (j>+q)^ is greatest. 
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267. In the same way it may be shown, that the various terms 
of the expansion of (i?+g'+r)** will furnish the chances of 
the various combinations of the occurrences of three exclusive 
events, of which the separate chances at any one opportunity 
are J?, g', r. 

268. Ex. I. What is the chance of at least one ace being 
thrown at every one of 3 throws with two dice ? 

The chance of at least one ace at any one throw is 077 • 

. /IIV 
The chance of at least one ace at every one of 3 throws is ( oZ{ I • 

Ex, 2. What is the chance of two aces at least being thrown 
in 3 throws with two dice ? 

This is the same as throwing 6 times with one die, and then, 

1 5 

at any one throw, the chance of one ace is-^ , and of no ace is -k ; 

.'. the chance of an ace being thrown, at least twice is 

(^r+«(i)'(i)+fi-(i)'(i)'+ii^-(i)"(ir 

+f|(-J )'•(-! )*=(-^)'{l+6.5+16.5'+20.5'+15.5«}. 

We might have shortened the process thus : 

The chance that no ace is thrown in 6 times is I -^ I » 



n 



/ 5 \» 1 
only one ace „ ^•('fi ) "6 ' 



5" +6.5* 11.5* 
.'. the chance that 2 are not ihrovm is — ^g ^ fi» , Art. 263; 

11. 5» 
.'. the chance that 2 aces are thrown is 1 >.',- , Art. 262. 
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Ex, 3. How many throws with a single die must a man have, 

in order that his chance of throwing an ace may be ^ ? 

Let X be the required number of throws. 

6 
His chance of not throwing an ace at one throw is -^ ; 

,, „ at all in the x throws is 



(I)- 



But his throwing an ace once at least and throwing no ace at 
all are two exclusive events, one of which must happen ; 

"5" 
.*., Art. 262, his chance of throwing an ace is 1 — 



X 



.. 1 g 



-1. . A'-A. 

"■ 2 ' •'* 6 " 2 ' 

.'. a(log 5— log 6)= —log 2 ; .•., by tables, a;=3.8. 

This shows that there is no exact number of throws in which 
his chance will amount to ^, but, if he throws 4 times, his chance 
will be a little greater than ^. 

Ex. 4. If a bag contain 3 white and 7 black balls, and a ball 
be drawn and always replaced, show that the most likely result 
in 10 trials is to draw 3 white and 7 black balls. 

3 

The chance of a white occurring at any one drawing is ttt > 

» black ,1 „ jq* 

Hence we have to find the greatest term in the expansion of 

(3+7)^S Art. 266. 

Now [Art. 421] the (r+l)th is greatest when r is the integral 

^ -(10+1)7 . -77 _ 

part of -3 jjy— I *-e. of j^; .-. r=7. 

Hence the eighth term is the greatest, and to this term corre- 
sponds the chance of a combination in which 7 black and 3 
white balls occur. 
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Ex, 5. If -4's skill at a game is double that of jB, what is the 
chance that he wins 4 games before B wins 2 ? 

By -4's skill is meant his chance of winning any single game. 

2 1 

Hence -4's skill is represented by -k , B\ by -k • 

-4's chance of winning the first four games is ( o- ) > *^^ ^^^ 

chance of winning 3 out of the first four and the fifth is 

./2V12 4/2 V 
^•l3J-3'3 = 3-i3-j- 

Also these are the only two ways, in which A can win 4 
before B wins two, and they are exclusive. Hence, Art. 263, 

the required chance ~( "3 ) ( ^^""3 )~~3»~^243' 



EXAMPLES.-LVL 

1. What are the odds against throwing heads n times in 
succession in the game of heads and tails ? 

2. What is the chance of throwing at least four aces with a 
single die in six throws? 

3. When 3 coins are tossed up, what are the diances that, 
(i) two only turn up tail, (2) two at least turn up tail? 

4. A bag contains 5 black and 4 white balls ; a person draws 
a ball and replaces it ; what is the chance that in 6 trials he will 
have drawn black at least 4 times ? 

5. If on an average 1 ewe out of 3 yields 2 lambs, find the 
chance that 3 ewes bearing young will yield just 4 lambs. 

6. In six throws with a single die, what are the chances of 
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throwing a six (i) four times exactly, (2) not more than four 
times, (3) not less than four times? 

7. What are the odds against throwing 7 twice at least in 3 
throws with 2 dice ? 

■ 

8. Show that the odds are in favour of a person throwing an 
ace in four throws with a die. 

9. If n coins are tossed, what is the chance that there is one 
and only one head turned up ? 

10. Find the chances that in three tosses a coin will turn up 
one tail and two heads, (i) in this order, (2) in any order. 

11. A bag contains 3 white and 6 black balls, from which A^ 
B^ G draw in order. Find the chances that they draw ( i ) each 
black, [2) A and B black and G white, (3) one of them white 
and the other two black. 

12. A collection of 7 letters is made from an alphabet con- 
taining 20 consonants and 5 vowels. Find the chance that it 
contains exactly 3 vowels. 

13. There are three tickets in a bag, numbered 1, 2, 3, and a 
ticket is drawn and put back. If this be done four times, show 
that it is 41 to 40 that the sum of the numbers drawn is even. 

14. A coin is tossed n times, what is the chance of the head 
turning up an even number of times ? 

15. If two coins are tossed three times, what are the chances 
that there will be two heads and four tails ? What are the odds 
against five heads exactly turning up ? 

16. Find how many odd numbers, taken at random, must be 
multiplied together, that there may be at least an even chance 
of the last figure being a 6. (Given log io2= -30103.) 

17. J. and B play at a game together, A wins 4, and B 3, 
out of every 7 games. What is ^'s chance of winning at least 
6 in any 7 games? 

18. -4 and B play together, -4's skill is to J?'s as 3 to 6. Find 
Ab chance of winning 3 games out of 5. 
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Indejpendent Events, 

269. Def, Events are said to be independent^ if the occurrence 
of one does not affect the occurrence of any of the others. 

Thus in Ex, 1 of Art. 254, a man's being of a certain height, 
and his having a certain colour of hair, are independent events. 

270. Prop, i/'p, q &e tJie respective chances of two independent 
events (A and B) happening on any one of a succession of occasions^ 
when one or both must happen^ then the chance of both happening 
on any given occasion is pq. 

T . a c 

Consider hd occasions, of these A will occur on ad^ on ac of 

which B will occur ; i.e, out of hd occasions, A and B concur on 

ac, ,', the chance of both happening on the same occasion is 

ac 

r-i=M' Q.B.D. 

bd 

CoR. I. Ifi?i, i?j, . . . J?r are the chances of r independent 
events happening on any one occasion, then Pi.pt . . . Pr'iB the 
chance of their concurrence. 

For Pi.pi is the chance of the concurrence of the first and 
second ; but this concurrence is independent of the happening of 
the third; .*. the chance of its happening on the same occasion 
as the third is^i.^^.^g ; and so on for any number of events. 

Cor. 2. If the chances of the happening of r independent 
events are each p, then p'^ is the chance of their concurrence. 

271. Prop. Also the chance of one, but not both, Jiappening is 
p+q-2pq. 

For, of the bd occasions considered, A occurs on ad, on ac of 

which B will occur; ,\ A occurs alone on ad—ac; similarly, 

B occurs alone on bc—ac; .*. either A or B happens alone on 

ad-^-bc—^ac occasions ; .*. the chance of one happening alone is 

ad+bc—2ac , ^ 
-I J =p+q—2pq. 
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272. Ex. The chance of one man (-4) living a year is 
77H , and of another {B) is t^a * What is the chance that they 

both are alive in a year's time ? 

Consider 68 people under the same circumstances as A^ 
and 120 „ „ B, 

Then we can form 68 x 120 pairs such as A and B together, 
and these are what in Art. 270 we have called occasions. 

Now 67 X 11 of tliese are pairs of which both members live for 
another year. 

Hence the chance that, of any one pair, both live for a year, is 
67x11 _737^ 
B8xT2"0~8i60* 

273. We might have discussed the problem in Art. 271 as 
follows. 

(i) The chance of A happening is^; .*. (2), by Art. 262, the 
chance of it not happening is 1—^. 

(3) The chance of jB happening is q^\ .*. (4), by Art. 262, the 
chance of it not happening is 1— g'. 

Now (i) and (2) are independent of (3) and (4) ; .*., Art. 270, 
the chance of A happening and B not is ^(1— g), . . . . I. 
and „ 5 „ A „ 2'(1— i>)i .... 11. 

But I. and II. are exclusive ; . *. , Art. 263, the chance of one 
or other occurring is J9(l— 2')+g'(l— 2?). 

274. Many of the problems we have already discussed may 
be treated as belonging to this class. 

Thus, from a bag containing 3 red, 4 black, and 2 white balls, 
what is the chance of drawing first a red and then a white ball, 
each ball being put back after it is drawn ? 

Since each ball is put back after being drawn, the first drawing 
does not affect the second. 

Hence the drawings are independent events. 



PR OBABILITIES. 2 1 7 

3 1 

Now the chance of a red ball at the first drawing is -g- or -o , 

and the chance of a white at the second drawing is -g ; .*. the 

.12 2 

chance required is "q" ' q"=o7 * 

The chance of a red at the first drawing and a red or black at 

.17 7 
the second is -Q-'-Q=rt7 • 

If we required the chance of a red and white in either order, 
we have the chance of a red and then a white as -^ , similarly 

„ „ white „ red 27' 

and these two compound events being exclusive (Art. 263), the 
required chance [i,e, of a red and white, or a white and red) is 

27"*"27~27* 

EXAMPLES.— LVIL 

Out of every 100,000 girls who attain to 3 years of age, 
nearly 83,000 attain to 28, and 63,000 to 63. 

1. What are the chances that, of two girls, aged respectively 
3 and 28, (i) both are alive in 25 years time, (2) the youngest 
only is alive, (3) the eldest only, (4) both are dead? 

2. What are the chances that, of two girls, who attain the age 
of 3, (i) both live to be 28, (2) both live to be 53? 

3. What are the chances that, of two girls, who attain the age 
of 28, (i) both live to be 53, (2) one only. 

4. A card is drawn from a pack and put back, and a card 
drawn again. What are the chances, (i) that the first was the 
queen of hearts, (2) that the second was the king of hearts, (3) 
that the first was the queen and the second the king of hearts, 
(4) that the king and queen of hearts were drawn ? 
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5. What is the chance of throwing sixes with two dice? 
What is the chance of throwing three ? 

6. From a bag containing 4 white, 5 red, and 3 black balls, 
three are drawn, eacli as it is drawn being put hack. What are the 
chances of drawing (i) white, red, black in this order, (2) white, 
red, black in any order, (3) a white and then two reds ? 

275. We can now give a shorter proof of the proposition in 
Art. 265. 

Consider each of the sequences of n occasions as a single 
event. 

Now the way, in which any one of these occasions has 
happened, does not affect the occurrence of any other, i.e. they 
are independent. 

Hence the chance that, in any one sequence, the first r occa- 
sions should give A, and the remaining n—r should give B, is 
(p.p ... to r {siOtOT8){q.q ... to n—r factors). Art. 270, Cor. i. 

In the same way we can show that^^'.g"-*' is the chance of 
A and B occurring in any seqiience, on r and n—r occasions re- 
spectively in any other given order of arrangement. And such 

arrangements are exclusive and 1 — 1 -=^ in number ; 

\n 
.*., Art. 263, Cor., t — — p^gf^-"^ is the required chance. 

I # fit ""^ / 



Cor. a occurs r times at least in every sequence, in which it 
occurs r, r-f 1, . . . n—1 or n times. Now all such sequences 
are exclusive, and .*. the chance that one or other of such 
sequences should occur is. Art. 263, 

\n 
pn+np^-^q+ . . . +i7|-^^2'''!Z""*"- 

This then is the chance of A occurring r times at least in any 
sequence of n occasions. 
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276. By working with the fractional notation we have, up to 
this point, been able to exhibit in every case the ratio existing 
between the number of particular events and the number of 
general events amongst which the former occur. 

Also, by starting with a proper number of the general events, 
we have been able to give exactly the number of them which 
belonged to the particular class. Thus, in Art. 270, if the 
number of occasions we first considered had not been a multiple 
of c?, such as hd^ we should, not have been able to express exactly 
the number of occasions in which B occurred. 

For the future we shall not be so careful to exhibit our work 
in this form. Thus, when the chance of an event happening is 
^, we shall consider m occasions on which it may happen ; then 
the number of them, on which it happens, will be expressed by 

When we use this notation, we shall assume that m is such 
that any product, into which it enters, is a whole number. 



Compound events^ the components being dependent. 

277. Def, Events are said to be d^endent when the fact, that 
one has happened, affects, but does not exclude, the happening of 
the others. That is, the occurrence of any one event does not 
prevent the occurrence of any of the other events ; but, in some 
way or other, makes the likelihood of their occurrences different 
to what it was before. 



278. Ex. I. There are 5 white and 7 red balls in a bag, what 

is the chance that a white ball is drawn and then a red, the first 

ball not being put back ? 

Let there be m pairs of drawings. Out of the m drawings, 

5 
which are made first in each pair, y^ ^ ^^U produce a white ball. 
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Now, a white having been drawn, there are 11 balls remaining, of 

5 
which 7 are red; /. of the to^ drawings, which follow, a red 

will be drawn at yr * To wi. 

36 
Hence, out of m pairs of drawings, there are p^ m, at which 

36 

a white is followed by a red ; .*. the chance required =iqn' 

Ex* 2. There are three urns, of which, one contains 4 white 
and 2 red, another 6 white and 1 red, the third 3 white and 
4 red, balls ; and there is no general reason why one urn should 
be selected more than another, or one ball from an urn more 
than any other ball from that urn. Find the chance of a red 
ball being drawn. 

Since all the urns are equally likely to be drawn from, there- 
fore of any number of drawings one- third will be made from each 
of the urns. 

Let there be ra drawings ; of these -k ra will be made from the 
first urn. 

Now, when a drawing is made from the first urn, all the 
balls in it are equally likely to be drawn ; therefore, of these 

1 :. . . . . 2 1 1 .„ . 

-K m drawings from the first urn, "^ * "o ^) ^^ q" ^j will give 
a red ball. 

Similarly a red will be drawn Yg w times from the second urn, 

4 
and ^ m from the third. 

Hence, out of m drawings, -q rn +^0 m -|-^ m will give red 

balls; /. the chance of a red at any one drawing is 
11 4_ 144-7+24 _ 45 _5 
9"^18'*'21"" 126 ~126"14' 
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279. Prop. If there he any number of dependent events^ such 
that pi is the chance of the first happening^ p^ the chance that when 
the first has happened the second will follow^ pg the chance that 
when the first two have happened the third will follow^ and so on, 
then the chance that they all happen in this order is pip^ps . • . 

Consider m occasions on which the first may happen, then it 
happens on jpim. Of these pim occasions, the second follows on 
p^iTn, and so on. 

Hence out of m occasions on which the first may happen it is 
followed by the rest in the given order on pip^ . , , m occasions ; 
.*. the chance of this sequence happening ispiPtPt « • • 



280. The reader will see that Art. 270 is a particular case of 
Art. 279. For q being the chance that B happens on any 
occasion, it is, of course, the chance that B shall happen when 
A happens ; .'. the chance, by Art. 279, that A happens and 
is accompanied by B, is pq. 



281. Ex, I. A and B draw from a bag containing 2 white and 3 
black balls, the ball being put back after each drawing, until a 
white is drawn. What are their respective chances of drawing 
a white ? 

2 

The chance that A draws a white at the first time is -^ • 

The chance that B has a drawing at all is the chance that A 

3 
draws a black at the first time, i.e. -^ • 

The chance, that, having a drawing, B will draw a white, is 

2 

-p- ; .*., Art. 279, the chance of his drawing a white at the second 

..32 
drawing is x * 5" • 
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The chance that A has a second drawing is the chance that 
A and B both draw black balls, which is | — • | ; .*. the chance 

(3 \* 2 
~K ) "ft" 

Hence A^^ various chances of drawing a white are 

2 /3V2 /3V 2 , 

and his drawing a white at any one time excludes the possibility 
of his doing so at any other; .*., by Art. 263, his chance of a 

V. 1.1T 2 ./3V 2 ,/3V2 , ^ ^. ^ .^ 6 

white ball ^s -f "tI -f I • T" i I "F I T"+ etc., ad infinitum^ =-5^- • 

3 2 / 3 \* 2 3 

Similarly B's chance ^"^ 5" * X + ( -5 ) • x + etc. ; acZ infin. = -g- • 

This result shows that, if a large number of such games be 
played, then, on the average, 6 out of 8 will be won by the player 
who begins, and 3 out of 8 by the other. 

Here each game constitutes one of the general events, and 
must belong to one or other of two particular sections, viz., those 
won by the first player, and those won by the second. 

Ex, 2. What would be their respective chances, if a ball when 
drawn is not put back ? 

2 

The chance of A drawing a white at first is -^ • 

If B gets a drawing, there will be 2 white and 2 black balls, 

hence his chance then will be q- ; 

3 1 

.'. 5*s chance of a white at his first drawing is -^ •-5- • 

If A gets another drawing, there will be 2 white and 1 black, 
hence hb chance th&n will be -o- * 



PROBABILITIES. 223 

But his chance of getting another drawing is -e- • -q 5 
.'. A^% chance of a white at his second drawing is -^ • 
Similarly ^'s chance of a white at his second drawing is 

5' 2 ' 3 "10* 

Therefore il's chance of a white at either drawing is 
2 . 1_3 

AW 3,142 

and 5 s „ „ ^+j^=_=_. 



EXAMPLES.— LVIII. 

1. There are 8 parcels of books in another room, and a parti- 
cular book is in one of them. The odds that it is in one parti- 
cular parcel are 3 to 2; but if not in that one, it is equally likely 
to be in either of the others. If I send for this parcel, giving a 
description of it, and the odds that I get the one I describe are 
2 : 1, what is the chance of getting the book I want ? 

2. A certain sum is to be won by the first person who throws 
head with a penny. K there be m throwers, find the chance of 
the rth person. 

3. A and B throw for a certain stake, A having a die whose 

faces are marked with the numbers 10, 18, 16, 20, 21, 25, and 

B a die whose faces are marked with the numbers 5, 10, 15, 20, 

25, 30. The highest throw to win, and equal throws to go for 

... 17 
nothing. Prove that A^f^ chance of winning is 00 * 

4. A pack of cards is separated into four packets, viz., 13 
hearts, 13 spades, 13 clubs, 18 diamonds. What is the chance 
of drawing the ace of clubs ? 
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5. Four persons throw a die in succession until one throws an 
ace. What are their respective chances of throwing an ace 
(i) in the first round, (2) in the second round, (3) at all? 

6. Of two urns A and B^ A contains 3 white balls, and B 3 
black only. A ball is drawn from each and placed in the other. 
What is now the chance of drawing a black ball from A ? 

If this interchange of balls be performed three times, what 
are the chances that B contains (i) 3 white balls, (2) 2 black and 
1 white ? 

7. Out of a pack of 13 cards, numbered 1, . . . 13, what is 
the chance of drawing first the 1, then the 2, and thirdly 
the 3? 

8. A bag contains 3 white and 6 black balls, what is the 
chance of drawing one white ball at least in three trials ; a ball 
when drawn not being put back? What is the chance of not 
drawing a white ball until the fourth trial ? 

9. Two bags contain each 3 white and 5 black balls, a ball 
is drawn from one bag, and, if it is white, it is put into the second 
bag, from which a ball is then drawn. Find the chance of two 
white balls being drawn. 

10. -4, jB, C throw in this order with 3 dice together, until 
one of them throws 9 exactly at one throw. Find their respec- 
tive chances of being the last to throw. 

11. One urn contains 6 white and 9 black, another 6 white and 
8 black balls. A ball is taken from one and placed in the other. 
If a ball be now drawn, what is the chance of its being white, 
it being understood that at each drawing either urn is as likely 
to be drawn from as the other ? 

12. Two persons, A and B^ play for a stake, throwing each 
alternately two dice, A commencing. A wins if he throws 6,. 
B if he throws 7, the game ceasing so soon as either event 
happens. Show that il's chance to B% chance = 30 : 31. 
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Inverse ProhahiUties. 

282. Ex. There are 3 bags, 

one containing 2 white and 3 red balls, 
the second „ 6 „ 2 „ 

the third „ 4 „ 7 „ 

and all the bags are equally likely to be drawn from. 

A white ball has been drawn ; what is the chance that it was 
drawn from the first bag ? 

Let there be m drawings, of these -q" tn will be made from the 

first bag, and of these -r -^m will give a white ball. 

5 1 

Similarly t=- -o- m will be the number of occasions, on which a 

4 1 

white will be drawn from the second bag ; and tt "o wi will be 

the number of occasions, on which a white is drawn from third 

bag. 

(2 5 4 \ 1 569 

-F^ + y +TT rq ^> *-^' -i-igg rn occasions, 

on which a white is drawn, it will be from the first bag on 

2 

5-F m occasions. 

Hence the chance that, a white ball being drawn, it comes 

. . . ,, . 15"^ 2 154 

from the first bag is __.=_gg.=^ . 

1165 "^ IT 
Here the general event was a white ball being drawn, and it 
could belong to one of three sections, viz., being drawn from tho 
first bag, or from the second, or from the third. 
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283. Ex, A bag contains 8 balls, each of which may be 
either white or black ; and a white ball is drawn. What is the 
chance that the bag contained 2 white and 1 black? 

The bag may either contain (i) all white, or (2) 2 white and 
1 black, or (3) 1 white and 2 black, and there is no general 
d. 'priori reason for supposing one assortment to exist rather than 
another ; we therefore assume them all three to be equally likely ; 
by this we mean that in any large number of such bags, we 
should find as many which contained one assortment, as those 
which contained another. 

Hence, out of m drawings from any such large number of bags, 

-q-m would come from bags of the first class, and then each 

drawing would give a white ball ; also -w m would come from bags 

2 1 

of the second class, and then -q" • "« wi of these would give white 

balls; and similarly -o-'-q- m would be drawings from bags of the 

third class which would give white balls. 

1 / 2 1 \ . 2 
Hence, out of -^ml l+-o+-q" ) > *-^- "o" ^1 drawings which 

2 
give white balls, -q ^ come from bags of the second class. 

Hence the chance that a bag, which yields a white ball, is one 

2 

-Q^ 1 
of the second class is — : — =-rr- • 

2 8 



284. Prop, i/" Pi, P2, . . . Pn he the prohahiUttes of the 
existence ofn causes^ such that any one may he followed hy a par- 
ticular eventy and pi, . . . pn tJie prohahilities that, when the 
several causes respectively exist, they will he followed hy the given 
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tveni^ then the prohdbilityy that on any occasion^ when the event has 
happened^ it has arisen from the xth cause^ is 

Pr-Pr , 

PiPi+PtPt+ . . . +PnPn* 

Consider m occasions, on which any one of the causes may 

exist, then the 1st cause exists on Pim of these occasions, 

and ,, 2nd ,| P^m ,, 

„ rth „ Prfn „ 

and so on. 

Then of the Pitn occasions, on which the first cause exists, the 
event follows on PiPim, and of the Prin occasions, on which the 
rth cause exists, the event follows on prPrfn, 

Hence the event occurs on Pii?im+P,jp,m+ . . . +PnPn'^ 
occasions altogether, and of these it arises from the rth cause on 
P^p^m, 

Hence the chance, that on any occasion, on which it occurs, it 
has arisen from the rth cause, is 

PrPrm PrPr ~ ^tPt 

(Pli?i+ . . . +P«^«)W» Pii?iH- . . . +P«JPn"" 2(Pi?) • 

285. The values of the chances Pi, P,, . . . P,^ were obtained 
. independently of the occurrence of the given event, and are 

called di priori chances, whilst y{pl\ is called the d, posteriori 
probability of the rth cause having existed. 

286. To apply this formula to Art. 283. We have 

Pi=P«=P8=ii" » 
1 2 1 

1 1 

3*3 1 

Hence the chance required = j ^^ . u j =-q- • 

•3^3 3^3 8 
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Also, in Art. 282, Px^P^^F^--^^ 

2 6 4 



the chance required = 



1 1 

3*5 164 



1 1,1 ^,\_ 4^"569 
3* 6"^8* 7"*"8*11 



287. Such problems as the above, from Art. 282, are often 
said to involve inverse probabilities; and we may give the 
following as the general statement of such problems : — ** An 
event has happened such as might have arisen from different 
causes; what is the probability that any one specified cause 
did produce the event, to the exclusion of the other causes?" — 
De Morgan. Those problems which we considered before Art. 
282 are said to involve direct probabilities. 

EXAMPLES.— LIX. 

1. There are two urns, and it is known that one contains 8 
white balls and 4 black, and that the other contains 12 black 
balls and 4 white. From one of these, but it is not known from 
which, a ball is taken, and is found to be white. Find the 
chance that it was drawn from the urn containing 8 white balls. 

2. A white ball has been drawn from one of two urns A and 
B. On examination after the drawing, A is found to contain m 
white and n black balls, and B to contain m' white and n' black 
balls. What is the probability that the ball was drawn from 
the urn A ? 

3. A bag contains 4 balls, each of which may be either black 
or white. 

(i) If on drawing a ball it prove to be white, what is the 
chance that the rest are white ? 

(2) If on drawing two balls at once they prove to be white, 
what is the chance of the remaining two being white ? 
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(3) If on drawing a ball, and, when it is put back, drawing 
another, we draw white both times, what is the chance that all 
the balls are white ? 

4. Into a bag containing either 4 black balls, or 4 white balls, 
we drop a fifth which is white. On drawing one of the five balls 
it proves to be white. What is the chance that they are all 
white ? 

5. Two bags each contain 5 white and 6 black. Four are 
taken at random from one and placed in the other. From this 
latter 8 balls are drawn, viz., 5 white and 3 black. What are the 
chances that the remainder are (i) all black, (2) 3 white and 3 
black ? 

6. In a bag are 7 balls, of which 2 are white and 3 black for 
certain, the colour of each of the remaining two is unknown, but 
it must be either black or white. A ball is drawn and turns 
out to be white, what is the chance that three white balls are 
left in the bag ? 

7. There are two bags, one containing 3 white and 4 black, 
and the other 5 black and 4 white, and the first is twice as likely 
to be drawn from as the second. 

( 1 ) If a white is drawn, what is the chance that it comes from 
the first ? 

(2) If out of three balls drawn from the same bag, two are 
white, what is the chance that they came from the first bag, 
(a) when each ball is put back after being drawn, (fi) when it is 
not put back ? 



288. Oftentimes a problem involves both inverse and direct 
probabilities, as in the following : — 

A bag contains five coins which are known to be either 
sovereigns or shillings. Two coins are drawn and are seen to 
be a sovereign and a shilling. If these be replaced and two 
again drawn, find the chance that they will be a sovereign and 
a shilling. 



» 


19 


» 


iU 


99 


» 


2 


l> 


8 


» 


» 


1 


» 


4 


>» 
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We can have four different kinds of bags, 

(i) containing 4 sovereigns and 1 shilling, 

(2) » 3 

(3) 

(4) 

We assume that all the bags are d, priori equally likely. 

Now the chance that a sovereign and a shilling come at any 

A. (K fK 

drawing, from (i) is jg, from (2)18=^, from (3)18 j^, ft^m 

(4) « io- 

Hence the chance that the bag is of the first kind is 
4/4 A 7: J— r-=-^, of the second kind z^^ of the 

TJio+lo+Io+io j 

3 1 

third kind =-7r , of the fourth -^ . 

Hence, Art. 279, the chance that the bag is of the first kind, 

14 4 
and that a sovereign and a shilling are drawn again ~"g^* Ta~ rq * 

And the chance that the bag is of the second kind, and that 

9 
a sovereign and a shilling are drawn again =r7T • 

And the chance that the bag is of the third kind, and that 

9 
a sovereign and a shilling are drawn again = ttt * 

And the chance that the bag is of the fourth kind, and that 

4 

a sovereign and a shilling are drawn again =eA * 

Also these events are exclusive. Hence the required chance 
_ 4+9+9+4 _13 
"" 50 "25* 
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EXAMPLES.— LX, 

1. From an urn, containing 2 white, and 2 black, balls, 2 balls 
are drawn at random and placed in a bag. From the bag a ball 
is drawn at random twice successively, and replaced after each 
drawing; on each occasion it is found to be white. Prove that 
the chance, that a white ball will come at the third drawing, 
is 5 : 6. 

2. A bag contains 5 balls of unknown colour, one was twice 
drawn and replaced, and in each case it was white. If two balls 
be now drawn together, find the chance of both being white. 

3. A bag contains 4 white, and 4 black, balls ; from these four 
are drawn at random and placed in another bag ; three draws 
are made from the latter, the ball being replaced after each, and 
each gives white. Prove that the chance of another drawing 
giving a black ball is 23 : 200. 

4. In a bag are four balls, each of which must be either black 
or white ; a white ball is now dropped in, and a ball is drawn, 
which is found to be white, and put back. Find the chance of 
now drawing a white ball. 

5. It is known that of two purses, one contains 4 sovereigns 
and the other 4 shillings. A coin (of value unknown) is taken 
from one and put into the other, and from the latter a coin is 
drawn and is found to be a sovereign. What is the chance of 
drawing a sovereign again from the same purse? 

6. In an urn are three balls, of which the colour of each is 
black or white ; a ball is drawn and replaced twice, and both 
times it is white ; what are the chances of drawing (i) two white, 
(2) two black, in two more trials ? 

7. A purse contains n coins, which are either sovereigns or 
shillings. A coin is drawn and turns out to be a sovereign. 
What are the odds that it is the only sovereign ? 

8. A bag contains 6 white, and 7 black, balls, a second bag 
contains 6 white, and 10 black, baUs. Four balls are taken. «.t 
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random from the first, and 6 from the second, and are placed 
in a third bag. If a ball be now drawn from this bag, show that 
the chance that it will be white is 47 : 120. 

289. Explanation of the term " Expectation." 

If the probability of drawing a white ball from a bag is 2 : 5, 
and if I am to receive £1 every time, and nothing unless, I do 
so, what sum ought I justly to pay, so as ultimately not to gain 
or lose in the long-run by the transaction ? 

Evidently I must pay £1 every time I draw a white ball. If 
however, I draw a very large number of times, out of every five 
drawings, two will, on the average, give white balls. Hence I 
may pay £2 for every Jive drawings that I have. But I may 
wish to make a regular payment at every drawing, and this 
would be eight shillings. 

Now it seems (Venn's Logic of Chance ^ Ch. 3, § 20) that this 
average payment, having to be made at each drawing, came to 
be looked upon, instead of as a mere way of paying £2 for every 
five drawings, as the actual worth of each particular drawing ; or 
that, as I might expect £2 in the long run for every five drawings, 
it would be the same thing to say that I expected eight shillings 
at each drawing. This average payment then is said to be the 
expectation at each drawing. 

290. The following is a general definition of the term Expec- 
tation. 

If p represent the chance on a given occccsion of a certain eve^it 
happening J m the sum of money to he paid if it happen^ then the 
expectation on that occasion is p.m. It is always understood that 
nothing is paid on any occasion when the event does not happen. 

For example, in Art. 281, Ex, i, if -4 were always to begin, 
and the winner of each game were to receive £2 for it, A must 
pay £10, and B £6, for every eight games they are allowed to 
play, and, it would be the same thing, if they paid respectively 
60 and 30 shillings for every game. Thus 50 and 80 shillings 
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are called the respective expectations of A and B at the begin- 
ning of each game. 

Ex, X, Z, Z are three exclusive events ; a, 5, c the amounts 
I receive, when they happen, respectively ; x, 1/, z their respec- 
tive chances of occurrence on any occasion when one of them 
must happen. Then my expectation on each such occasion is 
xa+yb+zc. 

For consider any large number (m) of occasions ; 

Then X happens on xm of them, and on eacb of these I 
receive a ; therefore I receive xma altogether on the occasions 
when X happens. 

Similarly I receive ymhj and znc, on the occasions when Y, 
and Z, happen. 

Hence altogether on the m occasions I receive xma+i/mh+znc. 

And this is the same as if, on each occasion, I received 

fna-\-i/m -\-zmc ^ ^^ ^a+i/b+zcj which is therefore called my 
m 

expectation on each occasion. 

EXAMPLES.— LXI. 

1. A purse contains three sovereigns and one shilling. What 
should be paid for permission to draw one coin from it? 

2. A bag contains two sovereigns and three shillings. What 
should be paid for permission to draw two coins from it at once? 

3. What is the worth of a ticket in a lottery of 100 tickets, 
there being 4 prizes of £60. 6 of £40, and 7 of £30? 

4. From a bag containing two guineas, three sovereigns, and 
five shillings, a person is allowed to take out three of them in- 
discriminately. Determine the value of his expectation. 

5. Three persons throw a die in succession, on condition that 
he who first throws an ace shall receive £1. What should each 
pay for his chance ? 

6. From a bag containing 4 sovereigns and 4 shillings, 4 coins 
are drawn at random and placed in a purse. Two coins are 
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drawn out of tbe parse, and found to be both sovereigns. Show 
that the probable mean value of the coins left in the bag is 
29j^ shillings. 

7. A man is in the habit of playing at a gaming-table where 
the odds against him are 11 to 10. He plays on an average four 
nights a week, and stakes a hundred guineas in the course of the 
evening. How much per annum is his amusement likely to cost 
him? 

8. A bag contains six shillings and two sovereigns. Find the 
chances of a person's drawing a shilling at the first, second, or 
third time, and not before. What is the value of his expectation^ 
if he is allowed to draw till he draws a sovereign ? 

9. Counters (n) marked with consecutive numbers are placed 
in a bag, from which a number of counters (m) is to be drawn 
out at random. Show that, if the drawer is to receive in £1 
the sum of the numbers marked on the counters, the value of his 
expectation will be an arithmetic mean between the greatest and 
least sums which can be indicated by the number of counters to 
be drawn. 

10. A person throws n coins, and is to take all those that turn 
up head. He throws again those that turn up tail the first time 
on the same condition, and so on for r times. Find the value of 
his expectation, and the chance that all will have turned up head 
in r throws at most. 

11. A die with m faces, marked 1, 2, 8, . • . etc., up to m, is 
loaded, so that the chance of a face turning up is proportional 
to the number on that face. A person is to receive as many 
shillings as the number on the face he throws. Show that the 

value of his expectation for one throw is — s — shillings. 

12. A man is to receive a certain number of shillings; he 
knows that the digits of the number are 1, 2, 3, 4, 5 ; but he is 
ignorant of the order in which they stand ; determine the value 
of his expectation. 

13. A and B draw from a bag, in which are three white and 
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three black balls, for a sum of £1 to be received by the one who 
first draws a black ball, and A draws first. What are their 
expectations, (i) when the balls are replaced as they are drawn, 
(2) when they are not replaced ? 

14. A purse contains three notes, each of which is cither a 
X5, a £10, or a £20 note. A note is drawn and put back three 
times, and each time it is found to be a £5. What would you 
give for the contents of the bag ? 



291. We will now give a short notice of the manner, in which an 
attempt has been made, to establish a definite probability of a 
person's statements being true or falno. 

It is sometimes said that the chance of a person speaking the 

truth is ^ . 



This means that we conclude, from a general estimate of his 
character, that, out of every h of his statements, a are true, or, 
that, by making observations on a very large number of state- 
ments made by him, or by some other means, it has been ascer- 
tained that, on the average, out of every h statements observed, 
a have been true. 

Now it is very unlikely that this could be done, and even if 
it were, the particular circumstances of the case, to which we 
might apply it, might differ so widely from those under which he 
made the observed statements, that this experience would be no 
safe guide. 

Moreover, probabilities do not give any clue to one particular 
instance, but only as to certain proportions existing amongst a 
large number of instances; so that it would be of little use 
applying the theory of probabilities to any one particular state- 
ment, unless we were able to apply it to a great number. 

As, however, the student will meet with questions in proba- 
bilities stated under this form, we subjoin a few examples. 
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292. Independent Testimony. 

Ex, I. A speaks the truth 3 times out of 4, -5 4 times out of 5. 
Find the chance that they will agree in their statements, with 
regard to some event which has happened. 

The chance of A asserting that it happened is -r i 

B i- 

3 
„ both „ „ -g^, Art. 270. 

The chance of A asserting that it did not happen is -j ? 

B 1- 

» •*' » »» 5 » 

„ both „ „ Ha, Art. 270. 

But these two concurrences are exclusive ; .*. the chance of 
one or other is ^ i ^ _^^ 

In other words, out of every 20 occasions on which they both 
make statements, they concur 13 times. 

Ex. 2. If they both assert that the event has happened, 
required the chance that it did happen. 

Here, the general events are the various occasions on which 
they concur ; and the particular sections, to which these general 
events may belong, are, (i) the occasions on which they concur 
in telling the truth, and (2) those on which they concur in a 
falsehood. Now out of 13 times on which they concur, they tell 
the truth 12 times ; therefore the chance required is 12 : 13. 

293. Traditionary Testimony. 

If a man makes a statement, purporting to be founded on what 
another has told him, he is said to have reported truly if he 
states the matter as it was told him, and to have reported 
untruly if he states the matter differently. 
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Ex. In Art. 292, if B report on the statement of A that an 
event has happened, required the chance that it has happened. 

3/7i 

Consider m times that the report is made, on -j- A has spoken 

_ 4 3rn 3w 
the truth, and on -v- • —^ » ^^ ~yr > ^' these B reports truly. 

Again, on-jm A has lied, and on -g---jm of these, i.e. on^n'"* 

B has reported untruly, but on these last occasions, as well as 

on the former, B has spoken according to the fact. 

Hence out of m times on which B makes a report, he speaks 

3m . 1 . 13w 

accordmg to fact on -^ — Hon ^t *-6. on -^^- • 

Therefore the chance, that what he says is according to the 
fact, is 13 

20^" 13 



m 20 
Here the general event is B making a report on hearsay from 
A, which may belong to one of two particular sections, (i) when 
it is according to the fact, and (2) when it is not according to 
fact. 

294. Ex. A bag contains 3 balls, 2 white and 1 black, and a 
ball is drawn from it. The two persons of Art. 292 concur in 
saying it is black. What is the probability of its being black ? 

The d priori probability of the ball drawn being white is -k , 

and „ „ black ,, -k • 

Also the probability that, if the ball is white, they concur in 

denying that it is so, is yq * 

And the probability that, if the ball is black, they concur in 

saying that it is so, is ^o' 
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Hence, Art 284, the required probability 

\ 12 
_ 3 13 12 6 

"^ Jl^ J. 12""14~ 7 * 
3 13"^ 3 13 
In all examples it is always supposed, that tbe d priori pro- 
babilities of an event happening and not happening are equal, 
unless the contrary is indicated. 



EXAMPLES.— LXII. 

1. Four judges agree on a verdict ; it is known that two are 
wrong 1 out of 6 times, a third 2 out of 11, and a fourth 1 out 
of 12. What is the chance that the verdict is right? 

2. A speaks truly 3 out of 7 times, B 6 out of 6, 07 out of 8. 
What is the chance of a statement being true, which is asserted 
by A and B and denied by (7? 

3. A speaks the truth 7 times out of 8, ^ 5 out of 6. What 
is the probability for an event which (i) they both assert, (2) A 
asserts and B denies, (3) they both deny, (4) A asserts that he 
heard B deny ; it being known in (4) that B has either denied 
or asserted the fact, and A can only derive information relating 
to the event from B ? 

O f{ A 

4. A'b truthfulness is represented by -r , Bs by y , (T's by -g- • 

What is the probability of the truth of a statement which A 
and B assert that C denied ? 

5. It is 3 to 1 that A speaks the truth, 5 to 1 that B does. 
They agree in asserting that a white ball has been drawn from 
a bag containing 2 white and 3 red and no others. What is the 
probability that this statement is true ? 



XXII 
CabUiS of fl^ortaUtp, ete^ 

295. Observations have been made on the number of persons 
living, bom, and dying in each of a succession of years, at cer- 
tain places, and records have been kept of the results. These 
records are called Tables of Mortality. 

296. "We give below extracts from the Carlisle Table of 
Mortality, which was formed by Mr. Milne from observations 
made at Carlisle by Dr. Heysham in the years 1779-1787. 



Age. 


Living. 


Deer. 


Age. 


Living. 


Deer. 


Age. 


Living. 


Deer. 





10000 


1539 


30 


5642 


57 


60 


3643 


122 


1 


8461 


682 


31 


5585 


57 


61 


3521 


126 


2 


7779 


505 


32 


5528 


56 


62 


3395 


127 


3 


7274 


276 


33 


5472 


55 


63 


3268 


125 


4 


6998 


201 


34 


5417 


55 


64 


3143 


125 


5 


6797 


121 


35 


5362 


55 


65 


3018 


124 



The numbers in the second column (headed Living) indicate 
how many persons, on the average, out of every 10,000 born, 
were alive at the ages given, in the same horizontal rows, in the 
first column (headed Age). 

Thus out of every 10,000 born, 5417 reached the age of 34, 
and of these 8395 reached the age of 62. 

The numbers in the third column (headed Deer., for Decre- 
ments), indicate how many, out of every 10,000 bom, died in the 
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course of the next years, after reaching the ages given in the 
same horizontal rows in the first column. 

Thus 1539 died in their first year, and 56 in their 33rd. 

297. In the same way the Northampton Table was formed 
from observations made at that place in the years 1741-1780. 

The various Life Insurance Offices have also formed similar 
tables, founded on their experiences amongst their own clients. 

298. We will now give some examples of a few of the 
principal ways, in which these tables can be employed. 

We shall assume that the tables hold good, for people living 
in most parts of England, and at times other than those at which 
the observations were made. 

299. Ex, I. Of the people who reach 33 years of age, what 
proportion reaches 60 ? 

This proportion is denoted by stPss* 

Out of 5472 living at 33, 3643 survive till they are 60. 

Hence the require4 proportion is |g|. 

Ex, 2, What is the charibe that two people, now alive, both 
die within 30 years, one being 30 and the other 32 years of age ? 

This chance ia denoted by | aoS'sosa ; ^-e- | n2xy denotes the 
chance of two people, aged x and y years, respectively, both 
dying within n years. 

Out of 5642 people reaching 30 years of age, 5642—3643, or 
1999, die before they are 60, that is, within the next 30 years ; 
and of 5528 reaching 32 years, 2133 die within the next 30 
years. 

Hence the chances of each dying within 30 years are respec- 

1999 2133 

tively represented by ^/.ts *^^ ckoq * Now these are in- 
dependent events; therefore the chance that both die within 
30 years is represented by ggj^ ^ 5528 * 
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300. The wieaw, or average, duration of life beyond a given 
age, or, as it is sometimes called, the expectation of life at that 
age, is the average of the number of years enjoyed beyond that 
age, by those who reach it. 

Of two men, who are alive at the beginning of the year, sup- 
pose one lives 3 and the other 9 months, then the whole time 
enjoyed by the two together is 1 year, and the mean of the time 
is \ year. 

301. Let Im denote the number of persons who complete their 
mth year, i.e., the number in the second column in the table, on a 
level with m in the first. To find the average duration of life of 
these Im persons. 

Now Im— Im-k-i denotes the number of those who die in their 
771 4- 1th year, i,e., the number in the third column on the same 
level. 

"We will suppose these persons to die so that, for every death 
at any distance from the beginning of the year, there is one at 
the same distance from the end. 

Then the time enjoyed in that year by each pair, who die, is 1 
year, Art. 300 ; hence the average time enjoyed by each of the 
lm'^^m-\-i JP^^ons i& J year, and .*. the whole time enjoyed by 

them IS 2 years. 

And the time enjoyed by the ^»+i survivors is of course 

^m+i years. 

Hence the time enjoyed in their m+lth year by the 2^, who 

reach 7w years of age, is o r'm+u or ^ — years. 

In the same way we can show that the times enjoyed by them 
in their m+2th, m+3rd, etc. years, are respectively 

^m+i4"^OT+« lm+f\-lm+z . 
o ) 2 ' 

Let the (m+z)th. bo the greatest age given in the table, so 
that /m+«+i=0, 
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Then the total number of years enjoyed by the l^ persons is 
— 2 — + 2 ^^^' ^ 2 ■'"IT' 

Hence the average number of years enjoyed by each is 

4+ 1 

This average duration of life at the age of m years is denoted 
by Cm. 

302. To find the payment (am) ^i^a^ mus^ 56 mcrJc to an office, by 
a person m years of age, to obtain an annuity of£l per annum, for 
the rest of his life^ to commence a year after the payment is made. 

Let each of the l,^ persons, whom the table represents as being 
alive at the age of m years, enter into the same agreement with 
the office. 

Suppose interest to be paid yearly (see Chap, xin.) 

At the end of 1 year the office must pay £lm+i > of which the 
present value is Z,»+i(l+^)~* ; 

At the end of 2 years the office must pay £lm+i $ of wbich the 
present value is W«(l+^)~* > 6*^., etc. 

At the end of z years the office must pay £lm+M} of which the 
present value is ^n+«(l+^)"''» 

Hence the present value of the debt incurred by the office is 

and, this having to be paid for equally by the l^ persons, each 
must pay 

Wia+^)-^+W«(l+0-'+ > > ' +U.(l+r)-* 

L 



"m 



[ A»(l+r)-» 

This is the sum to be paid for an annuity of £1, in order that 
the office in the long-run may neither gain nor lose. 
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The numerator of this fraction is denoted by N^, and is to be 
found by multiplying each number given in the column " Living ** 
in a Table of Mortality, with the number in the corresponding 
place of a table of present values of £1 (see Art. 132), and 
adding these products together, from that corresponding to the 
greatest age given in the Table of Mortality down to the product 

for the age tw+I inclusive. 

A table has been formed of the values of B^ for all values of 
m from to 103, and for various rates of interest from 3 to 10 
per cent. Jones on Annuities, vol. i.. Tables xi.-xviii. 

303. When an engagement is entered into to secure the pay- 
ment of a stipulated amount upon the death of an individual, in 
consideration for a single, or annual, payment, such a transaction 
is called an assurance on the life of the individual 

The stipulated amount is called the m^m assured, and the single, 
or annual, payment is called the 'premium, 

304. To find the annual premium (fi^ or Pm) to he paid, for 
the assurance of £1, on the life of a person, aged m years when 
the first premium is paid 

Let the lives of each of Im persons aged m years be assured 
at the same office for £1, and suppose that each assurance is 
paid off at the end of the year in which the person, whose life is 
assured, dies. 

Let dm+i denote the number of persons who attain m but not 
m-\-l years of age, then t4t+i = ^m— ^m+u and is evidently the 
number placed on a level with m in the column ^^ Deer." of a 
table of mortality. Thus d^i = 56. 

Then the office would have to pay £dm+i, ^dm+t, - . . £<^»n+«+i 
at the end of 1, 2, 3 ... 2:+! years respectively; hence, as in 
Art. 302, the present value of the debt it incurs is represented 
by <+i(l+r)-^+ . . . +d^+^.^,{l+r)-'~K 

And this has to be met by an annual payment of £Pm by each 
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of the l^ persons, as long as he, or she, shall be alive, at the time 
for the annual payment. 

Hence the office receives 
^•Jm at once, and P^^m+i, P»n?m+«, • . . PriJ'm^t at the end of 
1, 2, 3, . . , z years respectively. 

The present value of all these sums is 
^m{?m+^m+i(l+r)-^+Ws(l+^)"*''4- . . . +Z^+*(l+r)-»} ; 
and this, in order that the office may neither gain nor lose in the 
long-run, must be equal to the present value of the debt incurred ; 
we have, therefore, 



^m+i 



dm+i{l+r)-^+'+ . . . +d^+^+,(l+ry^+''+^ 



by multiplying each term of the numerator and denominator by 
Call this last numerator 31^, and we have 



_ Mm 



t^im.—^ 



The values of M^. for different values of w, are calculated in 
the same way is the values of l^^y except that we use the column 
DecT, instead :f the column hiving. 

The values of M^. for all values of m from to 104, and for 
various rates of interest from 3 to 6, are given in vol. i. of Jones's 
Treatise on Annuities, Tables xi.-xvi. 

See also, " The Mortality Experience of Life Assurance 
Companies," collected by the Institute of Actuaries, London, 
1869 ; and ** Tables deduced from the Mortality Experience of 
Life Assurance Companies," London, 1872. 

EXAMPLES.— LXIII. 

I. The present value of an annuity of £100 on the life of a 
person aged 21 is, by the Carlisle Tables of Mortality, reckoning 
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3 per cent., £2150. If, out of every 10 children born, 6 reach 
the age of 21, what sum ought to be paid down immediately on 
the birth of a child in order to secure it an annuity of £100 on 
its reaching 21, the deposit being forfeited if the child dies pre- 
viously ? 

2. A person who has a life annuity (a) wishes to secure to his 
family after his death an income equal to his present expendi- 
ture. What portion of his income must be paid in the way of 
annual premium to an assurance office ? 

3. Prove by general reasoning, or otherwise, that the present 
value of a life annuity to A on the death of B, is equal to the 
present value of the same quantity to A commencing immediately, 
minus the present value of the same to continue as long as both 
live. 

4. \i Ap denote the value of an annuity to last during the 
joint lives of ^ persons of the same age, prove that the value of 
an equal annuity, to continue so long as there is a survivor out of 
n persons of that age, may be found by means of tables giving 
the values of A^ from the formula 

n^i— n-<^— -4g + n.— ^. — «— .4,— etc. dziln* 



XXIII 
SDe«tmfnant!5^ 

305. If, haying given the system of equations, 

aaic + ^2^ + CtZ = df 
aiX-\-biy+CzZ=s:d^f 
we solve for a?, we obtain 

x{ai (ftjCs — bzCa) + 02(^8^1 — biCi) + ^^(ftiCj — h^Ci) 

=di{baCz — biCi)+ etc. • (App. Art. 1-3.) 

The expression, which here appears as the coefficient of x, (call 
it .4) occurs very frequently in mathematical investigations, as 
well as many others of greater length, but of a similar character. 

We shall therefore explain a system of notation, by which such 
expressions can be represented in a more compact form. 

306. It will be seen that A consists of the algebraic sum of 
all the terms, which can be obtained from the square 

ai hi Ci 

a^ bi Cf 

0>z 0^ C3 , 

by observing the following rules : — 

i^ Pick out three symbols (such as ai), so that each comes from 
a different horizontal row and vertical column to either of the 
other two, and multiply them together. 

Thus fla, 5», Ci are three symbols which will be taken together. 

2° Prefix the sign + or — to each product, according as it 
can be obtained from the product ai b^ c, by an even or odd 
number of interchanges of the suffixes. 

Thus to obtain a, ^s c, from a] b^ Cg, we interchange the 2 
and 3 under b and c, producing a, ft, c,, and now interchange 
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the 1 and 2 underneath the a and c, producing a^ 5, c^ \ thus 
we have had two interchanges, and .*. we prefix the sign +. 
So also the product Ux b^ Cg would have — prefixed. 

307. Hence the square has been subjected to the following 
definite series of operations : — 

I. Multiply together every set of three symbols picked out 

as in 1°, 
11. Prefix the sign + or — according to rule in 2°, 
III. Add all such products together. 

When such a square has to be subjected to these operations, 
we indicate the fact by placing a bar on each side of it. 
Thus, ai, bi, Ci, 

O^J Vgy Cjl • • • \^)* 

^8> ^8) ^8> 

Any expression, which is capable of being written down in this 
manner, is called a Determinant. 

A and B are said to be different forms of the same deter- 
minant. 

Each of the symbols ai, etc., is called a constittient of the 
determinant. 

Each of the products, with the proper sign prefixed, is called 
an element of the determinant. 

Since, from the diagonal element +^1 ^s ^s ^6 obtain all the 
others by proper interchanges of suffixes, it is called the 
principal element, and the determinant is often indicated thus, 

^(dzai bi Cg), . . . (0), 
this being a form which takes up much less room in writing and 
printing. 

Such a determinant as we have been considering is said to be 
of the third order, there being three factors in each element. 

The forms of a determinant of the second order, corresponding 
to A, By C, are 
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308. If we interchange two columns of a determinant (of the 
third order), we obtain another differing from it in sign only. 
For 



h. 


«i 


Ci 


&. 


fla 


c« 


&8 


«8 


Cs 



ai &i Cx 

^8 ^8 C8 

Similarly 2(±aiCa&8) = -"^(zt ai&gC,). 
Cor. 2(zt6iC,a8)= — 2(zt&ia2C8)=2(ztai58C8), 
and 2(±Cia2&8)= — 2(ztaiC,&8)=2(±ai&,C8). 



309. It will be observed that we may express the solution of 
the equations in Art. 305 thus, 

^"2(: 



^_2(±_^i&^ 
2(±aiijC,) ' 



_ 2(±ai(^gC8) 
'"2(±ai&2C8) ' 



^_2(zt^2&8) 
2(zt 010368) 



2(ztai58ef8) 

~2(±ai6jC8) 



310. Again 

ttx 2>i Ci 
as ^1 Cs 

08 2^8 Cs 



=ai(&8C8— 68Ca)+a2(&8Ci— &iC8)+a8(JiCj— ftjCi) 



=ai 



&8 C, 

651 c. 



— 02 



&1 Ci 

^8 C8 



+ «J 



2^2 Cs 



Thus a determinant of the third order is the sum of the pro- 
ducts of each constituent of its first column into the minor 
determinant, formed by omitting the row and column in which 
that constituent occurs, the sign + or — being placed before 
each product according as the constituent in it from the first 
column comes from an odd or even horizontal row. 
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311. This will be useful in finding the value of any given 
determinant. Thus 

2 5 



1 

2 4 

3 3 



2 
3 



=1 



4 2 
3 3 



-2 



2 6 

3 3 



+3 



2 6 
4 2 



= l(12-6)-2(6-15)+3(4-20) 

=6+18-48 

= -24. 



312. We have 
10 
ax hi 
Oi bf 



= 1 



a. 



2^. 



-.0 









ft. 



+ 



I fli 







a^ bi 

Thus a determinant of the second order can be written down 
in the form of a determinant of the third order. 



313. Again 
mai bi Ci 

60 Co 



ma. 



mUi b^ c. 



= wai 



&8 Ci 

hi Cg 



— WWJj 



s=m -< «! 



2^3 C3 
&8 <^8 



— fla 



&, C, 

&1 Ci 
&8 C, 



+ W«j 



+ «8 



5 
& 



5, c, 



m 



«1 


&1 


Ci 


«« 


b. 


Ca 


«8 


b. 


Cs 



Thus 
4 15 
6 2 6 
8 3 4 



=2 



-{ 



2 6 

3 4 



-3 



1 5 

3 4 



2 15 

3 2 6 

4 3 4 

=2{2(8-18)-3(4-15)+4(6-10)} 

=2{-20+33-16} 

= -6. 



+ 4 



1 5 

2 6 



h 
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We have dwelt thus at length on determinants of the third 
order, for the purpose of familiarizing the student with the 
notation and nomenclature of the subject. For the same pur- 
pose we subjoin the following examples. 



EXAMPLES.— LXIV. 



i; Find the numerical values of the following : — 



(I) 
(4) 



1 2 

2 3 

14 6 
12 

3 5 4 



(2) 
(S) 



1 2 
3 4 

2 2 2 

3 11 

4 2 1 



(3) 
(6) 



1 
3 


6 
3 



2 



2 3 

4 

1 



2. Show that 



«1 


&1 


Ci 




a-i a^ 


fls 


«« 


&, 


c« 


— 


h h. 


h 


«8 


&s 


Cs 




Ci Ci 


Cs 



or, in other words, that the value of a determinant is not altered 
by changing columns into rows, and vice versd. 

It will be observed that this justifies the notation ((7) in Art. 
307, for by that both the above determinants are represented 
by 2(zt ai&aCg). 



3. Prove that 












«! &i Ci 




«! ^l C, 




«!+«!, ^1 ^1 




a^ h^ Cs 


+ 


ttg 6j Ca 


= 


«a + «2, ^2 Ca 




fls ^8 Cg 




ttg Jg Cg 




«8 + «8j ^8 Cg 



In other words, if each term of the first column be resolved 
into the sum of two others, the determinant can be resolved into 
the sum of two others. 

4. Prove that, if each term of a column or row be resolved 
into two others, the determinant can be resolved into the sum of 
two others. 

5. Prove that, if any two columns, or two rows, be the same, 
the determinant vanishes. 
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6. Show that 



ai i^i |_ 



tta /5j 



7, Prove that 

1, fti + fta, &i&a 
1, Ci+Ci, CiC, 






+(aa— &i)(6j— Ci){cj— ai). 



8. Find the numerical values of 



4 15 




6 10 


2 3 


, and 


2 5 


6 2 1 




10 3 1 



9. Prove that 





a, 5i Ci 




= 7/1 


^2 h^ Cg 

^8 &8 Cs 


^— 



«! ^1 Cj 

Wlflj m&a ?)lCa 
a, 2^8 Cs 



10. Find the numerical values of the following : — 

(I) 



14 


{») 


2 4 6 


(3) 


2 4 2 


(4) 


13 2 


2 6 5 




5 2 1 




8 3 




2 6 8 


3 2 1 




13 2 




6 5 




5 9 4 



II. Prove 



A B D 


B G E 


D E F 



=ACF+2EDB-AE^^CD^'-FB*. 



The above is called a symmetrical determinant. 



12. Prove that 






z 


y 


z 





X 


y 


X 






=-^xyz. 



13. Prove that 


(6+c)* a« a* 






h^ (c+«)« y 


=2aic(a+5+c)«. 




c* c* (a+&)* 


J 
1 
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314. We shall now give more general definitions and 
theorems 

Let there be n' symbols, arranged in a square of n vertical 
columns and n horizontal rows. 

Each of these n* symbols is called a c(ymtituefnA. 

Thus, 



^i?i ^i>a ^i)S • 






^»«i 5 



*fnjl ^nj-t ...» 

SO that a,,, denotes the constituent belonging to the jpth row and 
^th column. 

Then we give the name of d/dermvnxLni to the algebraic sum 
of all possible products of n constituents, one of which is taken 
from each row and each column, the sign 4~ or -- being pre- 
fixed to each product, according as it can be derived from the 
diagonal product a^, 103,^0,,, . . . a„,n by an even or odd 
number of interchanges amongst the suffixes indicating the 
colum/M^ i.e. in this case the second suffixes. 



315. We denote the determinant thus^ 



^i>i ^i>a ^i>t • • • ^i>n 

^2jl ^8>« ^t)S • • • ^«)» 



^n>i ^n>a ^jt • • • ^wjn 



, or thuS| ^±021 Ost • • • ^hm,* 



316. Each term of a determinant is called an element^ and if 
n be the number of rows, or of columns, and .*. also of con- 
stituents multiplied together to make an element, the determinant 
is said to be of the nth order. 
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317. The diagonal element a^ a^^ • • • cLnn is called the 
principal element, or term. 

[N,B, — A detenninant of the first order consists of only one 
element, thus | an | , and .*. is =aii.] 



318. Instead of the notation for constituents given above, a 
shorter form is more frequently adopted ; thus the constituent 
of the pth. row, and qth column is denoted by (p, j), and the 
determinant then appears in either of the forms, 

(1,1)(1,2)(1,3) (l,n) 



(2,1)(2,2)(2,3) 



(2,«) 



• {n,n) 



or 



(»,l)(«,2)(n,8)(«,4). 
(1,1) (2, 2) (3, 3). . .{n,n). 

In the symbols apq and {p, q), for shortness, we speak of p as 
the horizontal index and of g as the vertical index. 



319. The constituents (p, q) and (q, p) are said to be con- 
jugate to one another, and, if (p, q)={q, p) for all values of p 
and qy the determinant is said to be symmetrical; see Ex. 

LXIV. 11. 



320. Any determinant formed by omitting any r rows and 
any r columns is called an rth min>or of the original determinant. 



Examples. 



(2, 2) (2, 3) 
(3, 2) (3, 3) 



(n,2)(«,8) 



(2,«) 
(3,n) 



(«.«) 



omitting the first row 
and first column, 
call it ^1,1, 
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(1,1)(1,2)(1,3)(1,5) 
(3,1)(3,2)(3,3)(3,5) 
(4,1)(4,2)(4,3)(4,5) 
(5,1)(5,2)(5,3)(5,5) 



(«,1) 

are first minors ; and 

(1, 1) (1, 2) 
(3, 1) (3, 2) 

(4, 1) (4, 2) 
(5, 1) (5, 2) 



(l,n) 
(3,n) 
(4,n) 
(5,«) 



(«,«) 



omitting the 2nd 
row and fonrth 
column, call it 



(1,4) 
(3,4) 
(4,4) 
(5,4) 



(1,6) 
(3,6) 
(4,6) 
(5,6) 





(1, 


«) 




(3, 


n) 




(4, 


«) 




(S, 


n) 


'.{n 


-1, 


n) 



omitting 
the 2nd 
and nth 
rows, and 
the 3rd 
and 5th 
columns, 



(«-l,l)(n-l,2)(«-l,4)(«-l,6) 
is a second minor, of the determinant in Art. 318. 

In general, Apq will denote the first minor formed by omitting 
the ^th row and ^th column. Its principal element is 
(l,l)...(l>-l,l>-l)(i>+l,i>)(p+2,p+l)... 

or (1, 1)...(!?-1, q-l){q. q+l){q+l, q+2),.. 

...(p-ly p){p+l, p+l)...{n, n), 
according asjp is <, or >, q. 

For when^<g', the^th row being absent, the (|3+l)th takes 
its place, and the (^+2)th takes the former place of the 
(2)+l)th, and so on; hence the suffix for the row is one in 
advance of the suffix for the column, which cuts it on the 
diagonal, until the qth column being absent, the (g'+l)th takes 
its place, and cuts the diagonal on the same constituent as the 
original (g'+l)th row. 

Similarly the student will understand the correctness of the 
form, which we have written down, for the principal element of 
Apqy when p>q. 
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321. Prop. i. If from a given determinant we form another, 
of which each row is the same as the corresponding column of the 
fir sty and vice versa, the two determinants are egual. 



Or 



^1)1 ^l>« ^l«8 • • 
«8,1 



^a>i ^a»a ^ajs 



a« 



a 



nji **n)S »*n)8 



a. 



^iin 



a 



Sjn 



^»jn 



<^l)l ^2)1 ^8)1 
^lj2 ^2 J 2 ^'8)2 



a 



1>» 



• • 



^Dti ^2jn ^8)fi • • 



«n,i 



a 



njs 



^jn 



For tbeir principal elements are the same. 

Now in the first determinant suppose that we obtain from the 
principal element, by a certain series of interchanges of second 
suflBxes, the element ai,^^^,^ . . , a„,^. 

In the second determinant it is the first suffixes which mark 
the columns, .*. they must be interchanged. Write the principal 
element of the second determinant thus, aa^aap,p . . . <^v,vj *•«• 
alter the order in which the constituent factors of the principal 
element are written down. Interchange the first suffixes till we 
arrive at a, ,0^8, ^ . . . On^v 

It will be seen that we have gone through the same series of 
interchanges, as in the case of the first determinant, only in the 
reverse order. For in the first case we interchanged the suffixes 
1, 2, 3, . . . n till we arrived at o, ^, . . . v; in the second 
case we interchanged the suffixes a, j8, . . . v till we arrived at 

1, 2, ... 71. 

Hence the number of interchanges is the same in both cases. 

Therefore in one determinant the elements are the same, in 
form and sign, as in the other determinant. 

Hence the two determinants are identically equal. 

This proposition is generally stated thus : " TJie value of a 
determinant is not altered, if the rows are changed into corre- 
sponding columns, and vice versft." 
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322. Prop. 2. If from a given determinant (D), we /oT^m 
another (D'), 5y interchanging ttuo columns [or two roios), then 

■ 

LetZ)=2zt(l.,l)(2, 2)(3, 3) . . . (w, n). 

Let the2>th and ^th columns be interchanged, and let q>Pf 
then 

D'^ 2±a, 1)(2, 2)...{p,q)...{q,p)... (n, n) ; 

.*. the principal element of D' can be obtained from the prin- 
cipal element of Z> by the single interchange of the second 
suffixes p and q. 

Hence each element in D' occurs in D, but can be obtained 
from its principal by one more interchange than when it occurs 
in Z>, namely, by passing from the principal element of Z>' 
through that of D. 

Hence D and 2>' are the same, element for element, only with 
opposite signs. 

By Prop. I. the same is true when rows are interchanged 
instead of columns. 

This proposition is often stated thus : If two rows, or two 
columns, of a determinant are interchanged^ the sign of the deter- 
minant is changed. 

Cor. I. If from a determinant D we form another D\ by x 
interchanges amongst the rows or columns, then Z)'=( — 1)*Z>. 

For at each interchange we obtain a new determinant exactly 
the same as Z>, except that the sign of the whole is altered at 
each interchange. 

Cor. 2. If two rows, or two columns, are the same, the deter- 
minant vanishes. 

For if D be the determinant, on interchanging the two rows, 
or columns, we obtain — Z) by the Prop. 

But this interchange of two things identically the same can- 
not affect the value of the determinant ; 

.-. Z>=— -D, or Z>=0. 
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Cor. 3. 

(l,l)(l,2)...(l,jp-l)(l,;?)...(l,n) 
(2,1) (2,p-l)(2,p)...(2,7i) 



= (-1)^-1 



(l,jp)(l,l)...(l,l>-l)...(l,«) 
(2,^)(2,2)...(2,^-l)...(2,w) 



(n,23)(w, 1 )... (to, p — !)...(», n) 



(»i, 1) (w,jp-l)(n,p)...(n,p) 

For to obtain the right-hand determinant from the left-hand 
one, we must interchange, in succession, the original j9th column 
with the (^— l)th, . . . , the second, and the first, making 
in all |3— 1 interchanges ; 

.*. the final determinant =(— l)^"^x original determinant, 

or „ original „ =(— ly^^X final 



j> 



323. Prop. 3. To multiply every constituent of any one row 
[or column) by the same factory is the same thing as to multiply 
the whole determinant by that factor. 

For in every element we have one constituent from any one 
particular row. Hence, if every constituent of that row is 
multiplied by the same factor, each element, and .'. the whole 
expression, is multiplied by the same factor. 

The same is, of course, true for a column, instead of a row. 
For examples, see Art. 313. 



324. Prop. 4. If each constituent of a row (or column) ia 
resolvable into the sum of two parts^ the determinant is resolvable 
into two determinants. 

For suppose each constituent of the pth row is resolvable into 
the sum of two parts, thus suppose 

then any element in which Op, appears can be resolved into 
the sum of two parts differing from it only in having a;^ in one, 
and ypg in the other, as a factor instead of a^g ; and since each 
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element contains a factor from the pth row, all the elements can 
be similarly resolved ; 

• • ^3— ^11 "^2 2 • • • ^np ' ' ' ^nn 

The same is true for columns. 

CoR. It is evident by proceeding in the same way, that, if 
each constituent of a row (or column) is resolvable into the sum 
of any number of parts, the determinant is resolvable into the 
same number of determinants differing from the original deter- 
minant only in having in each one part, instead of the whole 
constituent, in that row or column. 



325. By means of these propositions we can often reduce a 
determinant to an equivalent with smaller constituents. 



Example. 



3, 1, 2, 3 

4, 0, 2, 1 

6, 4, 1, 2 

7, 3, 0, 1 

2 12 3 

4 2 1 
2 4 12 

4 3 1 



+ 



2+1, 1, 2, 3 

4+0, 0, 2, 1 

2+4, 4, 1, 2 

4+3, 3, 0, 1 

112 3 
2 1 
4 4 12 
3 3 1 



Now the second of these determinants has two columns 
identical, and therefore vanishes. We thus see that we can 
subtract one row (or column) from another j without altering the 
value of the determinant. 

The first of these determinants has two as a factor of each 
constituent of its first column, and 

112 3 
2 2 1 
14 12 
2 3 1 



.'., Art. 323, =2 



DETERMINANTS. 



259 



EXAMPLES.— LXV. 



I. Show that 



2. Show that 



3. Show that 



4. Show that 

2 2 3 
12 4 1 

3 3 2 1 

4 6 2 



5 4 3 6 




14 13 


8 15 4 
2 1 18 2 


= 6 


3 5 2 
116 1 


5 3 6 6 




2 3 2 3 



16 3 4 

3 6 1 
7 3 7 2 

2 6 2 

5 2 2 1 

4 2 3 3 

6 3 7 2 

3 12 1 



= 2 



'=6 



12 3 4 




2 3 


3 2 1 
5 110 


=6 


3 2 1 
5 110 


10 3 1 




10 3 1 



12 11 




2 3 




3 5 2 




1111 





10 
2 3 
3 5 2 
1111 






2 3 




2 3 


0- 



-13 1 
3 2 1 


= 2 


0-1 3 1 
4-1 


1 


3 10 




-13 10 



326. Prop. 5. In the determinant 2ifa(l, 1)(2, 2) . . . (n, n), 
the coefficient of (p, q) is (— l)*"'^^,, (see Art. 320). 

1° In each element in which {p, q) occurs, its coefficient is 
one of the products of n— 1 constituents, of which one comes 
from each row and each column, with the exception of the pth. 
row and gth column, and may therefore be obtained from the 
coefficient of (p, q) in any other element containing (p, q), by 
interchanges of second suffixes, taking care to change the sign 
of the product once for every interchange, according to Art. 
314. The whole coefficient required is the sum of aU such 
products. 

S 
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2° We must then obtain some one element in which (j9, q) 
occurs. Let jp > g'. If, starting from the principal element, we 
make successive interchanges amongst the second suffixes, thus 
q^ and g'+l, then q and q-\-% and so on, till we have inter- 
changed q with p, we obtain the product 

(-.l)-^(l,l)...(g-l,2-l)fe(?+l) 

...(p-l,2))(p,?)(p+l,l)+l)...(w,w). 

3° Now in this, the coefficient of (p, ff) is the principal 
element oi Ap^g multiplied by (—1 )**"*. 

Hence by i" the coefficient required is (— 1)**~* multiplied 
by the sum of all the products, which can be obtained from the 
principal element of Apg by interchanges of the second suffixes, 
prefixing + or — to each product, according as, to obtain it, we 
have had to make an even or odd number of interchanges. 

But this sum is Ap^g (Art. 314) ; .*. the required coefficient of 

{p, q) iB {-ly^A,/,. 

Similarly, i£p<q^ we can show that the coefficient of (p, q) is 

CoE. 2±(l,l)(2,2)...(«,n) 

=(l,lM.„-(l,2M.„... + (-l)"-'(l,nM„n, 
also =(l,l)^„-(2,l)^,....+(-l)»-H«,lM»,i. 



327. Ex. I, Continuing the reduction of the determinant in 
Art. 325, we have 



=2 



0, 2, 1 
4, 1, 2 
3, 0, 1 

0, 2,1 

1, 1, 1 
3, 0, 1 



-2 



-4 



1, 2, 3 
4, 1, 2 
3, 0, 1 



+ 



1, 2, 3 
0, 2, 1 
3, 0, 1 



-2 



1, 2, 3 
0, 2, 1 
4, 1,2 



1, 2, 1 




1, 0, 2 




1, 0,2 


4, 1, 1 


+ 2 


0, 2, 1 


-4 


0, 2,1 


3, 0, 1 




3, 0, 1 




4, 1,2 



Bubtractiug the 3rd row from the 2nd in the last determinant^ 
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=2 



0, 2, 1 




0, 2, 1 




1, 0,2 




1, 0, 2 


1, 1, 1 


-4 


1,1, 


+ 2 


0, 2, 1 


-4 


0, 2, 1 


3, 0, 1 




2, 0, 1 




3, 0, 1 




8, 1, 



subtracting the 3rd column from the 1st, and the 3rd row from 
the 2nd in the second det., and the 1st row from the 3rd in the 
last, 

A-\\\VAl\\\A-\l\VAl\\\ 

=2{-2+3(2-l)} -4{ -2-2} +2{2-12}-4{-l-12} = 50 
Ex, 2. 



a» ft» c« 




a«— ft» ft« c*— ft» 


a b c 


^n 


a — b b c — b 


111 




1 



= (a-6)(c-6) 



=(«-&)(c-&) 



a*+ab+b^ b* c*+cb+b* 
16 1 
10 




a'+cU>—c'—cb b* c^+cb+b* 
b 1 
10 


-c) 


a+c+b b> c'+cb^ 
Ob 1 
1 


-b' 



= (a— &) (c— &) (a— c) 

=(a-&)(c-&)(a-c)(a+c+5)| J J 

= (a-&)(c-&)(a-c)(a+c+6)(-l) 
= (a-&)(d-c)(c-a)(a+6+c). 

It was evident at starting that a—b is a factor of the deter- 
minant. For put a=5, and we get a determinant with two 
columns identical, and .*. =0. Similarly for 6— c and c—a. 
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EXAMPLES.— LXVI. 



I. Find the values of the determinants in Ex, lxy. 
Calculate the values of the determinants, 



2. 


1 

2 
4 
1 


'1 ' 


5, 1, 7 

2, 0, 8 

6, 3, 5 
5,4,4 


• 




3- 


1, 3, 0, 6 

2, 6, 0, 4 
1, 0, 1, 3 
5, 3, 0, 3 


• 


Expand 
4. 


the following : — 

w\ V, u\ m 

v', m', w, n 

Z, w, w, 


• 


s. 


0, a5% ac^ 
ha\ 0, &c« 
ca^^ cb% 


6. Pi 

■ 


roTe ( 


the follow 
a X X 
Xb X 
X X c 


ing e< 


juation, 
ij.) 


( 1 


_^ 1 ^ • 


I 



7. Prove that 

ni+n—i/+Zy ^y^z—l, --y+z—l 
—z+x^m, n+l^z+x, ^z+x^m =0. 
^x+y-"n, — a;+y— n, Z+m— a:+y 

8. Show that if in any determinant, which is a function of x, 
n columns become the same when x is put equal to a, then the 
determinant is divisible by (a;— a)**"^. 

9. Prove that 



jS'+r', /+«', «'+i8', 
iS^+y", f+a% or+p\ 



= 2 



a 
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10. Find the value of the determinant 

1 a a* a^-\-})cd 

1 & ft* l^'\-acd 

1 c c* c'+aftflf 

\ d 6^ d^+abc 

11. If 0) be an imaginary cube root of unity, what is the value 



of 



0, 
-1, 



0, -0,% 



0)* 



CO' 



<•>, 



0,-1 
1, 



13. Show that the determinant 

0, di — dij ai— «8» etc., (Zi — On 
a^ — ttj, 0, a^ — a^y 

etc., etc., etc., 

a„ — ©1, a^ — a^, eto.| 

is zero, except when n=:2. 



etc., a^ — On 
etc., as — an 

eto.| 



13. Prove that 

a b c 

a y p 

b y a 

c fi a 

14. Prove that 

0, 1, 1, 1 

1, 0, z\ y« 
1, z% 0, a;« 

1, yS a^S 



=(aa+ftj3-cy)«-4aiaj8. 



x^i/*z^ 



15. Show that 



1, y, -i8 

/3, -a, 1 



0, as, y, « 

y, xyz\ 0, a;«yar 
Zj xy% x^yz^ 

=l+a«+j8«+y«. 
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328. Prop. 6. To show that the proditct 

^^11 ^89 • • • ^nn X^dz&ii ^ss . . . bnn is equal to 
aii&ii + <'u6u+flfis&is+&c., aii&ii + ai26M + &c., . . . flrii&«i + <'M5iiJ+&c. 

021611 + 02S&l« + flf28&13 + &C., Oai&ai + <'22&22 + &C., . . . an 6nl + fl»2 ^nS + &C. 



fl»ii&ii+aftf^+aii8&i8+&c., ani&n+a«i9&22+&c., . . Ofabfa+arnhnn + Sic* 

Call these determinants AyB,C respectively. 

We shall use the term partial column to denote any one of the 
n columns into which each of the columns of G is divided (Art. 
324). Thus the rth partial column of the pth column of is 



«ir 


V 


«sr 


• 

• 


Ofir 


"V 



Thus C is the sum of the n^ partial determinants, each of which 
is formed by taking a partial column from each of Cb columns 
(Art. 324); and bpr being a factor of every constituent in 
the above column, we should write bpr outside any partial 
determinant in which it occurred, leaving the column 
air 

Y inside, as the rth column. 

It will be observed that this rth column is the same, from 
whichever of Cs columns it is taken. Hence, if in forming any 
partial determinant, we took the rth column from two of (7's 
columns, we should obtain two columns identical, and therefore 
that partial determinant would vanish. 

Therefore all the partial determinants, which do not vanish, 
must be made up by taking a partial column of a different 
position from each of Cs columns. Hence each of these deter- 
minants must be of the form 
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^1*^2/3 ^8y • • • ^nv 









I 



^na> ®n/3> • • • ^nv 

where a, /?, y, , . . v is some arraDgement of the numbers 

1, 2, ... 72. 

In this expression the determinant is merely A with its 
columns arranged differently, and .*. =it A 

Also, suppose the arrangement a, ^, y, . . . v to be obtain- 
able from 1, 2, 3, ... n by a; interchanges, then the above 
determinant =(—1)*^ (Art. 322, Cor. i), 

and /=^(— 4)*&ia2>a0 • • • ^nv- 
So that .^ is a factor of each of these terms, of which C is the 



sum; 



.'. C=A^{(--iyhiabip . . . bnv}) which is A,B, 
since the product biah^p . . . 5nv is obtainable, from the 
principal element of By by x interchanges amongst the second 
suffixes. 

The student will observe that C can be written down by the 
following rule : — 

The A;th row of the Zth column of C is formed by multiplying 
together the A;th and Zth rows of A and B respectively, con- 
stituent by constituent. 



EXAMPLES.-LXVII. 



I. Write down the products of the following pairs of deter- 



minants : — 



(I) 

(a) 



a, h 

Cy d 

a h c 
a ^ y 
X y z 



a, p 

a' V c' 

a ^ y 

X y z 
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2, Express 



«i !/i 


«i 


«i ya 


J^j 


«» ys 


^8 



in the form of a determinant. 



3. Show that 

a* + h*+c% aa+bp+cy 
aa+b^+cy, a« + /3^+y« 

4. Express 



b, c 



+ 



7) « 



+ 



a, ^ 



5. Kin 



prove that — 



«i yi ^i 

^a y« ^8 

«3 ys ^8 

^1 a^ a^ 
bi 6j ^8 

Ci Cj Cg 



a)8 



in the form of a determinant. 



Ai be the minor of a^, 

B^ the minor of 5, , and so on, 

ss the original determinant. 



6. The square of a determinant is a symmetrical determinant. 



329. We will now give an instance of the use of determinants 
in the solution of equations, and in elimination. 
To solve the n equations, 

aiX+hii/+CiZ+ etc. . . . =mi, . . (1), 

aja;+&ay+ etc =^1, • . (2), 

etc. =etc. 

anX+br^+ etc szmny . . (w). 

Oonsider the determinant 

at bt . 
etc. 



etc. 



denote it by D. 

Multiply (i) by the minor of ai, (2) by the minor of a,, with 
the negative sign prefixed, and, generally, the equation (A) by the 
minor of a* with the symbol (—1)*"^ prefixed, and then add all 
the results together. The coefficient of x will be D (Art. 326). 
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The coefficient of y will be what D becomes when &i , &9 , etc. 
are written for ai, ««, etc., i.e., it will be a determinant with 
two identical columns, and therefore will vanish. For similar 
reasons the coefficients of z^ etc. all vanish. 

Also on the right hand we have what D becomes when nzi , 977, , 
etc. are written for ai, aa, etc., «.e., the determinant 
2d=mi&,Ca . . .; 

2iliai&2 . . . • 
bimuarly y=,^rj- — 7 ; 2?= etc.; etc. 

CoR. If 771, =m,= etc. =0, we can eliminate a;, y, etc., and 
the result is 2±ai&s . . . =0. 



EXAM PLES. — LX VIII. 

Solve, by using determinants, the equations : — 
I. 2x+y+Sz=2 2. x+ 1/+ z=0 

x+2z =4 {h+c)X'^'(c+a)y+{a+b)z=0 

SyA-z =5. bcx+ cay+ abz=l, 

3. x+2y+Su =5 4. 2a;+3y+ 2=3 

— y+ z -\- u =3 JC+ 2? + w = 

y+2;j— w +2x=z4 y+2z+Su= 4 

a:+ 2 — 3«*=1. 32: — 2m=— 2. 

5. Eliminate x, y, z from the equations 

^+ % + ez—m=0 
fx-\- ey + cz— 71 =0 
Ix+my+nz =0. 
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6. Eliminate Xy y^ z from the equations 



a^ 



b^ 



al 



f T:r+ 



X 



^^-4 



z^ 
en 






Z^ 

en 



=0 

=0 
=0. 



x^ y 

7. If L^ax+ hy+dz 
3f=bx+ cy+ez 
N=dx-\- ey+fz 
P= tx+my-^-nZy 



and ^H= 



a h d 
bee 
d e f 



rove that 



I m n 

L a b d 

M b c e 

N d e f 



=P.H. 



8. Prove that 



€IC 



=:2(a+b+c)abc. 



{a+b)\ be, 

be, (a+c)', ab 
ae, ab, {b+e)* 

9. Show that {X'\'y+z){x—y—z){y^z—x){z—x—y) 

X y z 

X z y 

y z X 

z y X 



10. Prove that 



x'x" 



.' n 



z'z" 



1 yy ^ 

a!'x, y"y, z"z 
xsf, yy\ zz 



yz, zx, xy, 

It It It 
y z, zx, xy , 



yv, 



z-x". 



*y 



XXIV 
iFinfte SDifferenceiS^ 

330. In this Chapter we shall discuss some problems leading 
to what really are particular cases of equations in a branch of 
higher Mathematics called Finite Differences, 

The methods therefore will be best explained by giving several 
examples, 

331. Ex, I. Obtain the nth term of the recurring series, 

Uq'\-u-^x-\'U^x'^-\' etc., 

the scale of relation being \—px—qx^=iO, 

We have, then, to find such a form for the function u^ as will 
satisfy the relation, w„— j9W„_i— g'W„_j==0. . . (i). 

Now Aa^ is such a form, when A is any constant, and a a root 
of the equation, a* —pa — g' = 0. . . . ( 2 ) . 

This the student will see at once by substituting, in (i), Aa^ 
for Wn» Aa^-^ for Wn-u Aa^-* for Wn-2» 

Let a, p be the roots of (2), and A, B two constants [i.e. 
symbols which do not change when n is changed from one value 
to another, differing from the former by an integer) ; then not 
only Aa"" and B^, but Aa^'+Bp^ are forms of u^ which 
satisfy (i). The latter form is the most general solution of (i), 
and therefore the most general form which can be found for the 
nth term of any series, in which the scale of relation is that 
given above. 

We have still to determine A and B^ so that it may be the 
nth term of the particular given series. 

Putting n=0, and 1, successively, we have 

Aa+BP^u^ ; 
two equations which determine A and B. 
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332. We have stated that Aa^+B^^ is the most general 
solution of (i). This we cannot prove here, but the student 
will find that no other functions, except such as are particular cases 
of the above, will satisfy (i), if a and ^ are different If, how- 

P 
ever, 4$'=— j3*, a=l3=-j^- In this case, the general form of 

Un is {C+Dn)a^j C and D being constants. 

This the student can easily verify for himself by sub- 
stituting, in (i), ((7+Z>n)a** for ««, (C+ZM— l)a*»-i for w„_i, 

((7+Z>n— 2)a'*-* for «n-i) and remembering that 2=—'^, 

2 
Then C and D can be determined from the equations, 

G=Uq, putting n=0, 
and (C+D)a=Ui „ n=l. 

K the scale of relation were 1— jtw5— g'a;'— raj'=0, and 
a, (3, y the roots of a»— gcr*— ^^a— rssO, the general form of u^ 
would be 

^a**+jB/3»+(7y»*, when a, /?, y are all different, 

AaP'-\-{B'\-Cn)P^y „ )8=y, and a is different, 

il, ^, C in each case being constants, such as we had in Art. 
331, &nd so on, for other scales of relation. 



EXAMPLES.— LXIX. 

Determine the general term of each of the following recurring 
series : — 

1. l+3a;+4r«+7a;«-|-lla;*+18a;»+eto. 

2. 3+6a;+14a;«+36a;«+98ic*+276a;'»+ etc. 

3. 3+lla;+31a;«+95a;»+283a;*+eto. 

4. 3+15^4-63.c'»+243a;»+ etc. 
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5. 2+4a;+6«'»— 64«*— etc. 

6. l+2aj+3a;«+5aj»+7ic*+9»«+ etc. 

7. Show that the (r+l)th term of the recurring series, 
2-5+29-89+ etc., is 

8. If UfB be the coefficient of t^ in the development of 

1-1-^-1-^2-1-^8 » "^^^^ *^** w«+8+^«+a+^*+i+t<*=0; and hence 
find Ux, 

9. A recurring series is such that each term is the sum of 
the two preceding. Find the limiting ratio of the nth to the 
(n— l)th term, when n ia infinite. 



333. Ex, 2. Find the nth eonvergeRt of the continued fraction, 

a a a 



a+ a+ a+ 



etc. 



Let — denote the nth convergent ; then the form for pn must 

satisfy the equation /?n=^i>n-i+<»Pn-s> • • • (i)^ 
Hence, as in Art. 331, if A, h be the roots of the equation, 
x'^^ax'\-a^ Ah^+Bk^ is the most general form for j9„; and also 
for qn, since the function for qn must satisfy the equation 
qn^aqn-i+aqn-ij which is the same in form as (i). 
To determine A and B. The first two convergents are 

a ctd 



a ' a*+a 

Hence, considering numerators, and putting n=l, and 2, 
successively, we have 

All +Bk =a, 
A7i*+Bk*=:aaj 

two equations from which the values of A and B for p^ can be 
obtained. 
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Similarly, considering denominators, we have 

Ah +Bk =a 
Ah^+Bk^=:a*+a, 

Obs. If a=— -J- , ^=A;, and the general form forp„, and for 

§'„, is ((7+i>n)^'*, and G and D can be determined from the 
equations, 

((7+2i>)A« = aa /^^^ numerators, 

and {a+i>)^=a ) ^ , 

((7+2Z))^^=a«+a 1^^^ denommators. 



EXAMPLES.— LXX. 

T. Find the value to n terms of the continued fraction, 

2 2 2 



etc. 



1+1+1+ 

2. Find the nth convergent of, 

^^) 53 5— 5— ^^'^ 

« 4 T 4T 4+ ^*^-> 

..555. 
(3) 5- 51: 5- etc. 

3. The nth convergent to the continued fraction, 



8+ 8+ 8+ • • •' 
is twice the nth convergent to the continued fraction, 

^+4+ 4+ 4+ • • • 

4. Show that ^^1=2— 2^ "2 * " ' ' *^®" '^^'"^ " quotients 
of 2. 
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5. If — be the wth convergent to Va* + 1, prove that 



334. Ex, 3. Find -^ , the nth convergent of 

3 4 3 4 
n-T- -i—r -I- .- etc. 



1+ 1+ 1+ 1 + 
First, let n be odd and =2m+l ; 

Eliminating j^am? ^2m-a» *•«•) tl^e numerators of even rank, 

we have P2TO+i=8p2m-i — 12p2^_,. 

« 

Put j32TO+i=-4a;2"*+^, where ^ is constant, as in Art. 331; 
then ic*=5 8a;^ — 12. 

The roots of this equation are ± >y/6, ± >y/2 ; .*. the general 
form forp2TO+i is 

Sm-Hl 2ffi+l 

=(A-B)6 •' +(C'-Z>)2 " . 

Nowj3.=3; .-. (J-fi)V6+ (C-D)v'2= 3; 

and i),=12; .-. 6(4-5)V6+2(C-i>)V2=12; 

••' l)m+i=-2-(6'"+2'")=3.2"'-(3"+l); 
••• i).„-i = 3.2— «(3"-«+l). 

Also l»»itt=^n»+i — Spjm-l 

=3.2"'-»(3'»-l). 
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Again, the general form for q^^ being the same as for 'p^^ we 
have for denominators, since ^i = l, $8=3, 

... (^-j5)V6=|, (a-i>)V2=-|- 

Whence we find, in the same way as for pt^-n ^'O-^ Ptm-x > 
?.«+i=2"-'(3'»+'-l), 
?.»=2'»-»(3'»+'+l). 

Therefore iWi=g:;2l^=3. J^+-\. 

, l>,»_ 3.2'*-'(a"'-l) _^ 3»*-l 
•"•^ <?,„~2»-»{3'»+'+l)~*** +'+1* 



n-1 



Hence, if n be odd, -^^^'-^rn. 

and, if n be even, --=3. „ 

2» 35+'+i 



335. J^. 4. Find the nth convergent of the continued fraction 

JL_i. J_ 1. 

3- 3- 3- 3- ^^' 
First, let n be odd and =2m+l; 

Pirn = 3/}2TO-l ~" 4p2OT-l y 
i'awi— 1 = 3paj»-8 — Pim-t • 

Eliminating /7sm andpam-*) we ^ave 
Put/?j,»+i=-4a:'"*+', -4 being a constant; 
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This equation has two roots each equal to i>J% and two others 
each equal to — /y/2 ; 

2m+l 2m-<-l 

.••2'.»+i = {^+5(2m+l)}2 » -{(7+i>(2m+l)}2"' 

Now j9i = l; .-. (^-(7+5-J9)V2=l, 

jP3=8; .-. 2(^-(7+5-J9)V2+4(i?-J9)V2=8; 



l!»»— 1 



V2' 2^2' 

.-. jp,«.+i=2'«+3/yi2'». 

Also JP2m= -3(jP2m+i+Pm-i)=3w2' 

Also, the general form for q^ being the same as for /?»» w© 
have for denominators, since g'i = 3, g'8=12, 

(^_(7+5_Z))V2=3, 
2(^_(7+5-Z>) ^2+4(5- J9) V2=12; 

.-. g'a«+i = 3.2»*+3m2'»=3(m+l)2» 
and^2«=(3m+2)2' 



>m— 1 



Therefore e3m^i^ 2^+3m2^ ^ 1+3^ 
!7m+i 3(m+l)2- 3(m+l)' 

/?am_ 3m. 2"*-* _ 3m 
?am""(3m+2)2'»-i"3m+2' 



p„ 3w— 1 

Hence, if n be odd, —=07 — nn » 
' ' (In 3(n+l) 

and, ifn be even, -=3^^. 
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EXAMPLES.— LXXL 



Find the nth convergents of the following ; — 

3 3 3 3 , 
'• 2+ 3+ 2+ 3+ 

2 2 2 2 
^' 1~3+ 1- 3+®*^- 

2 3 2 3^ 

3- 1+ 2+ 1+ 2+ 

9 1 9 1 

4- 2+ 32+ '2+ -2+ ®^' 

etc. 



o- 1+ -1+1+ -1+ 
^ a* a*— 4 a* a*— 4 . 

6. 1+ T+- 1 + -rr *** 



336. In the following class of examples the principal di£Bciilty 
is similar to that in Artt. 196, 199, 203. 

Ex. 5. Show that ^ g~ g_ etc. 2^2=as+l' 
where 6=-r^+ • • • + 



|5 ^ • • • ^|2n+l 



.Pn 



Let — denote the nth convergent, then the relation between 

Vnt Pn-i,Pn-t is 

/?„=:(2n+2)pn.,-(2n-l)jp«_, . . . (i) 

= (2n+ l)2)„_i +Pn-i — (2n— l)pn-t ; 
.'. /?n— (2n+l)jp„-,=jp„-i— (2n— l)pn-,, . (2). 
That is, we have transformed (i) into an equivalent equation 
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(2), of which one side is the same function of n, that the other 
is of n— 1; 

.-. ;?n-(2n+l)p„_i=u4, '\ 

/?n-i-(2/l-l)jPn-a = ^, f . . 

etc. =etc. r • ' ^3;» 

where u4 is some constant, t.e. a symbol which does not change 
in value, when n is changed by an integer. 

We shall now transform these into equivalent equations, in 
each of which the left-hand side will consist of the difference of 
two terms, which will be respectively the same functions of con- 
secutive integers. 

Divide the first by 1.3.7 . . . (2n—l)(2n+l), the second by 
1.3.7 . . . (2n— 1), etc., and the last by 1.3.5. 

We have 

Pn Vn-x _ A 

1.3.7...(2n+l) 1.3.7... (2n-l)"1.3.7...(2n-l)(2n+l)' 

Pn-i Pn-% A 

1.3.7.. .(2/j-l) 1.3.7... (2n- 3) 1.3.7. ..(2n-l)' 
etc. — etc. = etc. 

1.3.5 1.3 " ro' 

1 2«|n 

.-., adding and remembering that 1,3.7,,, (2n+l) =[2^^ 



we 



^ 2'»|n;7„ p, ./2«|2 2n-i|n-l 2n|n 

^'^^^ 12m:I-T=^ t -|r+-+ 2n-l +12;^ 



|2n+l 3"" I ]_5 ^—^ |2n-l ^ |2n+L j 

Now jt?i=l, ;?,=6; 

.'., from the last equation of (3), -4=6— 5=1 ; 

• • |2n+l -T+^- 
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For denominators. Since the equation for g'n corresponding 
to (i) is of identically the same form, we have 



and qt — bq^^A. 
Now g'i=21, g'i=4; 

.-. ^=21-20=1. 

gn2"|« 4 ,p _, pn 1+S8 
Therefore j^^=-g-+& Thua ^^rr^-^^. 

337. ^0?. 6. Find the nth convergent of the continued fraction 

3 8 15 , n«-l , 

31+ -^0+ -1+ ^^^'^ —1+ ^^' 

Herepn=— JPn-i+(w*— l)pn-2 . . . • (li, 
= npn-1 — (n + l>n-i + (n* — l>n-« ; 



.-. jp«— wpn-i = — (n+l){/?„-i— n— Ijpn-,}; 
•• \n+l "^ |n+l "" \n_ 

•• |W + 1 "^ 1 71+1 ' 

where ^ is a symbol which does not change with n. 
Again j^-i|g=^(-ir; 

.•._f-,^l=^(-l)»{l+«). 
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Vn-x Pn-2 __ 



Similarly ]S-j^=^(-l)"-'"' 
etc. — etc. = etc., 



Pi Pi^ 



2 



=^3; 



.'. adding 
^-p,=^{3-4+5-otc.+ ... +(-l)"-i«+(_l)«(n+l)} 



('}■ 



= — -4-Q,ifnbe odd, 

A(n+4:) 
and = — ^^"s — , if w be even. 

Now/>i=3, ^a = — 3; .•., putting n=2, we have 
— ^— o— AO, .. ua — — ^, 

... g=3+|(«-l)=?^,if„beodd, 

3 3n 

and — ^"""T (w+4) = — T~ J if w be even. 

For denominators. Since the equation for qn corresponding 

to (i) is of identically the same form, we have, as in (2), 

On A(n^l) A(n+4) ,. . ,, 

'^^ — ^-^ — - , according as n is odd, or even. 



?i = 



or 



Now g'l = — 1, q2=9; . •. , putting 7i= 2, we have 
.-. |-+l=:^(2+4); r. A=^; 

• •••|=-l-^(^-l) = -^Tf^,if^beodd, 

, -I , 11/ , ^x lln+32 .^ , 

and =— 1+^2(^ + 4)= — j^ — ) if nbe even; 

. Pn 9(n+3) .. . .. 
• . ^— = —^ — pY , if n be odd, 
qn lln+1 ' ' 

9n 



28o 
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2 2 3 3 e 

338. Ex. 7. Prove that x -r s-^ -r-^ etc. = 



2+ 3+ 4+ 
If ^— be the nth convergent, we have 

i>n={'«+l)Pn-i+«Pn->, • 



e-2 



(i); 

.-. (n+2K=(n+l)(n+2)p^,+(n+2)np„_. 

=(n+l)(n+3K_i-(n+lK_,+(n+2)np„_,; 
.-. («+2)p„-(n+l)(n+3)^,i_, = -(n+l);»„_,+(n+2)np„_.; 

...(_l)n(„+2)p„+(_l)«-i(„ + l)(„+3)p„_, 

= (-l)»-'(n+l)p^.+(-l)»-'n(n+2K_. ; 
.•.(-l)»{n+2K+(-l)»-'(«+l)(n+3>„-i=^,aconst(2); 
.-. (n+2)i>„-(n+l)(n+3)p„_,=4(-l)»; 



n+2 



Pn — 



n+1 

n+2 



n+1 _A{-\Y 



"Pw— 1 — 



Vn-\ 



n 



Pn—* 



" n+2 



F+1 

etc. — etc. = etc. 

4 3„ A 

n+2 8 , . ( 1 1 



(3); 



6 



+ 



• • 



+ 



(-1)» ) 

i«+3 ; 



Now i>i=l» Pa=3; 

.'., from the last of equations (3), 

4.3 B A_ . ,_ „ 



4 



(-1)« 



-1)«) 
«+3 J 



[5 14~L5 

1 Loil 1.1 111 1.1 

= _l+rf| l__+^_^+__^+^_ etc. 

(-1)2 ) 
• • • |n+3 ; 
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For denominatora, we have the same general equation for q„ 
as for p„. 

Now 9i=% S'«=8; 

.'., from the last of equations (3), 

4.8 B^_± ,_« 

.iH:2 3^ fl_l .(-!)" I 

•• |n+3 ^".~|4+^t[5' [6"^ • • • ''"ln+3 f 

= — 5 , when n is indefinitely increased. 



EXAMPLES.— LXXIL 

T> ,, , 2 1 1 1 1 2Sr 

1. Prove that _ -^ -^- -^ — -^=^^ , 

"^ ^"^ "3"^ • • • ^^1''" n 

where ^'=3^-^+ • • • +(-i)--';i(;iqT)- 

Hence find the value of the continued fraction when n is 
infinite. 

Pn .12 3 

2. If — be the wth convergent to the fraction, jT oT" oX ®^*' 

prove that j?n+gn= I y»+l' 
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3. Show that w o-r o-r ®*^c., ad inf, = =- , 

'^ 1+ 2+ 3+ ' -^ e— 1 » 

„ ,, . a 2 16 54 ^ 2n' 

4. Prove that ^-^ ^^p -^ j^ etc. -,^j 



and 



"\ 2^3 |3+ • • • +(«+l)|«+i; 



5- If — be the nth convergent to the continued fraction, 
9n 



VA-1 
1«+-^^ 



2*+l 



^4«+ etc. 

show thatpn— (n*+l)i?n-i = (-l)''+'. 

3 4 5 

6. Prove that 5-^- i—^ frz ®*^-» ^^ *V- = 2. 

7. Sum the series 

\-i o c I 1 o c >7\ • • • Ti o 



1.3^1.3.5 "^ 1.3.6.7^ • ' • ^1.3.5 . . . (2n+l) 

8. Prove that 

1 1 r+1 r+2 1. 1 

i+ r+ r+l+ r+2+ ^^' "^ r+r (r+l)(r+2) ®'''* 

9. Prove that 

1 1 r 2r nr 

^" = ^+7^ 2r+l- 3r+l- ' ' ' (nTl>+i:^ ' • ' 

10. Let there be a series of pairs of quantities, fli, 5i ; ««, h^ ; 
a,, ft,; • • • ^n» *n; any pair being formed from the preceding 
pair in the following manner : — 

, , , . t* * ^n V^ — 1 

prove that when n is infinite t-= — « — • 
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II. There are two vases of equal capacity. One, A^ is full of 
water, and the other, B^ is half-full of wine. B is filled up by 
pouring into it part of the contents of A^ and then A is re- 
plenished by pouring back into it part of the contents of B. 
After this double operation has been performed n times, prove 
that the proportion of the quantity of water in the vase A to the 



2 2/ 1 \»* 
original quantity is -g~-^/ -j j 



12. Two numbers, a and ft, being given, two others, fli, &i, are 

formed from them by the formula «i=— s — > &i = — o — , 

and two more, aj , 62 , are formed from these in the same way, 
and so on continually. Find the limits to which On and h^ 
continually tend as n increases without limit, and prove that 
they are equal. 



MISCELLANEOUS EXAMPLES. 



1. If (5/^2-1-7)'* be expanded by the Binomial Theorem 
in powers of <y/2, prove that the square of the sum of the 
irrational terms differs from the square of some integer by 
unity. 

2. A series 0^ b^ a^j h^y . . . is formed according to the 
following law : — a„ is an arithmetic mean between ax and 
5„_i, and hn is an harmonic mean between h^ and a»_i. Show 

that Clifin^^^CL-fii • 

3. Prove that 3'''*+* — 8/1— 9 is divisible by 64 for all positive 
integral values of n. 

4. Solve the equations, 

(i) ic*=4(ic— 1)(1— a— a*); 

(2) 2a;*— 4a;+l = 0; 

(3) (^-2y)'=y-| 

3^(4a;-15)=ic(3aj+l). 

5. Find the condition that the equations, 

Ix^ + my* -\-nz* = 
ax+bt/+cz =0, 
may lead to only one set values for the ratios a? : y :z; and 

.- , . ,. . ,11^ ^y ^^ 
show that, if this condition hold, — =-t-="~ * 
' ^ a c 



6. Prove that 



X »* a* . . . «" 
35* a" X 



= — ajn(a^_l)n-i^ 



JJ ffj JU ••••(/ 

7. Sum to n terms the following series, 

1.1.1 



(I) 



+ 



+ 



1.5.9^5.9.13^9.13.17 
(2) 8+31+235+1575+ etc., 



\- etc. 



(2) being recurring. 

284 
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8. Show that a recurring series, whose scale of relation is 
1—px—qx*, will be convergent or divergent, according as x is 
less or greater than the numerically least root of the equation 
l^px—gx^=0. 

9. If Sr is equal to the sum of the products, r together, of 
1, Xj x*, . . . a;»*-^, prove that 

(n-l)(n-ar) 
Sr=S^-r'X' ' . 

10. If tti, «j, a„ . . . an be in H.P., prove that 
aia2+a^ai+ . . . +a„_ian=(n— l)aia„, 

and aia8+a2«4+ • • • +««-a«n= — 2 — C^i^«-i+^a^n> 

11. Prove that (x-'<ay)^=X—<aY ) , 

; > where 0)8=1, 

X and F being rational functions of x and y. 

Thence prove that 
(«*+a^+y*)** can be put into the form X^+XY+Y*, n being 
integral. 

Ifw=2, Z=ic«— y«, Y=2xy+tf*; 

w=3, 2:=a;' — 3icy«— y», r=3a:2^(ic+y). 

12. The equations, x^ +y^+z^Sxj/z=a^ 

yz-\-zx-\-xy =&■ 
^+y+z =c, 

cannot be simultaneously true, unless c"— a'=3c5*; and if 
this holds, they are true for an infinite number of values of 
X, y, z. 

13. Prove that the first 1+m* terms of the expansion for 

(1— ar) "*, according to ascending powers of a?, can be made 
greater than any assignable quantity by taking m large enough, 
if a;— 1 be positive and not a function of m. 
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14. Prove that the equation, 
(^^l)(a;-2) (a;-l)(x-2)(a:-3)(a;~4) 

A_ 2.3 "^ 2.3.4.5 

(a;-l)(a;-2) . . . (a;-4m+2) _ 
2.3 .. . 4m-l - ' 

is satisfied by ic=— 1, and by a5=4n, where ti may have any 
integral value from 1 up to m inclusive. 

15. Ify(I)]'=a,;(2)j'=«+/(l), . . . X^'=a+y(»-l), 
where f{rC) is positive, whatever integer n be, prove that 

l+yi+4^_2/(n+l)^/ 2 



(r 



1+ Vi+4a-2yi:i) u+ Vi+W ' 

and is positive. 

16. If the square of the sum of n real quantities be equal to 

2n . 

_1 times the sum of their products, taken two and two 

together, the n quantities are all equal to one another. 

17. Solve the equations, 

(a) »»— 3a;+2=0, (^) Vic«-f 4^4-3+ Va;^+2aj-3=a;+3. 

18. Prove that the coefficient of x^"^ in the expansion of 

1 . (n+l)(4n« + nn+6) 

IB 



(l-a:)(l+ic)* 6 

19. Given yz-\-zx-\-xy^:\^ show that 

X ^ y ^ z 4ayuz 



l^x^^l—y^^l—z^ (l_a;«)(l_.y2)(l-.;2:«) 

20. Given y^—x^=ay—l3xy 4xy=^ax+Py, and a:*+y*=l, 

eliminate a? and y, and show that (a+j8/+(a— j8) =2. 

21. Show that 
(l+x+x*)(l+x^+x^) , . . (l+a?«-'+a;2*»"-') 



22. Prove that 



9 13 17 4 

18 28 33 8 

30 40 54 13 

24 37 46 11 



= -105. 
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23. If {by'-cxy = {b^^ac){y'^^cz)y prove that {bx^ai/Y 

= {b^ — ca) {x^ — az) , 

24. Show that the sum of all the products of the first n 
natural numbers, three together, is 

(n-2)(n-lK(n+l)* 
48 

25. Investigate whether the following series be convergent or 
divergent : — 

1 2* 3' 
(i) l+2i+3i+4i+ • • • «^*V- 

(2) 1+ ;^2+ 7/3+ >y4+ ' -"^ ***-^- 

26. Solve the equations, 

(i.) a;*+|=W2V«*-l; 

V -^ \(a;*-a«)(2/»-5»)=n(fta;-ay)«. 

27. If in the scale 12 a square number ends with a single 
cypher, the preceding digit is 3, and the cube of the square root 
ends with 60. 

28. Find the sums of every fourth terms of the series, 

l+aj+]-2+rq"+ etc. ad inf., commencing respectively at the 

first, second, third, and fourth terms. 

29. Show that the series, 

2^ , , 3** , , , n^ 

(1:2)^'^ +(172:37^ + • • • +{\^'^+^^'^ 

is convergent, or divergent, according as a? is < , or >, e~', p being 
positive. 

30. Prove that, if the denominator of a continued fraction be a 
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prime number, the error made by taking the second last con- 
vergent cannot be an exact multiple of the error made by taking 
the last convergent. 

31. Solve the equations, 

(a) — — =4 

11 

yz+zx+xy^^-^z 

2xz+Syz=2xy. 
'^J^^x''-2 

32. Prove the following equalities : — 

(i) a%b+cy + b\c+ay+c^(a+by+2abc(a+h+c) 

=2(bc+ca+ahy. 
(2) a«i)2c«— ««(«— a)*— ft'^(«— 6)*— c^(8— c)* 

+2(«-a)«(«-&)X«— c)« 

=2{(«-&)(«-c)+(«-c)(«-a)+(«-aXs-6)}»; 

where «= — *—^— . 

At 

1— 2af+af+* 

33. If 05 be a positive integer, prove that — ...^ >., — 

is a positive integer. 

34. Solve the equations, (i) aj*+^+2cV«*+jp«+^*=2cy. 

35. Prove that the relation <K^+2)=<K^+1)+*K^) ^ 
satisfied, if </>(a;) is a function of the form 

Using this result, prove that, if a and h are the first and second 
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terms of a series, such that any term is the product of the two 
preceding terms, the nth term is cE^h^^ where 

=i{(^r-(-'^r}' 

and « is a similar quantity with n— 1 as exponent instead of 
w— 2. 

36. Solve the equation, 

ViB*+2iB— 1+ V«'+a;+l= V2+ V^ ; 
and the equations, 

37. Show that, if n— 1, n+1 be both prime numbers greater 
than 5, n^(n*+16) will be divisible by 720, and that n will be 
one of the forms 30^, 30f ±12. 

38. Find the values of 2;, y and z which simultaneously 
satisfy the following equations : — 

i»+y+^=«, ^*+2a^=«*=2*+22ra+2y2r. 

39. If ma;i*+ri;yi*=a% w«,*+nya*=a* andma5ia;a+wyiya=0, 

then ai«+iC2'=—, and yr+y2*=— • 

40. If V«'+a»— 1+ V«*+&»— 1= v«+ V^ 

then a:=l, or ^-^^_V^. 

41. Solve the equations 

^ar+2aj+a5y=3, 

^2^(y+'^)+2^a;(2;+a;)+a;y(a;+y)=3, 

42. Elimate a; and y from the equations 

a«+i5>y=aj+y+iK|y=a;*+y^— 1=0, 

and show that -+^=^^.. 
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43. Prove that 

\ 8^65 j+l 8^6^ ; "^- 

X a; — 1| * 11 
Solve the equation -^H — tj ^ — i ~Tfi' 

44. Solve the equations, x+t/+z=Sa 

yz+zx+xy: 
xyz^i 

45. Solve the equations, 

a* 

a; ' 

and aj*+y*— a;*— V— ly* = 0, 

a;«+y« — «— ^^It/ =0. 

46. Solve the equations, »« +y« +«'=3«y2, a:— a =y—&=«—c. 

47. Solve the equations 

481 
6(x«+y«+;f«)=13(a:+2^+2:) = -g-, icy=;f^ 

48. Find the sum of the series, continued to n terms, 

1.3«+2.4»+3.5«+ etc. 

49. If nPr denote the number of permutations of n things, 
taken r together, show that the limit of the expression 

log{nPi+nP«+ . . . +n^n}— log |n_, 

when n is indefinitely increased, is unity. 

50. Eliminate I, m, n from the equations 

aH* + 6«m» + c^n^ = a'H+h'^m + c'»«, 
aZ=fem=cn, 
;«+7yi2+n3 = l. 

51. If ^Pr nenote the number of permutations of n things, 
taken r together, and 2(„P) denote f^Pi+i|Pj+ . . . +»P», 
show that 

2(,+,P)=(n+l){2(^)+l}. 



=74 ) 
= 73 j 
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52. There are two numbers, a and h. It is required to find n 
intermediate numbers, Oi, a^, . . . fln? so ^^** ai— a, a^— ^i, 
^8— ««> • • • «n— ^ Daay form an A. P. with the common differ- 
ence d. 

Determine ai, a,, . . . ; and find the limits between which d 
must lie. 

53. What is the limiting value of «+ "x 'ZTl • • • > ^^^n 

X approaches zero. 

54. Solve the equations, 

2x^+2x1/+ y' 

55. The coefficient of of in the expansion of 

{l+x){l+cx){l+c^x) ... ., 

the number of factors being unlimited, and c less than unity, is 
equal to 

(l-c^)(l-c«)(l-c») . . . (l-O' 

56. If Ao^AijA^f ... be the successive coefficients of a 
binomial raised to an integral power n, show that 

(^0-^+^4- etc.)*+(^-u4,+^6- etc.)* 

^Aq-\'Ai-{-A2'\' • . • +-4». 

57. Jf a,h,c be positive integers, and a\ ft"*, c* be in G. P., 

9 19 

show that a*", 6*"^, <^ are also in G. P. 

58. A gentleman and his family drink year by year a quantity 
of sherry, which varies, directly as his income, directly as the 
square of the mean annual temperature, and inversely as the 
price of the wine. One year when his income was £600 and 
the mean temperature 49°, they drank 6 octaves at £8 the 
octave. Another year, when the mean temperature was 50°, 
they drank 9 octaves at £10 the octave. What was the gentle- 
man's income in the latter year ? 

59. If pCn denote the number of combinations of p things, n 

u 
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together, where 2? is a prime number, prove that p_i(7„+ (—!)•*"* 
is divisible by i?. 

60. Show that the number of ways, in which mn things can 
be divided among m persons, so that each shall have n of them, 



mn 

61. If the odd convergents to a continued fraction be 
■^ , — , . . • ^?^^ , the corresponding quotients being 
2?i, m,, 77i6 • • • '''sn+i) prove that the continued fraction is equal 
to ^,+^+j!?^+ . . , +-J?Wl_+ etc. 

Give the last term of this series. 

62. Solve the equations, 

(i.) l+4a;-8a;«+2«*=0; 

(ii.) V(«*+a*)(y*+&'')+ V(ic«+fe^)(y*+a«)=(a+&)«, 

63. There are^+g numbers, a, /?, y, . . . , of which 2? are even 
and q odd. Show that the sum of the products, taken 3 and 3 
together, of the quantities (— 1)*, (— 1)^, (— 1)^, . . . etc. is 

4{(^-i>)«-3((Z«-y)+2((Z-i?)}. 

64. IfaJn=a(«+l)(«+2) . . . (a:+n—l), show that 

V 1 W(W— 1) . X I 

65. If/(0=j77^z^+ ^ I ^+1 i TT-r ^T 



4- 1.2 |r+2 |n-r-2^ ^^'> 



the 



/(0)+^(i)^A2)+ . . . +A»)= '^^'"y>-°' - 



MISCELLANEOUS EXAMPLES. 293 



an Tff w(n— 1) . . . (n— r+1) , ^ 

66. If i?r=-^^ 1 — ^^ -^-^ , prove tliat 



r 



67. If A/a;+a+&+ A/aJ + c+(^= ViB + a— "c+ V«— &+^ 
then 5+c=0. 

If a;*+y*+z'=iryir+4, prove that 

(y2?— «)' + (£:«— 2^)* + (iey- 2?)* = (yar— aj) («c— 2^) (a;y -;?) +4. 

68. Solve the equations, 

(i) a«— 8a-*=2; 
(2) 10*=2^ 



(3) [ "^^^^ 



^ T.. :i .V , -»*— 4ic»+6a;»— 4«+l . ^ , 

69. Find the value of ^_q 8-i-2ai— 1 — ^ «=1, and 

also of — ^-Y when aj=l. 

70. Solve the equations, 4x10 =25x2^ 

and 2*=3y ) ^ . 
2y+*=3*-i ) * 

71. Solve the equation 

5 5 

aj«_7a;+io+ic«-13«+40'^^'""'^^+^^* 

72. Having given u„=wm„_x +(—!)** and tti=0, prove that 
I I . w(n— 1) . w(n— 1) . ^ _ 

M^ 1 

that I — is ultimately equal to — , when n increases indefinitely. 



73. If a, j8 be the roots of the equation aa:*+&a;+c=0, 

a* i8* . 
prove that the quadratic equation, whose roots are -g , ^) is 

a*<a*+K^*— 5a6«c+6a«c«>c+ac*=0, 
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74. Show that for all integer values of n, the series 

i_(„_i)+(!!z:^)_(!!r:3)(n-4K^ 

stopping at the first term which vanishes. 

75. Prove that the condition, that aa;*+2&a7+cy* should 
contain Lx+My as a factor, can be expressed thus, 

a h L 

he M =0. 

L M 

76. Find M, V, Xy y from the four equations 
tt+i;=a, vx-\-vy—h^ t/aj*+vy^=c, Ma;«+^*=<^« 

77. Given that «+ ^a;+2= ^ "!X ~' ^^^ ^' 

78. If a+6+c=0, prove that (a«+5«+c2)*=2(a*+?>*+c*). 

79. A person has £15,000 invested at 4 per cent. He spends 
£500 a year and invests the remainder at the same rate. Deter- 
mine in how many years his investment will be trebled. 

log2= -30103, logl-3= 11394. 

80. Sum the series, 

1.4.7+2.5.8a;+3.6.9aj'^+ . . . ton terms; 
a;+2ic'' + 7ic»+20a;*+61a;'^+ . . . ad inf. 

81. Prove that 



a 



a 



H-c 

c-\-a c+a h 
~T~' ~r"' c+a 
c c a+b 

a+b' a+b' c 

3-2a; 



- 2(q+&+c)' 
-(h+c){c+a)(a+b) 



82. Expand (2^^x4-x*Y "^ ascending powers of «, and find 
the coefficient of x^* 
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83. If n be a positive integer not less than 2, show that 

a^(&— c)+5'»(c— a)+c~(a— &) 
is divisible by (a— &)(&— c)(c— a). 

Determine the quotients for the values 3, 4, and 5 of n. 
State the general form of the quotient. 

84. In the series, 01+^2+ . . . +«n+ etc., the (n+l)th term 

is derived from the preceding by the formula, 0^4.1= ^^ ♦ 

Ma — an 

Prove that a^^-n " T Tv • And if a„+i = — -^ — , 

w-(n— l)ai ^ i?+2-«n 

then an=^— ^ ^j where c=-^^ — -> 

85. If n persons agree each to name a number not greater 
than n, what is the chance (i) that no two persons name the 
sam^ number, and (2) that they all name the same number? 

86. Find all the numbers of 3 digits each, which satisfy the 
condition that the sum of the digits shall be 15, and the number 
formed by reversing the order of the digits shall exceed the 
number by 198. 

87. If a, jS, y, 8 are the roots of the equation, 

ic* — ^a;* + jaj* — nc + s = 0, 
express, in terms of the coefficients, the determinant 

a 1 1 1 
1/311 
1 1 7 1 

1118 

88. If a;'+pa;*+gaj+r, a;'+ya5*+g''a;+^' bave a common 
factor of the form a— a, show that 

j?,y, 3', g', r, r' being subject to an equation of condition. 

89. The diameter of a crown and half-crown are '81, and 
'666 inches respectively. Find the least number of coins which 



a= 
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can be placed in a row 9 feet long. Find also the smallest sum 
which such a row may be made to represent. 

90. If n be a prime number and N prime to n, prove that 
jy-nr+i_nr_i jg ^ multiple of n^'+i. 

91. If a, d, and n are positive integers, and h less than 2a — 1, 
show that the integral part of (a+ Va*— ^)** is an odd number. 

92. Is the series ^1 Ts/'^tI'^ Tol + stev ^ infini- 

tuniy divergent or convergent ? 

93. Show that the radix of the scale, in which 49 represents 
a square number, must be of the form w(m— 3). 

94. Ten persons each write down one of the digits 0, 1, 2, ... 9 
at random. Find the probability of all ten digits being written. 

95. If the number of years (c), which a person, whose age is 
a, may expect to live, be approximately represented by the equa* 
tion €=§(80— a), what would it cost a man, whose age is 32, 
to purchase an annuity of £100 for life, interest being reckoned 
at 4 per cent. ? 

96. If am bn be the coefl&cients of a^ in the expansions of 

2— a; 1 

l^4x+x^ *^^ l-4a;+a;« '"^spectively ; then wUl an*-3V=l. 

97.-4 and B have equal sums of money (S), A gives B one 
nth of what he has, then B gives A one nth of what he has, then 
A gives B one nth of what he has, and so on. Show that after 
A has given B x times and received x times he will have 






\iX 



98. A and B throw for a certain stake, each with one die, 
at one throw, A'a die is marked 2, 3, 4, 5, 6, 7, and Rs die 
1, 2, ... 6, equal throws dividing the stake. Show that ^'s 
expectation is ^f of the stake. 
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99. \i X be a prime and r any number, then aJ^+4 cannot 
be a square number. 

100. Develope i^^j^^^^^^^^^^y ^ 

in ascending powers of x as far as a?*. 

1 01. A number taken at random, in the scale of 10, is squared. 
Show that it is an even chance that the digits in the unit's place 
of the result is an even number, and that it is 4 to 1 that the 
digit in the ten's place is an even nimiber. 

102. If n be a prime number greater than 2, prove that any 
number in the scale, whose radix is 2n, ends in the same digit as 
its nth power. 

103. Solve the equations, 

aj*(y+2;)=a*, y*(2+i»)=2)', xyz=iC^. 

104. If P=ao+Oi<* +««<**+ • • • +^«*'> 

M M 

show that, when ao=an, ai=«it-i, etc., P: Q=a*:j8*, where 
a, j8 are the roots of the quadratic x*+px+l=0. 

105. If ax^+Shx*+d and hx*+ddx+e have a common 
measure, prove that 

(ac — 45(Q» = 27(ae? + &»e)*. 

106. Show that, if x^+pi/^+qs^ is exactly divisible by 

aj« — (ay+5^)a;+a5y2?, then ^+5^+^=^' 

107. If n be a prime number and J7 any integer, then 
(n*^^ — !)»*-* +1 and (n2>+l)'*"*+(wi?— 1)**"* have -the same 
remainder when divided by n*. 

If n be a prime and m not divisible by n, prove that 

^ |2n-l 
wi'**"*— 1— _i| ('w— 1) is a multiple of n. 



108. There are n dice in the shape of regular tetrahedrons, 
which have each one side marked with 2, two sides with 1, and 
the remaining side blank. If they are thrown on a table, show 
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that the chance of the sum of the numbers on the uncovered 

.. ,. , Q *i • 1 1.3.5 . . . (2n-l) 
sides amountmg to on exactly is ^ j — ^ -' 

109. Find the scale in which the number 16640 in the 
common scale appears as 40400. 

1 10. From a box containing three £50 notes, three £20 notes, 
and three £10 notes, three notes are taken at random and put 
into a bag. A note is drawn out twice from the bag and replaced. 
Each time it is found to be a £50 note. Find the probable value 
of the contents of the bag, supposing (i) that the numbers on 
the notes drawn were not observed, (2) that they were observed 
and found to be the same, (3) that they were observed and 
found to be different. 

111. Show that the greatest coefficient in the expansion of 



(«!+««+ . • . +«m)'' is 7pr^'~p-j^ , where gr is the quotient, 

and r the remainder, when n is divided by w. 

112. Show that 

= --, ifp>l andp+7i>0. 

113. Examine in what cases the following series is convergent 
or divergent, 

114. Sum the series 

W+l)'^2^^W)'^^n+S)'^ • • • <id infinitum, 
and thence show that, if On be the coefficient of xl'^ in the 

expansion of log(l +a;)log[ 1 H — I, 

(-l)'»nan=l+-2+-3 + . . . +-• 
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115. In the equation, a;*— 2aa;'+5a:'+ca;4-/=0, the sum of 
two roots is a. Find all the roots, and determine the relation 
which must exist between the coefficients of the given equation. 

116. Find an expression for the series 

l+„.+(!i^^^+(j!=Mj=|l(!^),.+ etc. 

Thesumof all terms of the series, 1.2+2.3+3.4 . . . +(n— l)n, 
which on division by 7 have an odd remainder, and of which 

/ IN • tv. t * • (w+3)(n'+6n-4) 
(n— l)n IS the greatest, is — k? ' 

117. If 2s=a+Z>+c, prove that 

1 1 1 

1 2(s— &)(s— c) sc sb 
1 sc 2(s— c)(s— a) sa 
1 sh sa 2(s— a)(s— &) 

= — 16s(s— a)(s— ft)(«— c). 

118. A box contains three Bank of England notes, any of 
which may be a five-pound, ten-pound, or a twenty-pound note ; 
one is drawn, found to be a five-pound note, and then replaced. 
What is another draw worth ? 

119. Show that the sum of the series, 2+6+14+30+ etc., 
is 2~+«-(2n+4). 

120. Prove that the determinant 

a b e 
cab 
b c a 

is divisible by a+wJ+w'c, when «> is a cube root of unity. 

121. If 5,1 be the sum of the «th powers of a number of terms 
of an A. P., of which a is the first and I the last term, and 8 
their common difference, and if 

/^ «v rs, ^ « . w(n— 1)^ «. , n(n— l)(n— 2)^ 

{S+3)n=Sn+nSn-rB+\^^Sn-,8'+-^ r^^ ^5„.s8»+ etc., 



the coefficients following the law of the binomial theorem, then 

(5+S)„-5„=(Z+8)«-a- 
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122. Prove that (l+a;)»*(l+aj")>2'»+*a^, n being positive. 

123. Prove that, r*«+27ir««-»>l+2nr2«+», 

n— 1 «+l n4-l 

and r ^ (r ^ •{'7i)>nr ^ +1, when r>l. 

1 24. If ai, a,, . • . On be any odd numbers, and if Sr be the 
sum of their products, taken r together, prove that 

^i + S^« + ^8+ • • • +Sn-i, 

and 5i-5,+5,+ . . . +(-l)»S;»_i 
are both even numbers. 

If X be any odd number, prove that 

- , x(x'-l) x(X'-l){X'^2) . , ^ 
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APPENDIX TO PART I. 

L p. X. 

I. ar= — (a+ft+c), 2. a:=l, 3. a;=3, 

!/=hc-{-ca+ab, 3^=2, y=i, 

zsss^abc. 2;= 3. ^=f. 

1 ,17 a» 



(5-a)(6-c)' ^""^40' '• (a-c){a-6) 
1 ^21 ^ n-m 

(c— o){c— a) 40 



mn 



n. p. xiii. 

I. 74, 2. Remainders: 5. 3. Remainder =8. 

m. p. xvii 

I 2+ a/61 

I. «>2, or <-^. 2. — ^-g • 3. It is >— 7+5V2, 

►, c /n T>. 8±V2l7 28 .„^ 
or <— 7— 5 V2; Between g • 4* -q-' 5. AU be- 
tween = 6. All between 9±4i^5. All between 



6±3V6 7-3 

— 4 • ^- 2 ^""^ "2* 



^%. 
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IV. p. xviii. 
n(n+l)(n+2)(n+3) ^n ^ 

3. 72(2n+l)«. 4. 2nXn+l)^ 5. "^-^^-^^^ • 

n(ri + l)(n+2)(3.i + l) 
^- 12 



PART II. 

I. p. 10. 

I. a«-J«-2a5AA=l; a»-3a6«+5(5«-3a«) V^. 

2- "o^+F" ^ ^-p ; y-^ v-1. 

3- "Vq.!,* 4. 3 V2. S- 2 6. 1-4 V-0. 

7. V2{ Va+ VaM^Z/*+ V^H^}^ 

8. ^-1; 1-2 V^^. 10. V6+2VI3. 

II. p. 20. 

10. Jc'+y*. 16. a; must not be <-!?■• 

3 
19. a;+-j>4, if a; is positive, and >3 or <1, 

<4, . , . negative, or between 1 and 8. 
Least positive value is 2 yy/ 3—3. 
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III. p. 24. 

2n Ijg (2n-l)2^ 

^* (2n-l)C^n+l)* ^' 22n{|^}a- 3- |;t4.2 

^' n(n+l)(n+2)* ^* (na;+l)(na:+2^+l) 

6. -(3n-4)a;^-i. 7. 2«-l. 8. (3n— 2)ar"-i 

9. (-l)n-in(a+n-l)x»-^ 10. g(;^j(;^q:3) 

II. (-I)n-i2|-^. II. (-l)»-^2^:-±-5 



12 



/(«+l)'-l\„_, . IH-P-J 



14. (-l)'-^,-' >-"2^+2-3'--«. IS. (2;hT)"|^^ 



On-l 
16. 



n+1 

IV. p. 34. 

2. Div. 3. Div. 4. Div. 5. Div. 6. Div. 7. Conv. 
8. Div. 

V. p. 40. 

3. If a:= or <1, Div.; if a;>l, Conv. 



4 

5 
6 

7 
8 



If «= or >1, Div.; if aj<l, Conv. 

If a;<l, Conv.; if «=, or >1, Div. 

If «=:, or >1, Div.; if a;<l, Conv. 

If «=, or >1, Div.; if a;<l, Conv. 

If n is positive, but not integral, and «=, or <1, Conv.; 



otherwise Div. 
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VI. p. 4a 

7. When «=, or <1. 

VIL p. 42. 

1. (1.) DiY. ; (2.) Div. 

2. If a<l, Conv.; if ass, or >1, Div. 

VIII. p. 46. 



,. 2(l+l2^+l2ijl!+etc.). 4. 2(l+l+l+etc.). 

6. -^(e+e-»~2). 9- 2(l-j2-+|4--rg-+eto.). 

10. /v/«— !• 

• IX. p. 50. 
. l-log,.8 

9- i+-i3i;;2- 

X. p. 5& 

I. qc—q*a'~pq(b^pd)^e=0, 2. 4^=4(m+l)+j!)«, 

qd-^pe — ^& — jw*) = 0. 

4. (2aj+y-3)(a:-lly+l). 5. {2x*+x+2y-(^6xy. 

6. (1.) 4cJi?«=8ac?*+c8; (2.) 6«+8a«flf=4a6c; 1, J, —1. 

XL p. 59. 

. V* . y' . X 3a;' 4a;« 5a;* , ^ 

3. «=3^+%+%+ «*«• 4. ^-72 +T5 "TT"*" ®^- 
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XII. p. 63, 

1. If a;<l, and2?=jj^; when p is an integer it is the 

(j9+l)th and the j9th, when p is not an integer^ let q denote 
its integral part, then it is the (<^+l)^h* 

15 

2. If a;<l, it is the 1st or 2d, according as a: <, or >, ^ • 

T- 1 . - , 3a; 

3. 11 a;<-s-, as in 1, where j9= 



3, »o XIX X, «"^*«i'-2(l-3«) 

4. If a=l, the 1st; if a;<l the 1st or 2nd,, according as x 

< or > ^. 

5. If a:<-Q and p=^ — s- > ^^^en as in 1. 



3 -"- ^ 2-3;» 

2^ 

3 



2 
6. If a?=, or <, o-, the 1st, 



xin. p. 65. 



5. 



|in+n 



m+n— r \r 



6. If r is odd, 2(w)r-i. (ii)r+i ; if »* is even, f (n)^{ *. 

% T" (.11 

|2n 

7- l^Y 



XIV. p. 68. 



(n+l)(«+2) 
8. i _ 
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XV. p. 70. 
3. 2 { 3»+!^^3«-«.6+etc. | -1. 

5. 2{3»+^^-)3»-'.2' 

+"("-^)<"-^)("-^)3"-^2»+etc. I -L 

6. 2-f 5»+"^^^5»-».3».2+etc. l-l. 

X7I. p. 71. 
I. (1), 2 1 3?+!!(2^)3""^' +etc. I -1 ; 

(2), 2|n3^'+etc. I 

z. (1), 2 1 e^+'^De'-i-V+eto. I - 1 ; 

(2), 2 { „.6^'2+'^J-Il2)g»-^'2.+ etc. } . 
3. (1), 2 { io5+!:i^i)lO-'-3« + etc. | -1 ; 



n-1 



(2), 2{n.l0 « 3+etc.}. 
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4. (1), 2 { 12^+^2— 12'^V + etc. I - 1 ; 

(2), 2{w.l2^3+eto.}. 

5. (1), 2"'^|3«+?^^glV-^2«+eto.l-l; 

, 2{n.l8^.4+etc.}. 

n-l 

, 2.3»{n.5 » 2+eto.}. 

, 2 1 32^+ **^^~^^ 32^5' + etc. I -1 ; 



(2 

6. (1 

(2 

7. (1 

(2 



n-1 

, 2{n.32 * 5+ etc.}. 



^n(n-2)(n-4)(n-6)g=^«3^.^^^ |_^ 
la 2 1 23^+ "^^~^^ 23'^2' . 33 + etc. I -1. 



XVIL p. 72. 
6. l+10a!+55a!»+20(Ja;»+625a!«+1532a;»+656a!«. 

9. (l-a;)"'-l. 

12. Ifr<TO+l,n— f»+l; if r>ro+land <n+2,n— r+1; 
if r>n+2, 0. 
|r+5 

•' '5 r 



3o8 



ANSWEHS. 



XVIII. p. 78. 
I. 8. a. —244. 3. — 1. 

^' '—1 (h)"''^(|n-l)'i2'+ (|n-2 )«|4"^-+[2;ij' 
lO f 1 ■ 1 , 1 . , 1 \ 

-'g!^ (f2;r::i+i2|2n-3+|TT2;r:Ti2+^*°-+|7r]ir:iT j ' 



12!!{|7^ 



+l^ln-2|2ln 



■f etc. 



+ 



+ 



!-2|2 j 



6. -104. 



7. 99. 



2 6 f 2 6« ) 
14. 35. 



16. 1 — 2r^+ 



2n-4 |3^ |2/2-2 |2 

2601 3 .^".0 

^* ^66" • 9* 2»"*"2»"^ 

II. 12a;». 12. 8.. 13. 28. 

15. l-8a:+16a;»+16a;«-56a:*+eto. 



|(|«'+l)-'-^^+3)..+ etc. 



XXI. p. 86. 

2. (27r+2p»-9;?^)»=4(p«-3<?)». 

3. (1), :i£; (2), -p»+3i>^-8r; (3), ?!:z:^. 4- 2, 2, 1. 

5. (1), 3; (2), -3. 6. (1), a;«-^«+pra;-r«=0; 

(2), a;»+(jp«-2^)««+(^^-2^r)«-r«=0; 

(3), .»+(3,.^0a:-{(?2^zM±27^^^ 

7. aVa;»-(J*-2ac) (a«+c«)a;+(J«-2ac)« = 0. 

II. a;«-4»ina;-(m*-.n*)««0. 15. |(3± V153),r=-180. 



ANSWERS. 309 



XXII. p. 89. 

1. 3^=9, 8rd root =1. 

4. -1- V-'S) 2, 4. 5. 16a;* -8a;« +49=0. 

6. a«-12a;-65=0. 

XXIII. p. 90. 

2. -1, ^^^^- 4. — 2,1±V^. 

XXIV. p. 95. 
I. a=J, 5=— 4, c=4j. 

*• (1). --5^:^x+. ^ 



7(a!+l)^7(»-6)' 



2 («•+!) a:-1^2(a:-l)" 

m - 1 12 17 . 

^'' 2 2(2a;-3) 2(2x+3)«' 

/4) _18 3_. 

,.. 1 iAx-\-B Ax-\-B\, 

rfi^ 3 . 31 , 19 . 
W> 4(a;+i)+2(a;+3)'^a;+2' 

(7), 8^_A+ '' 



(1). ..^-..-.-^.4 ' 



7(2a;-3) 7(a;+2)^(a;+2) 

/ox _3 ^ 16 , 8^ . 

^^' a;-8'*"(a;-3)«"^a;+5' 



s» 
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^^' 16 (a- 1)"*" 8 («-!)• 16(a;+l) 4(a!+l)'^ 



1 

4 (a!+l)» ' 



/AN "—8 j^ o • O ^ 

^ -'' 5 (a!> + 7a;+5)''"5 (a;+2)~(i+2)"' ' 
— 1 ar— 2 a?+2 



6 (l),-|-^-eto.-||+2«+^(-l)"}x--eto.; 
(2), 2-|a>+etc. + |-{ (-l)»7 + 3(ij" j-a;«+eto.; 

(8), ! + !:«+.. . +{-\^^-l^}a^+^.; 
(4), 1 + 8a;+ etc. +{2«+i -!}»«+ etc. 

'•r^{'-+(l-Th • • • -^(y-^hW- 



2a? Sir* 

If a=6, the series is 1+ — 4 +etc. 

a a* 
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8. J» /l+na+?iij±l)a*+etc., 



n(n+l) . . . (n+m— 2) 
8 2 






XX7. p. 102. 

3. £900. 4. £16000. s. 4p. c. 6. £p| 1 +21 } **. 
7. 5 p. 0. 8. 25r=8— 



9 
3_ 

ISO 



(•-h) 



^ ^10000 100 
9- •*'^- • 103 






II. ^WT'i 19 I • "~^» supposing the interest to be payable 

at same time as the annuity. 12. £97—. 

41 

n(n+l)(2n+l) ,n2(n+l)(n-l) ,. ., _ 
13- — ^— ' — -^ — —^'\ — ^ — ^-^ ^^j ^ being interest for 

£1 for 1 year. 

IS- j\ l-/j^r_)*" V, r IS int. for £1 for 1 year. 

16. 88. 2 -~4. per cent, nearly. 

o 

17. 80 (21)»(2ll»-20l») : (2r)»-20l»). i8- 100^=^. 
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XXVL p. 108. 

'•^+I5+T" '-g+lS+T* 

t 2+l-JLJ_J_ 1 . 1 1 1 Jl 

^^ ^1+1+ 6+1+ 4' '^'I+'g+T+T- 

e 1 Jl J_i_ 1 fi ij.J_ _L J. 

^' 1§8+ 1+ 2+ 8+ T "^34+ 2+ 14* 

'•^+IT2q:'*'' «• s+gq: ei «*«• 

"• 4+811 8T «**'• . "• ^+IT iT IT 1^ ^*°- 

„ „ , 1 1 1 1 1 1 . 

'3- «+I+ 2+ 2+ 2+ 1+ 12+ *'*"• 

ft, 11111111. 
^4- 0+1+ 1+ 1+2+1471+1+12+ '^^ 

^5. 9+1^: ife etc- -^- 10+5^ i^ 5^ i^ etc 

'7- i+ 2+ 1+ 3+ 1+ 2+ 8+ 

a 11111^. 

^»- ?+ 1+ 3+ 1+ 8+ ®*°- 

.,1111 1 1111 
^9- *+7+ 1+S+I+18+3+7+I+T* 



xxvn. p. 110. 

*• (1)> 1» 8, 1> 6, 8 ; ^' g" > "T > 28 ' fg 
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(2), 9. 2, 1,2; 9,^,^,^. 

(8). 3, 1, 2; ^, ^, ^. (4), 1, 1, 8; 1, 2, ^. 

„, „ , „ 9 88 161 682 2889 

a. (1), 2, 4, etc. ; 2, ^ , -g- , -gg-, jgj, ^^• 

/ov Q 1 o 1 ft 1 9 A 11 13 89 102 
(2), 8, 1,2,1,6,1; 3,4, -g-, -j-, ^, ^. 

/o\ >! o a o a o 4 9 76 161 1364 2889 
(8>, 4, A 8, A », -4; 4, ^ , j^, -gg-, -g^ , -g-g-. 

(4). 8. 1, 1, 1, 16, 1 ; 11, 12, 11^ , ll| , ll| , ll||- 

3. Three, -g ' ^ ' ®' 

81 7 8 1 

4. (1), 2, 81, 1; j^ , ggg , Jgg^ , gggg, 0. 

r3^ 71 . i6 7 _2 1_. 

^ '' "229 ' 687 ' 297? ' 6641 ' 22900 

« 1 1 1 1 „ 
*• 15' 180' 329 X 86 ' 829 x 694 * 

R-LI-LJ-JlI i 1 * 
2+1+2+1+87' 2 • 8 ' 8 ' 11* 

1 2 1 38 41 79 516 1109 2738 
9- ^''*' 2 ' 25' 27' 52' 889' 780 ' 1799' 

1 i. i^ 1?^? 1S13 
"' 7 ' 22' 1107 ' 9985' 11092* 



XXVin. p. 119. 
I. Errata. For 107 read 106 ; for 2763 read 272L 
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2. g. 4. An error <2jjgg. 5. a+^^eto.;^^. 

4.9 

6. 1^. 8. 9th and 10th; 10th and llth; 49th and 

64th; 108th and 119th. 9. 7th and 6th; 15th and 13th; 

187th and 162nd ; 202nd and 175th ; 889th and 387th, etc. 

1 7 8 39 
io« -r > Tis? «o> T^ > etc. II. A kaometre= 1000 metres. 
4 29 83 161 

31 001 ,. 213 

12. -J. 14. 3.31. 15. ^. 

XXX. p. 126. 

T l^q4.2 mv 1 8 10 43 53 149 ,^ 211 

15^ "^'^^^ ' 2 ' y 80' 87' 104' "80* 



XXXI. p. 128, 

3. 1. 

XXXn. p. 132. 

I. 6. 2. 6. 4. 13. 5. If < be any positiye integer, all in 
the formulae a?=3+13«, y=2+9^. 7. 5. 9. 28 or., 20 
half-cr. 10. 8. 11. a?=50, 43, 36, 29, 22, 15, 8, 1, y=0, 2, 
4, 6, 8, 10, 12, 14. 12. 119. 13. 329. 14. 1000. 15. Men, 
4, 15, 26, 37, 48. Women, 84, 65, 46, 27, 8. 16. Of the 
first, 17, 10, 3, second, 4, 9, 14. 17. i40?s, 

XXXin. p. 135. 

I. (1.) a:=2, 15, y=ll, 5. (2.) a:=l, y=18. (8.) a:=15, 
12, 9, 6, 3, 0, y=l, 6, 11, 16, 21, 26. (4.) a?=18, 11, 4, 
y=2, 8, 14. (5.) a?=2, y=3. (6.) ar=2, z^l. 

2. (l.)a?=12,y=18. (2.)ar=29, y=20. (3.)a?=37,y=18. 
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(4.) a?=23, y=31. 3. a:=17, 130, y=19, 374 4. a?=10, 
21, 32, 43, y=10, 23, 36, 49. 5. a: =90, y=89. 6 The 
first ; the second ; 3, 5, or 7 crowns and receives from him 2, 
7 or 12 florins. 



XXXIV. p. 136. 



I. y=l, a?=8, 7, 11, «=6, 3, 0; y=6, a?=l, 5, 9, r=6, 8, 
; y=ll, a:=3, 7, xr=3, 0; y=16, a;=6, 1, 2^=0, 3; y=21, 
=3, xr=0: v=26. a?=L xr=0. 




2, —3 ; ar=6, y=l, 0, x?=3, 14. 
6. 25. 7. 1. 8. 10. 9. Yes. 



XXXV. p. 187. 

1. a:=l— 8^, y=51+7/, 2r=63--13^, /=0, —1, -2,.. .-7, 

2. No positive integral solution. 

3. a?=4+/, y=3^, xr=l+6<, ^=0, 1, 2, etc. 

4. 6. 5. Bullocks, or 7 ,' sheep, 100 or 28 ,* geese, or 70. 
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' XXXVL p. 188. 

1. 24. 2. 299, 898, 389, 497, 488, 479, etc... .992, 988, 929. 
3. 86. 4. 15. 5. 1147+1624/, «=0, 1, 2, etc. 
6. 211-595/, /=0, —1, -2, etc. 7. 56, 44. 

8. a?=3+2/, y=23+15/, /=0, 1, 2, etc. 9. 5. 

10. n=sl, a?=l, 19, y=l, 19; n=2, a:=13, y=6 ; n=6, 
a?=17,y=2. 11. 8. 12. a?=485+19/,y=582+23^, 

/=-25, -24, . . . —1, 0, +1, etc. 

13. |-,-|, I". 14. 13. 15. 80. 

XXXVn. p. 144. 
X. .=24,^=5; .^(24+5V28)n+(24-5V28)n^ 

^^(24+5V23)n--(24-5V28)n ^.^ ^^^ ^^^^^^ ^^^^ 

2 /i^Zo 

_(33+8 V17)~+(83-8 V17)~ 

2. X 2 , 

(83+8a/17)~-(33-8a/17)~ . .... * 

y r= \ — o /i v ^ — ^ ' ** ^® *°y positive integer. 

2 y17 

, ,_ (4+ V15)''+(4- yiS)" .._ (4+ V15)'>-(4- yiS)" 

3- » 2 '^- 2V16 ' 

n is any positive integer. 
_ (2+ V5)''+(2- yS)" .._ (2+ V5)'>-(2- V5)» 

4. « -2 .y- 2V5 ' 

n is any positiTe even integer. 

_ (15+4 V14)»+(15-4V14)» 
S- « 2 , 

^^(15+4va4)^^(15-4V14)n^ ^ .^ ^^y p^^^^^ j^^^g^^ 
^_ (7+4V3)»+(7-4V3)'' 

y^(7+4V3)»-(7-4V3)« „ j^ ^ p^jj^^ i^t^g^^^ 
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. (18+6 V13)"+ (18-5 V18)» 

7- « 2 ' 

y^(18+6V13)«.-(18-5V13)n^^.^^^p^^.^^^^^^^^g^^ 
8, ^_ (8+3V7)"+(8-8V7)'' ^ 

A;= ^ ^ ^ ' L -^^—^ f » IS any positive integer, 

a;=3Ad=7^, ^=3A;d=A, both upper, or both lower, signs 
being taken. 

, (18+5V13)'»+a8-5V13)» 
9- '»- 2 ' 

, (18+5V13)>>-(18-5V13)n . 

«=^ — o~7fo ^ f ^ IS any positive even 

integer; a;=7A±26A;, y=7A;±26A;, both upper, or both lower, 
signs being taken. 

10. x=l, y=8. II. aj=0, 6, y=2, 8. 12. a;=2, y=l. 

13. a?=3, 0, y=4, 8. 14. No solution. 

^_ (4+ V17)"+(4- V17)« 

.■_ (4+ V17)''-(4- yiT)" . .^. ,,., 

y = ^ ^^ — 2 /i7 ^ — ^ > *• ^8 any positire odd integer. 

,. __ (170+13 V19)'>+(170-13 V19)" 

(170+13 V19)"-(170-13a/19)» . 
y= — 2~7l5 ^ — ' " ** '"'y positive 

integer. «' — 19y* = — 1 has no solution. 

XXXVni p. 151. 

I. (1). l-2a;+a;'; (2)- ^11^ J (8). (n+l>«»; 

,., 1— (n+l)a?»+na!»+« 

W- (i:::^? 
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XXXVIII. p. 151, — ccntinwed. 
2. (1). 0.+xy; (2). J^; (3). (-l)«(2n+l>.^; 



(4). 



l-jg , ^.. (2n+l)a-"+(2n-l)a^+' 



(l+as)" ^ ' (l+x) 



=io-f.+ 



(1). l-10a;+21x' ; (2). (i.^^^f.y^) ; 

(3). (2.7»-»-3»-»)a!»-»; 

l+a!+(3'*-2.7»)a^+21(2.7»-' -3''-')a!»+' 
W- l-10a!+21a;« 

a> i_6f+?l. m 2(30-28^. 

(8). (^i-gljjor-x ; (4). sjl-^^"^ 

\^8» 2»-«/ ^ 6\3»-» 2»-»/^ ' 

5. (1). «,-2«»_,+3tt»_; (3). ^ 4 "^V -V=2y-^ 

2—3 V^ , 

+ 4 (1+ V=2)"-M 

3 3— a/^2 i 3+ a/— 2 i 

(4). |- 4 (1- V=2)"- ''^; ^ (1+ V^)». 

/^x ^ . a; aj* /o\ 2— 4a; 

6. (l).l+2-^; (2). 2+.^^; 

(8). { 2(-l)'*--2lj }*«-> ; (4). 5,(l+|-^) 
=l-2a:- I 2(-l)»-i } a^+ | (_1)«+^ |a!»+.. 

7. a)-«»+%^-T^5 (8). (-i)»-sii ; 

(4). -l-(-l)»+5;l:j. 
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8. (1). (l-o:)-; (2). ^i^,; (8). n«a^- 

(4). 5n(l— «)•=! f aj-(n+l)»a^+(2n»+2n— l>B»+i-n«a?»+«. 

1 — 10a:* 

9. (1). l+3x-a,.-a,.; (2)- l+to-a:'-x» > 

(8). { -|+|(-l)*-»-|(-8)»-' } a!»-«; 

(4). £r,(l+&i!-«'-a!')=l-10a!«- | — 1 + |{-1)" 

xo. (1). l-2a.-x.+2a^ ; (g). j^^5^; 

(8). |i.2«-«-l(-l)»-i+2|.;B»-.. 
(4). i8;(l-2a!-a^+2a:')=3-a!-6a:» 

-||-2»— i(-l)»+2 \^-\ (-l)»-2 la!"+» 

+ |42»-|(-l)«+4|a!^«. 

H. (1). (!+«)•; (2). 1^; (3). (-l)»-(3-n)a^«; 

(4). iS4,(l+a;)«=2+3a;-(-l)»(2-n)a!» 

+(-l)»->(3-«)a!»->. 

12. (1). «„-10«„_i+21tt,_,=0; (8). aj^-i— 8»-'; 

1 8» 7" 

W-lj— 2+¥' 
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XXXVIII. p. 151, — continued, 
13. If n be odd, < -g ■5('"^) * f a^'i if n be 



eyen, 



^|2»+»-(-l)^Hajn-i. 



14. (1). {(-4)-^-3-}a^- l-7a:+L' ' 

(2). {4n-^+(-.3)«-}ajn-M i::|Ei2?- 

2'** 2»* 6 

16. ttn-12M«-i+82iin-,=0; 2«*-*+2»'^»; i^+-q — ^I* 

4 2"+* 

17. w„-3m»_i+4m^,=0; 2-3-(-1)'* g-+n.2^». 

18. a=-2, /?=1, iS„(l-aj)«=l+aj-(2n+l)a^ 

+(2n-l>5»+». 

n<n--l) 

19. X * +1. 



XXXIX. p. 155. 

n(2n+l)(n+l) ,^ . « , . «. 

I. ^ e 2- I^ w is even, -2n(n+2) ; 

odd, 2n(n+2)-8. 3. n*(2n«-l)-.l. 

4. If n is even, -8n»+12w*— 5ti; odd, 24n«— 47n+24. 

« . 1 JO (n+l)(n+2) 

7. If n J8 even, — n— 1; odd, ^ ' • 

- «(n+l)(«+4)(n+5) 

8. 4 
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, 8a«6 , ^v . aft* , ^x,o -.% . nVn— 1)« 
9. na«+-2-n(n-l)+-2-n(»-l)(2n-l)+-^— -'-ft*. 

10. ^i^)(„.+3n+3). 

12. ^w(n+l)(w+2)(3n+l). 

'3- -5+-4"+"3- + '* go""*- 

2 1 

14. -3n(n+l)(n+2)(3n+7). 15. ^rn(n+l)(n+2). 

7 1 

16. (1). 2n»+-2»**+-2»»- • (2). If n is even, 

g^(n+l)(3n«+n+l)— g-n(n+2)(12n«+23n-l), 

odd, -g-w(n+l)(3n«+»-l)— g(»«-l)(12n«-n-4). 

n*— 2n«+7n''— 6n+8 _w^ 5n» 23» 
^'' 4 '20"^ 12 "^16" 

n 



18. -g(2n«H-3n-5), 



XL. p. 159. 



I. jj(a+n-lft)(a+nft)(a+w+lft)(a+n+2ft) 



a 



-i3(«'-6')(«+26). 

2 1 

2. ■gw(»+l)(n+2). 3. ■j-n(n+l)(»+2)(n+3). 

4. ^n(n+l)(n+2)(n+3)(n+4). 
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XL. p. 159 — amtinuei, 

S- |(4n'-l)(2n+3)(2n+5)+^- 

1 SO 

6. j^3n-l)(3n+2)(8n+5)(3n+8)+^. 

8. ^(n+l)(n+2)(n+8)(2n+3). 

9. -g »(n+l)(2n+7> 

10. ^«(«+l)(n+2)(n+8) +|n(n+l)(2n+7X 

11. i(n+4)(n+6)(3n'+18n-6)-10. 

12. ^(3n-2)(3n+l)(3n+4)(3n+7)-y- 

13. ^(««-l)(n+2)(n-|-3). 



XLI. p. 168. 

1_ 1 1 

^- 4 2(n+l)(«+2)' 4' 

1_ 1 1 1 1 

*• aft i{a+n6)' aft* ^' 82 16(n+l)(n+2)* 

1 1 J_ 1 

'•* 12 4(n+8)* 5" 24 6(3»+l)(8n+4) * 

, 1 1 , 1 1 

40 8(4n+lX4n+5)' '"IS 3(n+l)(n+2)(n+8)* 

8. 11. 9- ' ' 



2 471+2 "^ 90 6(2n+l)(2n+3)(2n+6)* 

- 1 8 2n+8 8 

^o- 1-;h-T "• 4"2(n+l)(n+2)'' T* 

11 2n'+10y»+ll 11 

"'58 4(»+l)(n+2)(n+3)(n+4)' 96' 
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_5^ 3w+5 b_ 

^^'36 6(n+l)(n+2)(n+3)' 36' 

5 4n+5 _6 1 2n+8 

^4- 4 2Cn+l)(n+2)' 4' ^^'4 2(n+2)(n+3)' 

1^ 4n+3 17 

^^- 8 8(2n+l)(2n+3)* ^' 96' 

n(n+l) m+1 1 

^^- 4(n+2)* ^^' (m^l)[m * ^°* (n-2) |n-l ' 

1 1 ^« n(n+l) 

"• 8"2(n+l)(n+2)' "• n+2 * 



XLII. p. 166. 
^ 2ah— 1 a«-l 2a 1 .. 1 

^•2«-2i=or-S=ri-;Ti:2S"i=^' ^^<2- 

^* (!-«)• (l-a;)» ' 

ri^;c).'^^<^- 
1— a^ (n+3)a^+^--2(n+2)a?»+»+(n+l)a^+» 

2aj 

4- ;;:^i(;:Z:T)"«~r^(r-l)' (r-l)*'^^>^- 
e» 2 e(«**-«)*_l 2n— 1 



6. 



/e>»— i )« > ^ * >s positive. 
8»— 1 n 8 



4.3»-i 2.3'*' 4 



256 , 512 4'*-^-l 266 2n-l -^^2 
^* "3"*""F "l^*^^^ 3" 4'* ' ^^^-ff' 
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XLII. p. 166 — cm^iinued. 

^- (T+^p ^ (1+a;)*- 

/ ix^, (^^+19nHl()6n+138)g*+i+(2w»+35n«+inn+168)a^«+(n8+16>t« + nn4-56)^ 

144+162a;«+62g« 6a:* 

^ . n«+5n+8 - 1 , ivn2w*+l 
9- 4 2n+r ; 4. la ^-(-l)n_j 

II. (-1)"-* (8n»+30n*+52n+9). 
28 , / 1 \'^-»9n'+30n+14 



28 , / 1 V 
^3- 27+ -t) 



27 
l+4a;4-8a!>+5a!» , « ^ 1— «»-* 

(n»+8n'+3n-6y-(2»«+3n*-3n-l)!i!"+'+(n«— l)a;»+ * 

(l-as)' 

,6.4-11 -(«-l)|| 

t8 2— 2a:" w( n+3)ag'» w(n+l)a;»+' 
■ (!-»)» (l-a;)' + (!-«)• 

r 1— r»-' , a!*r(l— r»-' ) a!'r (!—»!»-'/»-') 
'9- ^+i:Zi- l_r +(!-»)• (l_r) (l-«)« (l-ar) 
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2. 



XLIII. p. 171. 
n 



(a+26+3c) («+la+n+26+n+8c) 

3. j^^n(n+l)(n+2)(4n+l). 

4. ^n(n + l)(n + 2) -^ (n-r) (n-r+1) (n-r+2). 

5. 185. 6. 23579. 7. 8610. 8. ^e-\. 



5 3n+5 , /2\f 

'°- T"(n+2)(n+8)- "• |,tJ • 

n«+3n— 2a!'' 2?»a;'»+' 2a;«— 2a; 



XLIV, p. 174. 

I. 8'.6'. 2. 3.11.31. 3. 17*. 4- 8'.5.17.18. 5. 2».3'.7. 

6. 3M3.19'. 7. 2'.3'.73. 8. 11.28.29.87. 9. 2'.5.7'.8. 

10. 2'.3'.7'. II. 8'.5.87. 12. 2.3*.5.7. 13. 7*.89. 

14. 2«.5'.ll'. 15. 2«.3*.5. 16. 2»5*.9'. 17. 8*.5'.7'. 

XLV. p. 178. 
I. 16. a. 18. 3. 2206. 4. 147. 

XLVI. p. 180. 

I. (1), 1, 3, 8»; 5, 5.3, 5.3»; 5», 5».8, 5».8». (2), 9. 
(8), 403. (4), 5. (5), 2. 
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XLVI. p. 180 — eorUimiecL 

2. (1), 1, 8, 3* ; 13, 13.3, 13.3^ ; 19, 19.3, 19.3« ; 19«, 19*.3, 
19«.3«; 19.18, 19.13.3, 19.13.3*; 19M3, 19M3.8, 19M3.3'. 

(2), 18. (3), 74676. (4), 9. (5), 4. 

3. (1), 1, 2, 2" ; 3, 3.2, 3.2» ; 3*, etc. ; 7, etc. ; 7.3, etc. ; 
7.3S etc. ; 7*, etc. ; etc. (2), 27. (3), 1596. (4), 14. (5), 4. 

4. 1, 2, 2S 2», 2*; 11, 11.2, 11.2% 11.2», 11.2*; 11«, etc.; 
5, etc. ; etc. (2), 45. (3), 127813. (4), 28. (5), 4. 

XLVII. p. 182. 
18. 7w+4. 21. (7n±2)«. 

XLVIII. p. 186. 
I. 96. 2. 600. 3. 504. 4. 400. 

LIT. p. 193. 

5. 5^ 25«. 6. 3«; 6«. 





LIII. p. 200. 


I. 


J; J. ..I3. 4. 7 to 11. 5.^^. 6.^^. 7.g. 


8. 


6 white, 4 black, 2 red. 9- ? i ? • lo. ,^„ . 

12 


II. 


5 to 1 ; For. 




nv. p. 208. 


I. 


25 . 30 . 60 , - 6 5 1 
121' 121' 121' '•^'•^- 3- 9 • 4- 54' S-g-- 



g 2. 6 91.25. 2. 5 „ 5. 1 8 

n'n" '• 21B' ^' 27' 72' sB'n* ^'m- 
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"• 8'2- 


"• 216- ^3. 


£1. 2». 14. ^ . 




15. -3- 


T/i 2 5 15 
"• 11' 83' 22" 

LV. p. 205. 


17. I . 


I. ^ ; 6 to 1 


against. 2. ^. 


3. 13 to 1 against 



.\_.1_ ^ | 20J39 , 87 . |20 [36 

^ 15' 5* ^* iTjir ' 3185 ' "[£ • Ijf 

fi 1 - 7 1 o ni2139)' 1 



35' ''10* in£^ ^ ' lili^L^* 

1 f 1 1 « TO 120 

■[¥5 j]7r; • "• looi* 



13. If each is put back after being drawn, ^-^. If they are 



4 1 13 
not put back, ', ,' , • 

,^ \m\n\p+q\m+n-p-q H "5 

[/? I y I wi— j? I n— ^ I m+n 

1 6. When each is put back, ^-n ; ^-n ; ^ ^^. « When they 

*^ ^ 144 144 ' 3.12* "^ 



, ,, , 1 1 51616 
are not put back, — : 777^,7 ; ■ — •^— 



^^ 1319.37 _, Hljglj g fi5|95). i; 

'^' 17.25.49 ' '^•"JMI?^" t "1I~ J 'lilll^* 
13* 5|9|11I7 

'9- 17:2539 • '^- -^po 
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1 

in 



LVI. p. 218. 

203 8 1 

I. 2»-l :1. 2. 55328- 3- (1), -g ; (2), -^ • 

5\77 4 , ,,^ 5* ,„, 46625 -„. 406 

4- 9, • S- "9 • 6- (IJ. 2:55; K^h jgggg; W, 46656* 

7. 25:2. 8. 671:626. 9. J- 10. (1), j; (2), 1 . 

II. (1), 21; (2), 28-' (3). 28' "• 96n- '+ 2-2- 

5'.2" 8875 
15. 29:3 against. 16. 8. 17. ~^n~' 18. TgooT" 

LVII. p. 217. 

,,. 68 .„. 1 ,„. 1071 ,.. 17 
I- W» 100' *■ -'' "5 ' ^ '' 8300' ^*^' 415* 

.. 6889 „. 8969 -. 3969 ,„. 1260 
^- ^■^^' 10000 ' ^ -'' 10000 ■ ^' ^ ''' 6889 ' ^ ^' 6889 ' 

4. (1), 52 5 (2). 52 J (3). 2701 ' ^*^' 1352 * 

18 ' ^' ^^)' 144 5 (^)' 24 ' (^)' 432 * 



1 1 
5- 86 ' 18 







LVIIL p. 223. 






I. 


7 
15* 


2"^ 1 -,.1 
2- 2«-l • *• 52 ' S- (1). 6 , 


6 6' 
6«' 6" 


6» 




(2). 


5* 5» 5« 5' .„> 216 180 150 
6" 6« ' 6" 6" ^'' 671 ' 671 ' 671 


125 
'671* 




6. 


1 
8' 


«x 16 ,rtx 25 1 
(1), 729 ' (2)' 81 • 7- 1716 • 


16 
»• 21' 


6 
42* 


9- 


1 


46656 41256 36481 
"• 124393' 124393' 124393' 


II. 


11 

28* 
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LIX. p. 228. 

%_ (OT+l)(n'+w'+l) 

^•11* *• (t»+l)(»'+w'+l)+(m'+l)(n+w+l)- 

3.(1),|;(2),|;(3),^. 4. J- 5- (D,^; (2) A 
,4 . 27 -„ . 6561 ,„ „, 48 



LX. p. 231. 

377 11 17 , ^_ 17 ,_, 8 

^•550* ^-W 5- 25- 6. a),45; (2), jg. 

7. n'+n— 2 : 2 against 



LXI. p. 238. 
I. 15s. 6d. 2. 22^8. 3- ^- 2s. 4- 29^8. 

s-li'' 5i5 gi" '• ^^^**'- *• r- n5 ^5 ^^- ^'• 

10. «(l-^); (l-^)"- "• ^1666. 18s. 

13. (1), A, 13s. 4d. ; B, 6s. 8d. (2), A, 13s. ; .5, 7s. 

14. £6gg. 

LXn. p. 288. 

2475 16 , «. 85 ,„, 7 ,„, 1 ... 1 

'• 2477 ^- 48 ' 3- ^^^' 86 ' ^^^' 12 ' ^^^' 36 ' <*>' 4 " 

45 10 

^ 49* 5- 11' 
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LXm. p. 244. 



'■( 



lOOV 



SI 



a 



X. ^1290.. ^^3^ .. ^--,-_^ 
tion of life, r the interest for £1 for 1 year. 



, where e is his ezpecta- 



i-(i)-i;(2), 

8. -60;-28. 



LXIV. p. 250. 

2; (3),-6; (4)8; (5), 4; (6), 39. 

lo. (1),48; (2), 44; (3),-166; (4), 24. 



LXVL p. 262. 

I. 42; 138; 15; 62. 2. 0. 3. -72. 4. Z*(tt'« 
+m*(t;'» — t(n*) + »'(w^'* — w^') + 2wn(t*t^'— i; V) + etc. 
5. 2a»6»c». 10. 0. II. 0. 



— vw) 



I. (1), 
(2), 



LXVn. p. 265. 



3. 



aa+hPy ay+bS 
ca+dp, cy+d8\' 



aa^+hb'+cc', aa+h/i+cy, ax+hy+tz 
ou^+ph'+yc', «•+/?" +7*, ax+l3i/+yz 
xa' + y&' + zc\ xa+yP+ zy, «* + y* +z* 

«i*+ yi*+ «i*, XiXt+yiyt+ZiZt, XiX^+yiy^+ZiZ^ 
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LXVIII. p. 267. 
^1 1 ,3 1 

3. *=18|, y=-10|, z=-10, «=2i. 

37 73 -4 41 

4- =^=-47, y=47, «=4^, «=j7- 

5. ^'(6*— 6c)+ etc. +2mn(ac— /&)+ etc. =0. 



LXIX. p. 270. 

3- -^^ ^ -^-aJ«. 4. (3+2n)3'»i»». 5. 2.3«-»(3-»)a^. 



^ flO^^ n^ (-1)'*) 

6. S -7r2'* — s-2'*— ^ — s-^ >3*» 

(9 6 9 j ^* 

8. 4(-l)'+^(l+5V^)(V-l)- 



+|(i-5V::ri)(«V-i^ 



n V5±l 



LXX. p. 272. 



^ 2 (V5+l)n-(l-V5)» 

'• 75 (VS+1)«+(1- V6)** 

/8^ ./5 (5+ V6)n-(6- V5)» 
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LXXL p. 276. 
I. — t , z , when n is odd ; 



(2+ V3) ' +(2- V3) 



2 



"-1 . ,„ ->.,^ ,^,?-a 



^3 (V3+1)'(2+V3)' -(V3-l)'(2-V3)' 

^ ( V3+1) (2+ V3r'-( V8-1) (2- V3)^ ' 

when n is even. 



«»— 1 M— 1 n 

2 

n eyen. 



3.4 ' +2(-l) ' 3.2"-'+|(-l) 

n-1 n-1 > " "^^ > n > 

4 • +(-1) « 2«-'+3(-lf 

•Hf-1 n 

3- -^ > ^ odd; 4 —^ , n even, 

6^-1 4.6^+1 



15n-6 



•6 ,, 3(12-5w) 



3— n ,j — n 

5« T-j — » ^ odd ; ir-. — , n even. 
1+n ' 4+W 



a« 



X 



^^1 n-i ' 

when n is odd ; 

•_! JUl 

(2g«-3+ ^/4a«+9)' ■(2a«-3- V4a»+9)' 



n J» 



(-3+/s/i?+9) (2a«-8+V4a«+9)«'" -(-8-Vi^+9) (2a«-8-V4?+9)« 
when n is even. 
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I. 



12. 



l-21og2 

log2 
a+h 



LXXII. p. 281. 



'• 2 i ^ 1.3.5 . . . (2«+l) j 



MISCELLANEOUS EXAMPLES. 



4. (1),-2±2V2; 



.nv V2±V2V2-2 ->s /2±V-2V2-2 . 
Wv 2 ' ^"^ 2 ' 



(8), y=0, ar=0, or -^ ; 



y=4, a?=9, or 6 ^ . 



6. (1), .4.- ...„^i^(4.+5) ' (2>' ^+(^"-1)^ 



,W-1 



40 8(4w 
17. (a), l,or-2; (/?), -8. 



25. (1), Div. ; (2), Conv. 



.6. (i.)±l V2-±2V2; (ii.) .^=1±^=^;(=.). 



e»+e-«- 



bx—at/= ^m^\ {C'\-db\ 



28- 4 ' 4 

4 ' 4 

31. (a), a;=3, ^=2, ir=l ; (^, a?=2, y=8, or «=8, ^^=2. 
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34. (1), 0, -p, or -|± y4c«+4cp+^. 

(2), a?»-y« = 5, 6jryH-(a+c)y*=26. 

, . _ 53+20V6 . 
^^' •"• 19+8 V6' 

2^ (wimt— wijna) = (mm,— nmj)zhV(«iWis— mjW,)* + (mm, — nm^Y' 
38. a: = ±-^, y=(±l± V2) -^3, «=«-(±2± V2)^3 . 

41. 1, 2,-1; or -3, ^1±V^ ^^ 20. 44- «. 
45. a;=±o; 



46. a; g ,y g_, 2 

47. a; and y=b -g-, or 1 — , «=2. 

„ n («+l) ( 3n'+ll«+28) 
4». — 

52. ar=a+r h:?-!^ (n-r+1) ; d>0 and <2 *~" 



n+1 2 ^ ' " n(n+l)* 

53. 1. 54. z=% or —3, y=5; «=— 8, or 8, y=— 6. 

58. ;ei080. 9s. 
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62. (1), x=^^|±2f, where c=±V2; (2),;zJ *' 
68. (1), ;^|i ; (2), log. 2; (3), «=(£)A, ,=(£)^. 



log S-log 2" 
71. 5itVll, 7 or 8. 
76. 0? and y are the roots of the quadratic 

and M (y— a?)=6— ay, v («— y)=6 — ao:. 
77. 4, 1, —2. 79. In the 66th year. 

« 28-4a; .^-a?» 

(n8+12n«+39w+22)g^-(2n»+21n'+gl9i+10)g««+i+(n»+9w«+187i)a^g 
X 



1— 2a;— a»* 



3 y I 1 

82. -j+ etc. +82^2^ + etc. 

83. — a— 6— c, — a*— 6*— c*— 5c— ca— oJ, 
-_at_58«.ct_^25_^«c— 6«c— 6*a— c«a— c«5— a5c, 

— (c**-«+ac«-»+a«c**-*+ etc. +«»-*) 

— 2>(c"--»+ac»-*+ etc. +a^») 

— 6*(c**-*+ac»-»+ etc. +a«-*)— etc. —&»-«. 

85. (1), ;^; (2), !=• 

86. 294, 375, 456, 537, 618. 87. s^q-^^p^Z, 

567 
89. 136; £21. 5s. 92. Divergent; ^^fSgosoo' 
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95. £2500 x '^„' - ; 100. 1+a;^ +«*+«•+ etc. 

109. ±8. no. £125. 10s.; £125. 10s.; £133^. 

113. Convergent if a5<e~^, otherwise divergent 

115. The roots of the equations 

y«_ay+ ^^^^ -\ a»-a5+c=0. 

118. £8. 3s. 4cL 



THE END. 
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tt 



'' It . contain^ in a short compass, an 
amount of information not otherwise acce»- 
irible to students without considerable re- 
search. The chapter on Local Government 
in particular is well executed. It would 
be nard to name any other book in which 
the history of our local institutions, from 
the Gemots of the first Teutonic settlers 
down to the County Court, the Local 
Government Board, and the School Board 
of our own day, is to be found." — Atke- 
fueunt. 

" The style is concise and lucid ; the 
information is full as regards essentials, 
and extraneous matter b well avoided. It 
is an excellent treatise for the student who 
wishes to get a philosophic grasp of per- 
haps the best institutions, as a whole, that 
any people or succession of peoples have 
developed. In these days, too, every one 
claiming intelligence ought to know the 
real foundations on which our politics rest, 
and from this point of view it is a book for 
general reading." — Edinburgh Courant. 

"An admirable compilation of all the 
most notewordiy facts in our constitutional 
history, from the earliest times of which 
we have authentic record, down to the year 
Z873, and is arranged in a most convedient 



manner for the student. It is ostensibly 
intended for the Public Schools, but een- 
>tlemen preparing for the Elnglish smd Indian 
Civil Services will find its accurate and 
aiccinct information of die greatest value. 
And we can confidently assure literary as- 
pirants, high pressure reformers, and even 
Members of me House of Commons, that 
they will be saved from many a grievous 
blunder if they will adopt it as a Dook of 
reference." — Civil Service Review. 

"The institutions which make up the 
English Constitution are here classified 
under several leading divisions. Our local 
institutions are traced to their origin, and 
the various phases ,of the political develop- 
ment of our central government are traced 
with remarkable accuracy and precision. 
The work b not only based upon die most 
authoritative guided on the subject, but it 
gives an excellent and exhaustive Ibt of 
standard authorities. The index, the glos- 
sarv, and the explanations g^ven of dimcult 
and technical terms will be all found of use 
by the student. It b an admirable guide, 
and ^worthy of our wardiest commendation. 
It is impossible to compress more valuable 
and trustworthy informaition in so small a 
compass."--n5'/<Mk/*n/. 
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" I have great pleasure in expressing my 
opinion of your Mathematical books. We 
hiave for some time used them in our Lec- 
ture Room, and find them well arranged, 
and well calculated to clear up the difficul- 
ties of the subjects. The examples also 
are numerous and well-selected.* —i^. JI/. 
Ferrers^ M.A.^ Fellow and Tutor of Gott' 
ville and Caius College, Cambridge. 

** I have used in my Lecture Room Mr. 
Hamblin Smith's text-books on Algebra, 
Trigonometry, Mechanics, and Hydrosta- 
tics with very great advantage. I consider 
them admirably adapted foo* preparing stu- 
dents for the general examination for B.A. 
degrees, and for the extra subjects required 
in the previous examination from candidates 
for honours. They are distinguished by 
great clearness of explanation and arrange- 
ment, and at the same time by great scien- 
tific accuracy." — Janus Porter^ M.A., 
Fellow and Tutor qf St. Peter's College, 
Cambridge. . 

*' Many students who attend my classes 
have usea with great benefit to themselves 
Mr. Hamblin. Smith's books, espedall}^ his 
A^ebra and Arithmetic. ^ Mr. Smith's 

Sreat experience enables him to see the 
ifficulties which trouble beginners, and he 
knows how to remove those difficulties. 
The examples are well arranged. For 
beginners there could be no better books, 
as I have found when examining different 
schools."—^. W. IV. Steel, M.A., Fellow 
andAssistant' Tutor ofGonville andCaius 
College, Cambridge. 

" I consider Mr. Hamblin Smith's Mathe- 
matical Works to be a very valuable series 



for beginners. His Algebra in particular 
seems to mc to be manced by a singular 
clearness in the explanations, and by great 
judgment in the selection and arrangement 
of the exercises ; and after my experience 
of it in the Lecture Room, I think it is the 
best book of its kind for sdiools and for the 
ordinary course atCambridge.**— ^*Pa/ra:*, 
M.A., Fellow and Tutor of Magdaltn 
College, Cambridge. 

" 1 beg to state that I have used Mr. 
Hamblin Smith's various mathematical 
works extensively in my Lecture Room 
in this College, and have found them 
admirably adapted for class teadiing. A 
person who carefully studies these books 
will have a thorough and accurate know- 
ledge of the subjects on which they treat." 
— H. A. Morgan, M.A., Tuiorcf Jetut 
College, Cambridge. 

**\ can say with pleasure that I have 
used your books extensively in my work at 
Haileybury, and have found them on the 
whole well adapted for boys.** — Thomas 
Pitts, M.A., Assistant Mathematical 
Mctster at Haileybury Coll^[e. 

" Your Arithmetic, Algebra, Eudid, and 
Trigonometry have been used here for 
several years. I have great pleasure in 
saying that I consider them most excellent 
school-books. The Algebra is certainly 
the best book published of its kind. I can 
strongly recommend them alL** — IVMtnry, 
M.A .,Sub- Warden, Trinity CoUegt, GUn- 
almond. 

" I have used all Mr. Hamblin Smith's 
Mathematical Works with my pupils, imd 
have invariably found that greater progress 
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has been made than when usinp^ other 
works on the same subjects. I beheve the 
mathematical student, in the earlier part 
of hb reading, cannot do better than con- 
fine his attention to these works. Hie 
investigations are simple and straightfor- 
ward, while the arrangements of the text 
and the printing are admirable. The 
chapters are not too long, and they all 
contain numerous Examples worked out, 
with others, for exercise. His edition of 
Euclid cannot be too highly commended. 
Here the pupil will always And the figure 
facing the text, and, I may add, I have 
never seen a work on Geometry in which 
the figures of the Xlth Book so forcibly 
strike the eye with their meaning. Mr. 
Smith has eliminated the so-called Rule of 
Three from hLs Arithmetic, and substituted 
the more rational method of First Principles. 
Both the Algebra and Trigonometry are 
well suited for Schools. Numerous illus- 
trative exami>les worked out with well- 
chosen collections for practice will be found 
in his Statics and Hydrostatics. In all 
cases the answers are given at the end of 
each work. I consider Mr. Smith has sup- 
plied a great want, and cannot but think 
that his works must command extensive 
use in good schools." — y, Henry, B.A., 
Head-Master, H.M. Dockyard School, 
Sheemess, and Instructor of Engineers^ 
R.N. 

** I shall certainly be delighted to have 
an opportunity of beannig; testimony to the 
value oft your work on Statics as a school 
text'book. I have used it from the time it 
first appeared, and find it preferable on 
many grounds to any other text-book of a 
similar nature with which I am acquainted. 
I gave it to two of my pupils to read at 
Christmas, and found they had gained a 
very fair knowledge of the subject without 
assistance ; that is I think in itself a fair 
test of the clearness of the book. I shall be 
very happy if this expression of my opinion 
will be of any service to you in any way." 
— C. W. Bourne, M. A., Assistant-Master 
at Marlborough College. 

" We have used your Algebra and Trigo- 
nometry extensively at this School from 
the time they were first published, and I 
thoroughly ag^ee with every mathematical 
teacher I have met, that, as school text- 
books, they have no equals. The care you 
have taken to make clear every step, and 
especially those points which always used 
to baffle the boy-intellect, has rendered 
these subjects capable of being read, both 
in the time it usually took to read one. 



The ample supply of easv problems at tho 
end of each chapter enables the student to 
acquire confidence in his own. powers, and 
taste for his work— qualities, as every 
teacher knows, indispensable to suc<iess. 
We are introducing, your Euclid gradually 
into the School." — Rev. B.Edwardes, sen.. 
Mathematical Master at the College, 
Hnrstpierpoint, Sussex. 

** I have much pleasure in stating that 
we have for some time used your A^ebra. 
and Trigonometry, and found them admi- 
rably adapted for the purposes of elemen- 
tary instruction! I consider them to be 
the best books of their kind on the subject 
which I have yet seen." — yoskua yone*,. 
D.C.L; Head- Master, King WiUiant*s 
College, Isle of Man. 

" The Algebra is the gem of the series, 
especially as compared with other works 
on the subject — no point is left unex- 
plained, and all is made perfectly clear. 
The series is a model of clearness and in- 
sight into possible difficulties ; by the aid 
of these works a student has only his own 
inattention- to thank if he fails to make 
himself master of the elements of the 
various subjects." — Rev. y. F. Blake, 
St. Peter's College,. Clifton, York. 

"Your works on elementary Mathe- 
matics have been in constant use in this 
School for the last two or three years, and 
I for one have to thank you very mudi for 
elucidating many pouits which have always, 
in m^ experience, formed great stumbling- 
blocks to pupils. I have no doubt the 
better these works are known, the more 
generally will they be adopted in Schools." 
-'A. L. Taylor, M.A., Head-Master of 
the Ruabon Grammar School, 

** I have very great pleasure in express- 
ingan opinion as to the value of these books. 
I have used them under very different cir- 
cumstances, and have always been satisfied 
with the results obtained. The Algebra 
and Geometry I have used^ with science 
classes, with students ^reparin^ for various 
competitive examinations, with private 
pupus. and have seen them adopted and 
used in ordinary school-work, and always 
with success. The Trigonometry and Hy- 
drostatics I have used almost as extensively 
and still with complete satisfaction. In 
most books one can generally point out 
particular chapters which seem more satis- 
factory than the rest ; but in attempting to 
do this with the Algebra, X find myself 
desirous of noticing aunost all the principal 
chapters."— C. H. IV. Biggs, Mathemati- 
cal Editor of the EnglishMechanic. 
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SCIENCE 

Preparing for PuhUcation^ 

SCIENCE CLASS-BOOKS 

Edited by 
The Rev. ARTHUR RIGG, M.A., 

LATB PRINCIPAL OF THB COLLEGE, CHESTER. 

These Volumes are designed expressly for School use, and by 
their especial reference to the requirements of a School Class^Booky 
aim cU making Science-teaching a subject for regular and methodtcat 
study in Public and Private Schools, 

An Elementary Class-Book on Sound. 

By George Carey Foster, B.A., F.R.S., Fellow of and Professor 
of Physics in, University College, London, 

An Elementary Class-Book on Electricity. 

By George Carey Foster, B.A., F.R.S., Fellow of and Professor 
of Physics in. University College, London, 

Botany for Class-Teaching. 

With Exercises for Private Work. 

By F, E. Kitchener, M.A., F.L.S., Assistant-Master at Rugby 
School, and late Fellow of Trinity College, Cambridge, 

Other Works are in preparation. 



A Years Botany. 

Adapted to Home Reading. 
By Frances Anna Kitchener. 

With Illustrations. Crown 8vo. 5^. 
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An Easy Introduction to Chemistry. 

For the use of those who wish to acquire an elementary knowledge of 
the subject, and for Families and Schools. 

Edited hy the Rev. Arthur Rigg, M.A., late Principal of The Col* 
lege, Chester, 

With Illustrations. Crown 8vo. 3j. 6d, 
{See Specimen Page^ No, 2.) 



"Wc seldom come across a work of 
such simplicity in chemistry as this. It 
ought to be in the hands of every student 
of chemistry." — Chemical Review. 

** There are a simplicity and a clearness 
in the description and explanations given 
in this little volume which certainly com- 
mend it to the attention of the young." — 
Athefiitum. 

** This is a very pretty, very easy, and 
tolerably comprehensive Uttle book. The 
information is clearly conveyed, and the 
illustrations as neatly and prettily executed 
as possible." — Educational Times, 

"... The st>rle is exceedingly simple, 
and the teaching is precise and dear. The 
illustrations of chemical apparatus are 
good, and the directions how to use them 
mtelligible to a very young reader."— 
Edifwurgh Courani. 

** It b couched in the simplest possible 
language, so that it may be suitable to the 
very youngest students of chemistry." — 
Journal of the Society of Arts. 

** I am much pleased with Mr. Rigg^s 
little book, which enables me to give my 
children lessons in chemistry. Even the 
youngest are asking questions about the 
illustrations. The work supplies a want 
which has been long felt, ana I hope it will 
have an extensive sale." — W. Severn, 
Esq., one o/H,M. Inspectors of Schools. 

** Simple in style, full of correct matter, 
and well illustrated, it will prove a most 
useful introduction to the subject." — 
Standard, 

** He discourses upon such themes in an 
easy entertaining manner, conveying^ at 
the same time much practical information. 
A large number of simple experiments are 
explained and illustrated by woodcuts."— 
Record. 

"The author, who was formerly princi- 
pal of the College at Chester, is an experi- 
enced and practical teacher, and therefore, 
as mi|^ht be expected, we find the work 
most mtelligently written and judiciously 
compiled, so that the student progresses by 
easy and interesting stages without expe- 
riencing any feeling of tcdiousness. Several 
illustrations adorn the pages, and the let- 
ter-press and paper are well selected."— 
Ironmonger. 

" It would be difficult to name a work 



more calculated to foster a taste for the 
study of Chemistry in the minds of the 
yoviiMt"— Chemical Newt, 

"We have rarely met with a more 
'concise yet full' manual for students, 
whether among our inquiring iuveniles or 
children of larger growth. Technical terms 
are either avoided or lucidly explained. 
The illustrations are striking, and such as 
fasten on the memory. Thus, in less than 
a couple of hundred pages, this newest 
compendium wonderfuU^ popularizes the 
needful study and elucidates the untold 
utility of diemistry. In one sense it is a 
book for all ages and all occupations, 
literally 'An Easy Introduction to Che- 
mistry.' " — Liverpool Mail. 

"This is exactly such a work as we 
should recommend for the perusal of those 
who desire to gain quickly an intelligent 
general idea of chemistry." — Sheffield 
Daily TeUgraph. 

"Pi. book alike intelligible and inter- 
esting, which conveys in a pleasant mannert 
accurate and reliable elementary know- 
ledge."— >A« Bull. 

" As a present for the young we know of 
no more interesting ana improving work 
than that of Mr. Rigg upon chenustry."— 
Cambridge ChronicU, 

"Without discovering a royal road to 
learning, Mr. Rigg has made this road- 
book easy and mteresting."— C?«r Own 
Fireside. 

"This is a very useful and readable 
little book."— vS'tf««iIrrr' News Letter. 

" Interesting and wocax^X^t,"— Inverness 
Courier. 

" It is so lively in its style, and practical 
in its applications, that it would keep awake 
a weaned man, and almost tempt a youth 
to cast aside his 'Robinson Crusoe.*"— 
Western Morning News. 

"The arrangement of the different 
branches of the subject is good, and the 
experiments very numerous. The work is 
wdl illustrated.'^— J?n;r-*/tf« Gazette, 

" . . . . The book will make a useful 
present to an inquiring boy or girl." — Iron. 

" Needs no apology for its appearance." 
'-'Leeds Mercury. 

" For use in schools, we know of no better 
book."— /?<v^<^. 
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LATIN 

Elementary Rules of Latin Pronun- 
ciation. 

Especially drawn up for use in Schools. 

By Arthur Holmes, M.A., Senior Fellow and Dean of Clare 
College^ Cambridge, and laie Preacher at the Chapel Royal, Whitehall^ 
Editor of**' Catena Classicorum?^ 

Crown 8vo. On a card, 9^. 

Outlines of Latin Sentence Construc- 
tion. 

Demy 8vo. On a card, u. dd. 

Easy Exercises in Latin Prose. 

With Notes. 
By Charles Bigg, M.A., Principal of Brighton College. 
Small 8vo. ij-. 4^^. ; sewed, 9^. 

Latin Prose Exercises. 

For Beginners, and Junior Forms of Schools. 

By R. Prowde Smith, B.A., Assist. -Master at Cheltenham College. 

[This Book can be used with or without the Public School Latin 
Primer.] Second Edition. Crown 8vo. 2s. 6d. 

** This is certainly an improvement on to assist beginners in doing the Latin exer- 

the grammar-school method, and may be a cises. We quite agree with Mr. Smith as 

step in the way of teaching English before to the necessity of some knowledge of 

Latin." — Examiner. English and the principles of Grammar, 

"The plan upon which these exercises as a qualification for writing Latin Prose 

are founded is decidedljr a good one, and correctly. His' explanation of the more 

none the less so that it is a very simple difficult constructions and idioms is very 

one." — Educational Times. distinct, and altogether the book is highly 

"This book differs from others of the satisfactory." — Athenaeum. 
same class in containing lessons in English 
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Henrys First Latin Book. 

By Thomas Kerchever Arnoli>, M.A. 
Twenty-first Edition. i2mo. 31". Tutor's Key, is, 

A Practical Introduction to Latin 

Prose Composition. 

By Thomas Kerchever Arnold, M.A. 

Sixteenth Edition. 8vo. 6j. 6^. Tutor's Key, is, 6d, 

Cornelius Nepos. 

With Critical Questions and Answers, and an Imitative Exercise 
on each Chapter. 
By Thomas Kerchever Arnold, M.A. 
Fifth Edition. i2mo. 4J. 

A First Verse Book. 

Being an Easy Introduction to the Mechanism of the Latin Hexa- 
meter and Pentameter. 
By Thomas Kerchever Arnold, M. A. 

Eleventh Edition. i2mo. 2s, Tutor's Key, \s. 

Progressive Exercises in Latin 

Elegiac Verse. 

By C. G. Gepp, B. A., late Junior Student of Christ Churchy Oxford; 
Head-Master of the College^ Stratford-on-Avon, 

Third Edition, Revised. Crown 8vo. 3J. 6</. Tutor's Key, 5j. 

Selections from Livy, Books viii. 
and IX, 

With Notes and Map. For School use. 

By E. Calvert, LL.D., St, John^s College^ Cambridge; sometime 

Assistant' Master in Shrewsbury School; and R. Saward, M.A., 

Fellow of St, John^s College^ Cambridge; Assistant-Master in Shrews* 

bury School, 

Small 8vo. 2s, 
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New Edition^ re-arranged^ with fresh Pieces and additional References, 

Materials and Models for Latin 

Prose Composition. 

Selected and arranged by J. Y. Sargent, M.A., Fellow and Tutor 
of Magdalen College^ Oxford; and 1. F, Dallin, M.A., Tutor, late 
FelloWf of QueerCs College^ Oxford, 

Crown 8vo. dr. td. 

The Editors have detennined to work out in greater detail in this Second 
Edition the principles on which the First Edition of ' Materials and Models ' 
was constructed. 

With this view they have recast the whole work, and divided it into 
two parts, one Latin and one Greek. 

Each passage has been furnished with a heading. They have re-arranged 
the pieces under additional subordinate heads, grouping together those 
passages which are cognate in matter or form. Thus, under Historical 
are ranged Sieges, Battles, &c., &c. ; under Philosophical, Literary Criti- 
cism, Ethics, Speculations on God, a Future State, &c. ; while Characters 
have been placed in a section by themselves. This grouping will facilitate 
reference, but another feature has been added of more importance still, 
viz, reference to subjects ; for in addition to the particular reference at the 
end of each piece, a group of references has been prefixed to each separate 
section, so that the student having selected a subject or passage of a certain 
kind, say a sea-fight, to translate or treat as an original theme, may be able 
to refer at once to those passages in the best Classical Authors where sea- 
fights are described ; or if he wishes to write a character he may be enabled 
to see at a glance where the typical characters of classical antiquity are to 
be found. 

In the present Edition the old references have been verified and fresh 
ones added ; new pieces of English have been inserted, or in some cases 
substituted for the old ones. — From the Preface, 

Latin Version of (60) Selected Pieces 

from Materials and Models. 

By J. Y. Sargent, M.A. 

Crown 8vo. 5j. 
May be had by Tutors only, on direct application to the Publishers. 

Classical Examination Papers. 

Edited^ with Notes and References^ by P. J. F. Gantillon, M.A., 
Classical Master in Cheltenham College, 

Crown 8vo. js.'^d. 
Or interleaved with -writing-paper, half-bound, lor. 6d, 



Eclogce Ovidiance. 



From the Elegiac Poems. With English Notes. 
By Thomas Kerchevbr Arnold, M.A. 

Thirteenth Edition. i2mo. 2j. 6</. 
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Terenti Comoediae. 

Edited by T. L. Papilloji, M.A.» Fellow oj New College^ and late 
Fellow of Merton, Oxford, 
Andria et Eunuchus. 

Crown 8yo. 4^. 6^. 
Forming a Part of the ^^ Catena Classieorum,** 



yuvenalis Satirae. 

Edited by G. A. SiMCOX, M. A., late Fellow and Classical Lecturer 
Queen^s College^ Oxford, 
Thirteen Satires. 

Second Edition, enlarged and revised. Crown 8vo. 5j. 
Forming a Part of the ^^ Catena Classicorum** 



Persii Satirae. 



Edited by A. Pretor, M. A., of Trinity College^ Cambridge^ Classical 
Lecturer of Trinity Hall^ Composition Lecturer of the Perse Grammar 
School, Cambridge. 

Crown 8vo. 3J. 6d, 
Forming a Part of the ^* Catena Classicorum** 



Horati Opera. 

By J. M. Marshall, M.A., Under-Master in Dulwich College, 
Vol. I. — The Odes, Carmen Seculare, and Epodes. 

[Nearly ready. 
Forming a Part of the ^^ Catena Classicorum^^ 



Taciti Historiae. 



Edited by W. H. SiMCOX, M.A., 'Fellow and Lecturer of Queen's 
College, Oxford, 

Crown 8vo. [In the Press, 

Forming a Part of the ^^ Catena ClassicorumP 
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A Table of Irregular Greek Verbs. 

Classified according to the arrangement of Cnrtius's Greek Grammar. 
By Francis Storr, B.A., Assistant-Master in Marlborough College^ 
late Scholar of Trinity College, Cambridge^ and Bell University Scholar. 

On a CanL is. 

Elements of Greek Accidence. 

By Evelyn Abbott, M.A., Lecturer in Balliol College^ Oxford^ 
and late Assistant- Mc^ter in Clifton College, 

Crown 8vo. 4r. dd. 

Selections from Lucian. 

With English Notes. 

By Evelyn Abbott, M.A., Lecturer in Balliol College^ Oxford^ 
and late Assistant-Master in Clifton College. 

Small 8vo. 3j. (id. 



tt ■ 



It is by far the best school edition we ' 
have sten."— Standard. 

" Mr. Abbott has done wisely in publish- 
ing a selection from Lucian, an author, 
part of whose writings are just suited to 
boys who know enough Greek to read an 
easy prose author. His references to the 
English poets and the exercises for re- 
translation are good points in his book." — 
AtAenaum. 

" Lucian is certainly an author who de> 
serves to be more read than he is. His 
style is easy enough, and his matter by no 
means uninteresting. Perhaps these selec- 
tions may do someuing towards populariz- 



ing him. They seem well-chosen and the 
notes are amiue. » • . The introduction, 
giving a sketch of Lucian and his works, 
is very well and pleasantly written." — 
Educational Time*. 

"We are predisposed to welcome Mr. 
Abbott's selections trom a favourite anther, 
more producible and easier to master than 
Aristophanes, and yet little, if at all, less 

eitfertaining We have found the 

critical and explanatory notes sound and 
serviceable. . . . The dialogues, of which 
Mr. Abbott supplies such exigent samples, 
will be excellent and delighUful reading."— 
Saturday Review, 



Stories from Herodotus. 



The Tales of Rhampsinitus and Polycrates, and the Battle of Mara- 
thon and the Alcmaeonidae. In Attic Greek, 

Adapted for use in Schools^ by J, SuRTEES Phillpotts, M. A., Assis» 
tant'Master in Rugby School; formerly Fellow of New College^ Oxford, 

Crown 8vo. is, 6d, 
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lophon: an Introduction to the Art 

of Writing Greek Iambic Verses. 

By the Writer of ** Nuces " and " LucreHlU:' 

Crown 8vo. 2j, 

In use at Eton College, 

" This book contains a number of easy and, we think, likely to be very useful to 

exercises, to be turned into Iambics. There the class for whom they are designed."-!*. 

are also some instructions for beginners in Educational Times, 
Greek vers*-making, which are clearly put. 

The First Greek Book. 

On the plan of ** Henry's First Latin Book." 
By Thomas Kerchever Arnold, M.A. 

Sixth Edition. i2mo. 5j. Tutor's Key, \s, 6d. 

A Practical Introduction to Greek 

Accidence. 

By Thomas Kerchever Arnold, M.A. 
Ninth Edition. 8vo. 5^. (id, 

A Practical Introduction to Greek 

Prose Composition. 

By Thomas Kerchever Arnold, M.A. 

Twelfth Edition. 8vo. 5^. 6^/. Tutor's Key, u. (id. 

Madvigs Syntax of the Greek Lan- 
guage^ especially of the Attic Dialect. 

For the use of Schools. 
Edited by Thomas Kerchever Arnold, M.A. 
New Edition. Imperial i6mo. ' &r. 6rf. 
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SCENES FROM GREEK PL A YS 

RUGBY EDITION 

Abridged and adapted for the use of Schools y by 
ARTHUR SIDGWICK, M.A., 

ASSISTANT-MASTBR AT RUGBY SCHOOL, AND FORMERLY FBLLOW OF 
TRINITY COLLEGE, CAMBRIDGE. 

Small 8vo. \s, 6d, each. 

Aristophanes. 

the clouds. ttte frogs. the knights. plutus. 

Euripides. 

iphigenia in tauris. the cyclops. ion. 

ELECTRA. ALCESTIS. BACCH^E. 



f<' 



' Mr. Sidgwick has put on the title-pages 
of these modest little volumes the words 
'Rugby Edition/ but we shall be much 
mistaken if they do not And a far wider 
circulation. The prefaces or introductions 
which Mr. Sidgwick has prefixed to his 
' Scenes ' tell the youthful student all that 
he need know about the play that he is 
taking in hand, and the partis chosen are 
those which give the general scope and 
drift of the action of the -phcy. "---School 
Board Chronicle. 

" Each play is printed separately, on 
good PSLper, and in a neat and handy form. 
The dimcult passages are explained by the 
notes appended, which are of a particularly 
useful and intelligible kind. In all respects 
this edition presents a very pleasing con- 
trast to the German editions hitherto in 
general use, with their Latin explanatory 
notes — ^themselves often recjuiring explana- 
tion. A new feature in this edition, which 
deserves mention, is the insertion in English 
of the stage directions. By means of them 
and the argument prefixed, the study of the 
play b much simp\ified."--ScolsmaH. 

"A short preface explains the action of 
the play in each case, and there are a few 
notes at the end which will clear up most 
of the difficulties likely to be met with by 
the young student." — Educational Times. 

*' Just the book to be put into the hands of 
boys who are reading Greek plays. They are 

{See Specimen 



carefully and judiciously edited, and form 
the most valuable aid to the study of the ele-^ 
ments of Greek that we have seen for many 
a day. The Grammatical Indices are espe- 
cially to be commended." — Athefututn. 

*' These editions afford exactly the kind 
of help that school-boys require, and are 
really excellent class-books. The notes, 
though very brief, are of much use and 
always to the point, and the arguments and 
arrangement of the text are equally good 
in theur way." — Standard. 

** Not professing to give whole dramas, 
with their customary admixture of iambics, 
trochaics, and choral odes, as pabulum for 
learners who can barely digest the level 
speeches and dialogues commonly confined 
to the first-named metre, he has arranged 
extracted scenes with much tact and ^cill, 
and set them before the pupil with all need« 
ful information in the shape of notes at the 
end of the book ; besides which he has added 
a somewhat novel, but highly commendable 
and valuable feature — ^namely, appropriate 
headings to the commencement of each 
scene, and appropriate stage directions dur- 
ing its progress." — Saturday Review, 

** These are attractive little books, novel 

in design and admirable in execution 

It would hardly be possible to find a better 
introduction to Aristophanes for a young 
student than these little books afford."— 
London Quarterly Review, 

Page^ No, 8.) 
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Homer for Beginners. 

Iliad, Books I.— III. With English Notes. 
By Thomas Kerchever Arnold, M.A. 

Third Edition. i2mo. 3^. 6^/. 

The Iliad of Homer. 

From the Text of Dindorf. With Preface and Notes. 

By S. H. Reynolds, M.A., Fdlgw and Tutor of Brasenose College, 
Oxford, 

Crown 8vo. 

Books I.— XII. dr. 

Forming a Part of the *^ Catena Classieorumy 



The Iliad of Homer. 



With English Notes and Grammatical References. 
^Thomas Kerchever Arnold, M.A. 

Fourth Edition. i2mo. Half-bound, \2s, 

A Complete Greek and English 

Lexicon for the Poems of Homer and 

the Homertdce. 

By G. Ch. Crusius. Translated from the German, Edited by 
T. K, Arnold, M.A. 

New Edition. i2mo. 9^. 

In the Press, New Edition, re-arranged, with fresh Pieces and additional 

References, 

Materials and Models for Greek 

Prose Composition, 

Selected and arranged by J. Y. Sargent, M. A., Fellow and Tutor 
of Magdalen College, Oxford; and T. F. Dallin, M.A., Tutor, late 
Fellow of Queen^s College, Oxford. 

Crown 8vo. 

{See Page 14.) 

Greek Version of Selected Pieces from 

Materials and Models. 

By J. Y. Sargent, M.A. 

Crown 8vo. Is, 6d, 
[May be had by Tutors only, on direct application to the Publishers.] 



LONDON, OXFORD^ AND CAMBRIDGE. 



20 MESSRS. RIVINGTOrrS [ 



Classical Examination Papers. 

Edited^ with Notes and References^ by P. J. F. Gantillon, M.A., 
sometime Scholar of St. John^s College^ Cambridge; Classical Master 
at Cheltenham College, 

Crown 8vo. 'js. 6d. 
Or interleaved with writing-paper, half-bound, lOr. 6d. 

Demosthenes. 

Edited^ with English Notes and Grammatical References^ by Thomas 
Kerchever Arnold, M.A. 

i2mo. 
Olynthiac Orations. Third Edition, y. 
Philippic Orations. Third Edition. 4J. 
Oration on the Crown. Second Edition. 4r. 6^ 

Demosthenis Orationes Privatae. 

Edited by Arthur Holmes, M.A., Senior Fellow and Dean of 
Clare College^ Cambridge^ and late Preacher at the Chapel Royal^ 
Whitehall 

Crown 8vo. 
De Corona. 5^. 

Forming a Part of the *^ Catena Classicorum*^ 

Demosthenis Orationes Publicae. 

Edited by G. H. Heslop, M.A., late Fellow and Assistant^ Tutor of 
Queen^s College^ Oxford; Head- Master of St, Bees, 

Crown 8vo. 
• OI.YNTHIACS. 2S. U. ) i^ o„^ v„i^ g^ 

Philippics, 31. J 

De Falsa Legatione, 6j. 

Forming Parts of the ^^ Catena Classicorum,^* 

Isocratis Orationes. 

Edited by John Edwin Sandys, M.A., Fellow and Tutor of 
St, John^s College^ Cambridge, 

Crown 8vo. 
Ad Demonicum et Panegyricus. 4j. 6^. 

Forming a Part of the ^^ Catena Classicorum}^ 
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The Greek Testament. 



With a Critically Revised Text ; a Digest of Various Readings ; 
Marginal References to Verbal and Idiomatic Usage ; Prolegomena ; 
and a Critical and Exegetical Commentary. For the use of Theolo- 
gical Students and Ministers. 

By Henry Alford, D.D., late Dean of Canterbury, 

New Edition. 4 vols. 8vo. io2j. 

The Volxmies are sold separately, as follows : 
Vol. L— The Four Gospels. 2&n 
VoL II. — Acts to II. Corinthians. 24r. 
Vol. III. — Galatians to Philemon. i8j. 
Vol. IV. — Hebrews to Revelation. 32J. ' 

The Greek Testament 

With Notes, Introductions, and Index. 

By Chr'. Wordsworth, D.D., Bishop of Lincoln y formerly Canon 
of Westminster y and Archdeacon, 

New and cheaper Edition. 2 vols. ' Impl. Svo. '60)r^ ' 

The Parts may be had separately, as follows : — 

The Gospels. i6x. \ -■^ 

The Acts. &r. 

St. Paul's Epistles. 2y. 

General Epistles, Revelation, and Index. i6t. 

An Introduction to Aristotle s Ethics. 

Books I. — IV. (Book X., c. vi. — ix. in an Appendix). With a Con- 
tinuous Analysis and Notes. Intended for the use of Beginners and 
Junior Students. 

By the Rev. Edward Moore, B.D., Principal of S, Edmund Hall^ 
and late Fellow and Tutor of Queen^s College^ 'Oxfords 

Crown 8vb. ios.6d, 

• 

A ristotelis Ethica Nicomackea. 

Edidit, emendavit, crebrisque locts parallelis e libro ipso, aliisque 
ejusdem Auctoris scriptis, illustravit Jacobus E. T. Rogers, A.M. 
Small 8vo. 4r. 6d, Interleaved with writing-paper, half-bound, dr. 
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Sophocles. 



With English Notes from Schneidewin, - 

Edited by T, K. Arnold, M.A., Archdeacon Paul, aw^HsNRY 
Browne, M.A. 

l2mo. 

AjAX. 3x. Philoctetes. jj. CEdipus Tyrannus. 4j. GSdipus 

Coloneus. 4j. Antigone. 4r. 

Sophoclis Tragoediae. 

Edited by R. C. Jebb, M.A., FeUow and Assistant-Tutor of Trinity 
College^ Cambridge^ and Public Orator of the University, 

Crown 8vo. 

Electra. Second Edition, revised. 3x. 6d. 
A JAX. 3x. 6d. 

Forming Parts of the **Catena Ctassicorum,** 

Aristophanis Comoediae. 

Edited by W. C. Green, M.A., late Fellow of Kin^s College^ 
Cambridge ; Assistant- Master at Rugby School, 

Crown 8vo. 

The Acharnians and The Knights. 4r. 
The Clouds. 3j. 6d. 
The Wasps, y. &/. 

Ab Edition of '' The Acharnians and The Knights,*' revised 
and especially prepared for Schools. 4r. 

Forming Parts of the ** Catena Classicorum," 



Herodoti Historia. 



Edited by H. G. WOODS, M. A., Fellow and Tutor of Trinity College^ 

Oxford, 

Crown 8vo. 

Book I. 6r. Book II. 5^. 

Forming Parts of the ^^ Catena ClassicorumP 

[See Specimen Page, No, 7.) 
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A Copious Phraseological English- 
Greek Lexicon. 

Founded on a work prepared by J. W. Fradersdorff, Ph.D., late 
Professor of Modern Languages ^ Queen^s College^ Belfast 

Revised^ Enlarged^ and Improved by the late Thomas Kerchever 
Arnold, M.A., and Henry Browne, M.A. 

Fourth Edition. 8vo. 2is. 

Thucydidis Historia. Books I. and II. 

Edited by Charles Bigg, M.A., late Senior Student and Tutor of 
Christ Churchy Oxford; Principal of Brighton College, 

Crown 8vo. dr. 

Thucydidis Historia. Books III. and IV. 

Edited by G. A. SiMCOX, M.A., Fellow ofQueen^s College^ Oxford, 

Crown 8vo. \In the Press, 

Forming Parts of the ** Catena Classicorum^'* 
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DIVINITY 

Manuals of Religiaus Instruction. 

Edited by John Pilkington Norris, M.A., Canon of Bristol^ 
Church Inspector of Training Colleges, 

The Old Testament. 
The New Testament 
The Prayer Book. 

Each Book in Five Parts. Small 8vo. is, each Part. 

A Child's Catechism, for Young 

Children^ Preparatory to the Use of the Church 

Catechism. 
By John Pilkington Norris, M.A., Canon of Bristol, 

Small 8vo. 2d, 

A Companion to the Old Testament. 

Being a plain Commentary on Scripture History down to the Birth 
of our Lord. 

Small 8vo. 3^. 6^. 

Also in Two Parts : — 
Part I.— The Creation of the World to the Reign of Saul. 
Part II. — The Reign of Saul to the Birth of Our Lord. 

Small 8vo. 2j. each. 

[Especially adapted for use in Training Colleges and Schools.] 

" A very compact summary of the Old ments. It will be found very useful for 

Testament narrative, put together so as to its purpose. It does not confine itself to 

explain the connection and bearing of its merely chronological difficulties, but com- 

contents, and Mrritten in a verjr good tone ; ments freely upon the religious bearing of 

with a final chapter on the history of the the text also."— (?aMin^Mi». 
Jews betwceu tne Old and New Testa- 

[See Specimen Page, No. 10.) 

A Companion to the New Testament. 

Small 8vo. [In the Press, 
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The Voting Churchman s Companion 

to the Prayer-Book. 

Part I. — Morning and Evening Prayer and Litany. 

By the Rev. J. W. Gedge;, M.A., Diocesan Inspector of SchooU for 
the Archdeaconry of Surrey, 

Recommended by thie late Lord Bishop of Winchester. 
i8mo. I J., or in Paper Cover, 6d. 

History of the Church under the 

Roman Empire, a.d. 30-476. 

By the Rev. A. D. Crake, B.A., Chaplain of All Saints School^ 
Bloxham, 

Crown 8vo. *js, 6d, 

A Manual of Confirmation. 

With a Pastoral Letter instructing Catechumens how to prepare them- 
selves for their First Communion. 
By Edward Meyrick Goulburn, D.D., Dean of Norwich, 
Eighth Edition. Small 8vo. \s, 6d, 

The Way of Life. 

A Book of Prayers and Instruction for the Young at School. With 
a Preparation for Holy Communion. 

Compiled by a Priest, Edited by the Rev. T. T. Carter, M.A., 
Rector of Clewer, Berks. 

l6mo, IX. 6d, 

The Lord's Supper. 

By Thomas Wilson, D.D., late Lord Bishop ofSodor and Man. 
Complete Edition, with red borders, i6mo. 2s, 6d. 
Also a Cheap Edition, without red borders, is, ; or in paper cover, 6d, 



Household Theology. 



A Handbook of Religious Information respecting the Holy Bible, the 
Prayer-Book, the Church, the Ministry, Divine Worship, the Creeds, 
&c., &c. 

By the Rev. John Henry Blunt, M.A. 

New Edition. Small 8vo. y. 6d, 
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KEYS TO CHRISTIAN KNOWLEDGE. 

Small 8vo. 2s, 6d, 



" Will be very useful for die higher classes 
in Sunday schools, or rather for the fuller 
instruction of the Sunday-school teachers 
themselves, where the parish Priest is wise 
enough to devote a certain time rc^lariy 
to their oreparation for thdr ▼oumtary 
task."^£/»M^i» Rtview, 



" Of cheap and reliable text-books of this 
nature there has hitherto been a great want. 
We are often asked to recommend books 
for use in Church Sunday-schools, and we 
therefore take this opportunity of saying 
that we know of none more likely to be of 
service both to teachers and scholars than 
these 'Keys.'"— CJiutrvkmaH'* ShUling 
Magazine, 

A Key to the Knowledge and Use of the 

Holy Bible. 

By the Rev. J. H. Blunt, M.A. Editor of the * Annotated Book 
of Common Prayer/ &c., &c. 

A Key to the Knowledge and Use of the 

Book of Common Prayer. 
By the Rev. J. H. Blunt, M.A. 

A Key to the Knowledge of Church His- 
tory (Ancient). 
Edited by the Rev. J. H. Blunt, M.A. 

A Key to the Knowledge of Church His- 
tory (Modern). 

Edited by the Rev. J. H. BLUNT, M.A. 

A Key TO Christian Doctrine and Practice, 

FOUNDED ON THE ChURCH CATECHISM. 

By the Rev. J. H. Blunt, M.A. 

A Key to the Narrative of the Four Gospels. 

By the Rev. John Pilkington Norris, M.A., Canon of Bristol^ 
Church Inspector of Training Colleges^ andformerly one of Her Majesty s 
Inspectors of Schools, 

A Key to the Narrative of the Acts of the 

Apostles. 
By the Rev. John Pilkington Norris, M.A. 
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The Campaigns of Na- 
poleon. 

The Text (in French) from M. 
Thiers* ^^Histoire du Consulat et 
de r Empire" and ^^Histoire de la 
Rivolution Frangaise," Edited^ with 
English Notes ^ for the use of Schools ^ 
by Edward E. Bowen, M.A., 
Master of the Modern Side, Narrow 
School, With Maps. Crown 8vo. 
4^.6^. each. 

Now Published, 
Arcola. Marengo. 

In preparation, 
Jena. Waterloo. 

[See Specimen Page, No, 12.] 

Selections from Mo- 
dern French Au- 
thors. 

Edited, with English Notes and 
Introductory Notice, by Henri Van 
Laun, Translator of Taints His- 
tory OF English Literature. 

Crown 8vo. 3J. td, each. 
HoNORE DE Balzac. 
H. A. Taine. 



The First French Book. 

By T. K. Arnold, M.A. 

Sixth Edition. I2mo. 5^. td. 
Key, 2s, 6d, ^ 

The First German 
Book. 

Py T. K. Arnold, M.A., and 
], W. Fradersdorff, Ph.D. 

Sixth Edition. l2mo. 5j. 6d, 
Key, 2s, 6d, 

The First Hebrew 
Book. 

Py T. K. Arnold, M.A. 

Third Edition. l2mo. 7^. fyi. 
Key, y, 6d, 
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The Choristers Guide. 

By W. A. Barrett, Mus. Bac., Oxon, rf St. FauPs Cathedral^ 

Author of ** Floweri and Festivals^ Square itfma. 2J. (id, 

"... One of the most useful books of 
instructions for choristers — and, we may 
add, choral singers generally — that has 
ever emanated from the musical press. 
.... Mr. Barrett's teaching is not only 
conveyed to his readers with me conscious- 
ness of being master of his subject, but he 
employs words terse and clear, so that his 
meaoing may be promptly caught by the 

neophyte ** — Athemtum, 

A nicely graduated, clear, and excel- 
lent introduction to the duties of a chorister 
by a practical haaid."^SiaMdard. 



" the • Chorister's Guide * is written by 
Mr. Barrett, of St. Paul's Cathedral; it 
seems clear and precise enough to serve its 
end." — Examiner. 

"A useful manual for giving boys such a 
practical and technical knowledge of music 
as shall enable them to sine both with confi- 
dence knd precision."— CAtmrA Herald, 

" In this little volume we have a manual 
long called for by the requirements of 
church music. In a series of thirty-two 
lessons it gives, with an admirable concise- 
ness, and an equally observable complete- 
ness, all that is necessary a chorister should 
be taught out of a book, and a great deal 
calculated to have a value as bearing in- 
directly upon his actual practice inWsing- 
ing."— Musical Standard, 



" I think it a most useful and excellent 
work, calculated to be of great service to 
teachers, and likely to become popular. 
It will afford me much pleasure to recom- 
mend the book."— »^j//mw Sparky Mus. 
Doc. 

'* I am delighted with it, and shall en- 
deavour to use it amongst my pupils." — 
Henry Gadsby, Margate. 

** I shall have great pleasure in using it, 
and recommending it when and wherever 
I can." — y. C. Marks, Organist of the 
Cathedral, Cork. 

" A work of this kind is much needed."— 
John Young, Organist of the Cathedral, 
Lincoln. 

**\ cannot refrain from saying that the 
work supplies a want I have always felt." 
"—John D. Corfe, Organist of the Cathe- 
dral, Bristol. 

" I have looked it through, and find it a 
most useful little work, and I will be sure 
to recommend it whenever I have an 
opportunity." — IV . Done, Organist of the 
Cathedral, Worcester. 

"I strongly commended your book to 
Dr. Jebb, and he will present a dozen to 



' We can highly recommend the present 
able manusd." — Educational Times. 

'* A very useful manual, not only for 
choristers, or rather those who may atm ftt 
becoming dioristers, but for others who 
wish to enter upon the study of music."— 
Xock, 

"The work will be found of singular 
utility by diose who have to instract 
choirs."— CAimrA Times. 

" A most useful handbook for the cho* 
rister, and in many ways fOT the choit- 
master. It may safely be placed in the 
hands of every one who is connected with 
the musical service, dther as precentor 
chorister, or organist." — Churchman's 
Shilling Magazine. 

"A most grateful contribution to th^ 
agencies for improving our Services. It is 
characterized by all that clearness in cei9» 
bmation with conciseness of style which 
has made 'Flowers and Festivals' sa 
universally admired." — Toronto Herald. 

"An admirable work, which will be 
found useful both by professional and 
amateur musicians." — Newsvendor. 

"A complete manual of instruction based 
upon a novel plan, which is both su|^es- 
tive and exhaustive."— /^^^rw^/. 



the choristers. I also told the adult mem- 
bers of the choir that they migHt consult 
it with advantage." —G. Townshend Smithy 
Organist of the Cathedral, Hereford,^ 

" I have just seen your exoellent Bttle 
book, Uie * Chorister's Guide.' You ha«e 
been very judicious in its method, whica 
I think will prove interesting and even en- 
tertaining to young musicians, and I par- 
ticularly like your taking examples from 
cathedral compositicms. Ithought the ))est 
thing I could do was to order fourteen 
copies."— 7^ Rev^ Canon Jebb^ D.D., 
Hereford. 

" I shall be most happy to recommend 
it as a text book." — Roland Eogers,OtjpaM' 
ist of the Cathedral, Bangor. 

"I like it very much indeed: I hope 
it may become generalljr known and ap- 
preciated." — C. G. Verrinder, Mus. Doc. 

" I have looked through it, and have 
come to the conclusion that a more care- 
fully, intelligently written book, or one 
more practical and thus useful in its aim, 
could scarcely be conceived."— i?«f. C JP. 
Merrick. 
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CATENA CLASSICORUM 



A SERIES OF 

CLASSICAL AUTHORS, 

Ediied by Members of both Universities^ under the direction of the Rev. 
Arthur Holmes, M.A., Senior Fellow and Dean of Clare College^ 
Cambridge^ and late Preacher at the Chapel Royal^ Whitehall; 

and 

The Rev. Charles Bigg, M.A., UUe Senior Student and Tutor of Christ 
Churchy Oxford; Principal of Brighton College, 

Crown 8vo. 

SoPHOCLis Tragoediae. 

Edited by R. C. JEBB, M.A., Fellow and Tutor of Trinity College^ 
Cambridge^ and Public Orator of the University, 

The Electra. 3J. dd. The Ajax. y, 6d, 



" We have no hesitation in saying that 
in style and manner Mr. Jebb's notes are 
admirably suited for their purpose. The 
explanations of erammatical pomts are sin- 
gularly lucid, the parallel passages gene- 
rally well chosen, the translations bright 
and graceful, the analysis of arguments 
terse and luminous. Mr. Jebb has dearly 
shown that he possesses some of the quali- 
ties most essential for a commentator."— 
spectator. 

" The Introduction proves that Mr. Jebb 
is something more than a mere scholar,— 
a man of real taste and feeling. His criti- 
cism upon Schlegel's remarks on the Elec- 
tra are, we believe, new, and certainly just. 
As we have often had occasion to say in 
this Review^ it is impossible to pass any 
reliable criticism upon school-books until 
they have been tested by experience. The 
notes, however, in this case appear to be 
clear and sensible, and direct attention to 
the points where attention is most needed." 
-— IV estmiftster Review. 

** In a concise and succinct style of Eng- 
lish annotation, forming the best substitute 
for the time-honoured Latin notes which 
had so much to do with making good scho- 
lars in days of yore, Mr. Jebb keeps a 
steady eye for all questions of grammar. 



construction, scholarship, and philology, 
and handles these as they arise with a 
helpful and sufficient precision. In matters 
of grammar and syntax, his practice for the 
most part is to refer his reader to the pro- 

§er section of Madvig's ' Manual of Greek 
yntax : ' nor does he ever waste space and 
time in explaining a construction, unless it 
be such an one as is not satisfactorily dealt 
with in the grammars of Madvig or Jelf. 
Experience as a pupil and a teacher has 
probably taught him the value of the whole- 
some task of hunting out a grammar refer- 
ence for one-self, instead of finding it, 
handy for slurring over, amidst the hun« 
dred and one pieces of information in a 
voluminous footnote. ^ But whenever there 
occurs any peculiaritY of construction, 
which is hard to reconole to the accepted 
usage, it is Mr. Jebb's general practice to 
be ready at hand with manful assistance." 
'^ontetKporary Review. 

" Mr. Jebb has produced a work whidi 
will be read with interest and profit by the 
most advanced scholar, as it contains, in a 
compact form, not only a careful summary 
of the labours of preceding editors, but also 
many acute and ingenious original remarks. 
We do not know whether the matter or the 
manner of this excellent commentary is de- 
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serving of the higher praise: the skill with 
which Mr. Jebb has avoided, on the one 
hand, the wearisome prolixity of the Ger- 
mans, and on the other the jejune brevity 
of the Porsonian critics^ or the versatility 
which has enabled him in turn to elucidate 
the plots, to explain the verbal difficulties, 
and to illustrate the idioms of his author. 
All this, by a studious economy of si)ace 
and a remarkable precision of expression, 
he has done for the ' Ajax ' in a volume of 
some aoo pages." — Ath€7ueum. 

"An accidental tardiness in noticing 
these instalments of a Sophocles which 
promises to be one of the ablest and most 
useful editions published in this country 
must not be construed into any lack of 



due appreciation of their value. It seemed 
best to wait till more than one play had 
issued from the press ; but it is not too late 
to express the favourable impression which 
we have formed, from the two samjples 
before us, of Mr. Jebb's eminent qoalinca- 
tions for the task of inter^tine Sophodes. 
Eschewing the old fashion of furnishing 
merely a grammatical and textual commen- 
tary, he has concentrated very much of the 
interest of his edition in the excellent and 
exhaustive introductions which preface 
each play, and whidi, while excluding 
what is not strictly connected with the sub- 
ject, discuss the real matter in hand with 
acuteness and tact, as well as originality 
and ttsK9xdtL,**— Saturday Review. 



JUVENALIS SaTIRAE. 

By G. A. SiMCOX, M.A., Fellow and late Classical Lecturer of 
QueerCs College^ Oxford, 

New Edition, revised and enlarged, 5^. 



"This is a very original and enjoyable 
Edition of one of our favourite classics."— 
Spectator. 

** A very valuable and trustworthy school- 
book. The introduction, notes, and text 



are all marked with scholarly taste, and a 
real desire to place in the hands Of the 
learner all that is most effective to throw 
light upon the author." — Standard. 



Thucydidis FbsTORiA. Books I. and 11. 

By Charles Bigg, M.A., late Senior Student and Tutor of Christ 
Church f Oxford; Principal of Brighton College, 6s, 



•*Mr. Bigg in his 'Thucydides* prefixes 
an analysis to each book, and an admirable 
introduction to the whole work, containing 
full information as to all that is known or 
related of Thucydides, and the date at 
which he wrote, followed by a very masterly 
critique on some of his characteristics s^ a 
writer.*' — A tkemtum. 

** Mr. Bigg first discusses the facts of 
the life of Thucydides, then passes to an 



examination into the date at which Thucy- 
dides wrote ; and in the third section ex- 
patiates on some characteristics of Thucy- 
dides. These essays are remarkably wdl 
written, are judicious in their (pinions, and 
are calculated to give the student much 
insight into the work of Thucydides, and 
its relation to his own times, and to the 
works of subsequent historians."— il/ftfAVM. 



Thucydidis Historia. Books III. and IV. 

By G. A. SiMCOX, M. A., Fellow of Queen's College, Oxford, 

[In the Press. 
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Demosthenis Orationes Publicae. 

j5y G. H. Heslop, M.A., /afe Fellow and Assistant' Tutor of Queen's 
College, Oxford; Head- Master of St, Bees, 

The O1.VNTHIACS. 2s.6d. ) or, in One Volmne, 4x. &i; 
The Philippics. 3j, / 

De Falsa Legationb. 6s. 



THE OLYNTHIACS 

" The annotations are scarcely less to be 
commended for the exclusion of superfluous 
matter than for the excellence of what is su] - 
plied. ^ Well-known works are not quoted, 
-out simply referred to, and information 
which ought to have been previously ac- 
quired is omitted." — Athenetum. 

"Mr. Heslop's critical scholarship is of 
an accurate and enlarged order. His read- 
ing of the chief authorities, historical, criti- 
cal, explanatory, and technical, has been 
commendably thorough ; and it would be 



AND PHILIPPICS. 

impossible to ^o through either the Oljm- 
thiacs, or Phihppics, with his aid, and not 
to have picked up many pieces of informa- 
tion to add to one's stock of knowledge of 
the Greek language and its use among the 
orators, who rendered its latter day famous. 
He is moreover an independent editor, and, 
we are glad to find, holds his own views as 
to readings and interpretations, undbmayed 
by the formidable names that occasionally 
meet him in his way." — Contemporary Re- 
view. 



DE FALSA LEGATIONE. 



"The notes are full,, the more difficult 
idioms being not only elucidated by refer- 
ences to grammars, but also illustrated 
by a wealth of apt and well-arranged 
quotations. Hence we imagine that the 
attentive reader will not be content with 
a single perusal of the commentary, but 
will find it worth while to have it by 
his side, when he is engaged upon other 
speeches ^ of the Athenian orator. Mr. 
Heslop gives us an historical introduction 
as well as occasional summaries and histori- 
cal notes, which seem to us just what they 
ought to be." — Athenteum. 

** Deserves a welcome. There is abun- 
dant room for useful and handy editions of 
the chief orations of Demosthenes. Mr. 
Heslop has performed his editorial function 
faithfully and ably." — Saturday Review. 

"The volume before us well maintains 
the high repute of the series in which it 
appears. A good text, well printed^ with 
careful but not too elaborate notes, is the 
main characteristic of it, as of previous 

volumes An able introduction is 

prefixed to it, which the student will find 
useful ; and altogether we cannot but feel 
how different the school-books of the present 
day are from those which we recollect."— 
John Bull. 

"A well-written introduction, carefully 
edited text, ample and excellent footnotes 
—which include from time to time a short 
analysis of the text — and translations not 
less vigorous than accurate, make up a 
"whole, which cannot fail to be equally ac- 



ceptable to both masters and scholars."— 
Standard. 

" Mr. Heslop has shown very great criti- 
cal powers in the edition of the famous 
speech now before us, especially in his anno- 
tations Indeed, his array of 

authorities, grammatical, critical, technical, 
historical, and explanatory, is from first to 
last worthy of all praise ; and nothing can 
exceed the clearness of the historical essay, 
which he has prefixed as an introduction 
to the work." — School Board Chronicle. 

" In an elaborate introduction, the editor 
gives — ^what is eminently desirable for the 
student approachin|; such a speech— an 
account of the^ intricate complications of 
Athenian politics in the period when the 
State was struggling to maintain itself 
against the preponderating power of Mace- 
donia. ... In dealing with the text of his 
author, Mr. Heslop has exercised an inde- 
pendent judgment, while availing himself 
of the labours of other editors ; and the 
grounds assigned for the course he has 
adopted will commend themselves to the 
attention of scholars. For the purposes of 
the student the commentary appended to 
the text affords all that is necessary in the 
way of judicious furtherance. Variations 
of reading are commented on, peculiarities 
of grammatical construction explained, and 
obscure allusions rendered intelligible by 
means of collateral information. An index 
affords the means of ready reference to the 
more important notts,**'-Scotsman. 
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CATENA CLASSICO/iUM--continued. 

Demosthenis Oratjones Privatae. 

By Arthur Holmes, M.A., Senior Fellow and Dean of Clare 
College^ Cambridge^ and late Preacher at the Chapel Royal^ WkitehalL 
De Corona. 5^. 

letting loose upon another a flood of epi- 
thets so utterly beyond the widest license 
of modem pohtical discussion. That Mr. 
Hohnes supplies the want indicated we 
shall proceed to show in one or two ex- 
amples of exact interpretation, having first 
glanced at the calm tenor of his judgment 
on one or two moot points connected with 
flie speech itself." — Saturday Review, 

"Mr. Holmes has comfuressed into a 
convenient shape the enormous mass of 
annotation whidi has been accumulated 
by critics, English and foreign, on Demos- 
thenes' famous oration, and he has made 
no trifling contributions of \&& own. He 
appears to us to deal successfully with most 
of the difficulties which preceding commen- 
tators have failed to solve— difficulties, it 
may be observed, which are n^er histori- 
cal than critical, and which, for the most 
part, arise in the endeavour to reconcile 
the plain grammatical sense of die orator's 

words with known facts In 

purely critical questions the notes show 
all the subtle scholarship which we should 
expect from so renowned a classic as 
Mr. Holmes. If we note any one peculiar 
excellence, it b the accuracy with which 
the shades of difference of meaning in 
the various uses of the tenses are noted, 
and nothing, as we need hardly say, could 
be more important in annotation on an 
oration which has for its subject-matter 
history par dy contemporary, partly belong- 
ing to the recent -pSisV—S^iaior, 



"We find a scholarship never at fault, 
an historical eve which sees over the 
whole field of the political area occupied 
by Philip of Macedonia and the great 
orator whose business in life was to com- 
bat suid^ thwart him, and an acuteness 
of criddsm sufficing to discriminate be- 
tween the valuable and the worthless 
matter in the commentaries of previous 
editors. Of the speech itself and its famous 
loci classici of eloquence and invective it is 
scarcely necessary to speak. To do full 
justice to these the reader must go to the 
fountain-head ; and he must have for com- 
mentator and guide one whose mind is 
clearly made up, so that there may be no 
doubt or hesitadon as to the sense of the 
words and sentences which claim his ad- 
miration. In the grand outburst where 
Demosthenes assures his audience that his 
policy and teaching agree with dieir own 
nereditary instincts, and swears it b^ the 
memory of their forefathers' intrepidity, 
rather than their success against the Per- 
sians ($ 208-9, &c.)^ Mr. Holmes is careful 
to smooth every difficulty, and in the vivid 
picture of the excitement of Athens on the 
receipt of the news of Philip's occupation 
of Elatea (f 269-^0), he does good service 
in weighing the likeliest meaning of certain 
words which are important accessories of 

the picture In reading the speech 

a student seems to need the company of an 
exact annbtator to assure him that his ears, 
or eyesj or powers of translation are not 
misleadmg him, when he finds an advocate 

Aristophanis Comoediae. 

By W. C. Green, M.A., late Fellow of Kin^ College^ Cambridge; 
Assistant' Master at Rugby School, 
The Acharnians and the Knights. 41 
The Clouds. 3^. (id. The Wasps, y, 6d, 

An Edition of The Acharnians and the Knights, rerised and 
especially adapted for use in Schools. 4r. 



"Mr. Green has discharged his part of 
the work with uncommon skill and ability. 
The notes show a thorough study of the 
two plays, an independent judgment in the 
interpretation of the poet, and a wealth of 
illustration, from which the editor draws 
^enever it is necessary." — Museum. 

*' Mr. Green's admirable introduction to 
^The Clouds ' of the celebrated comic poet 
deserves a careful perusal, as it contains 
ai\ accurate analysis and many original 
comments on this remarkable play. The 
text is prefaced by a table of readings of 



Dindorf and Meineke, which will be of 
great service to students who wish to in- 
dulge in verbal criticism. The notes ai« 
copious and lucid, and the volume will be 
found useful for school and college pur- 
poses, and admirably adapted for private 
reading. " — Exammer. 

** Mr. Green furnishes an excellent intro- 
duction to ' The Clouds ' of Aristophanes, 
explaining the circumstances under which 
it was produced, and ably discussing the 
probable object of the autlior in writing it." 
'—Athenaum. 
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CATENA CLASSICOIiC/M'-contmiLtd, 

ISOCRATIS OrATIONES. 

By John Edwin Sandys, M. A., Fellow and Tutor of St. JohrCs 
College^ Classical Lecturer at Jesus College, Cambridge. 
Ad Demonicum et Panegyricus. 4/. 6d. 

"Isocrates has not received the atten- 
tkm to which the simplicity of his style 
and Uie purity of his Attic language en- 
title him as a means of education. Now 
that we have so admirable an edition of 
two of his Works best adapted for sudi a 
purpose, there win no longer be any ex- 
cuse iat this neriect. For carefuhiess and 
thoroughness of editing, it will bear com- 
parison with the best, whether English or 
foreign. Besides an ample supply of ex- 
haustive notes of rare excellence, we find 
in it valuable remarks on the style of 
Isocrates and the state c^ the text, a 
table of various readings^ a list of editions, 
and a special introduction to each piece. 
As in other editions of this series, short 
summaries of the argument are inserted in 
suitable places, and will be fotmd of great 
service to the student. The commentary 
embraces explanations of difficult passages, 
with instructive renuurks on grammatical 
usages, and the derivation and meanings 
of words, illustrated by quotations and re- 
ferences. Occasionally the student's atten- 
tion is called to the moral sentiment ex- 
pressed or implied in the text. With all 
this abundance of annotation, founded on 
a diligent study of the best and latest 
authorities, tl^ere is no excess of matter 
and no waste of words. The el^ance of 

Persii Satirae. 



the exterior is In harmony with the intrinsic 
worth of the volume. ** — A tkenawm, 
" By editing Isocrates Mr. Sandys does 

S>od service to students and teadiers of 
reek Prose. He places in our hands, in 
a convenient form, an author who will be 
found of great use in public schools, where 
he has been hitherto almost unknown.'*— 
Cambridge University GoMette. 

** The feeling u]>permost in our minds, 
after a careful and interesting study of this 
edition, is one of satisfaction and admira- 
tion ; satisfaction that a somewhat unfa- 
miliar author has been made so thoroughly 
readable, and admiration of the compara- 
tively young scholar who has brought about 
this result by combining in the task such 
industry, research, and acumen, as are no^ 
always found united in editors who have 
had decades upon decades of mature cxpt- 
ticDcc."-~-Saturde^ Review. 

** Mr. Sandys, of St. John's, has added 
to the ' Catena Classicorum ' a very C(Mn- 
plete and interesting edition. The style of 
Isocrates is discussed in a separate essay 
remaricable for sense, clesumess of expres* 
sion, and aptness of illustration. In the 
introductions to the two orations, and in 
the notes, abundant attention is ^en to 
questions of authenticity and historical 
allusions."— /W? Mall Gagette. 



By A. Pretor, M.A., Fellow of St. Catkarinis College, Cambridge; 
Classical Lecturer of Trinitv Nail. ' 

jj. 6d. 



^ " This is one of the ablest editions pub- 
lished in the ' Catena Classicorum ' under 
the superintendence of Mr. Holmes and 
Mr.^ Bigg. Mr. Pretor has adopted in his 
edition a plan which he defends on a gene- 
ral principle, but which has really its true 
defence in the special peculiarities of his 
author. Mr. Pretor has g^ven his readers 
translations of almost all the difficult pas- 
sages. We think he has done so wisely in 
this case; for the allusions and construc- 
tions are so obscure that help is absolutely 
necessary. He has also been particularly 
full in his notes, he has thought and 
written with great independence, he has 
used every means to get at the meaning of 
his author, he has gone to many sources 
for illustration, and altogether he has pro- 
duced what we may fairly regard as the 



best edition of Persius in English." — Mu- 
seum. 

"Mr. Pretor has boldly grappled with 
ft most difficult task. He has, however, 
performed it very well, because he has 
begun, as his Introduction shows, by mak- 
ing himself thoroughly acquainted with the 
mmd and temper — a sufficiently cynical one 
— of the poet, and thus laying a good basis 
for his judgment on the conflicting opinions 
and varying interpretations of previous edi- 
tors. It is a most useful book, and will be 
welcome in proportion as such an edition 
was really very much wanted. The good 
sense and sound judgment shown by the 
editor on controverted points, give promise 
of excellent literary work in future undei- 
takings of the like kmd. "—Cam^ru^ Uni' 
versUy Gazette, 
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HOMERI I LIAS. 

By S. H. Rbynolds, M.A., laU FeUow and Tutor oj Brasemse 
College^ Oxford. 

Books I. to XIL 6s. 



" Adopting the usual plan of the series, 
and giving references to standard works, 
lather than extracts from them, Mr. Rey- 
nolds is able to find space for much com- 
ment that is purely Homeric, and to show 
fhat it is not only a theory but a working 
principle with him, to make Homer his own 
mterpreter and Commentator. * £x ^so 
Homero Homentt optime tnteUigitur, is 
a dictum which no student of Homer would 
question for a moment ; but to acknow- 
ledge its truth is one thing, and prove it in 



practice is another, and ^e manner in 
which Mr. Reynolds has effected this will 
go fkr to show his capacity for the difficult 
task he has executed. The notes are by 
no means overloaded, but seem to us to 
contain all that they should, in order to 
carry out the editor's purpose of assisting 
beginners, while there is much that will 
prove valuable to advanced students. We 
heartily commend the book to our readers' 
notice."— ^/(MM^niL 



Terenti Comoediae. 

By T. L. Papillon, M.A., Fellow of New College^ Oxford; late 
Fellow ofMerton, 

Andria £T Eunuchus. 4j. 6d. 

"An excellent and supremely useful edi- ume one admirably suited to the wants of 

tion of the wdl-known plays of Terence." students at school and college, and forming 

— Westminster Review. a useful introduction to the works of Ter* 

"Altogether we can pronounce this vol- ence." — Examiner. 

Herodoti Historia. 

By H. G. Woods, M.A., Fellow and Tutor oJ Trinity College^ Oxford. 
Book I., dr. Book II., 5^. 

{See Specimen 

" It were hard to imagine a book better 
adapted to save the time and accelerate 
the progress of the industrious student."— 
Scotsman. 

" It cannot be laid to Mr. Wood's charge 
that he wastes time or space in long intro- 
ductions. Indeed we should say that his 
short chapters on the style and on the dia- 
lect of Herodotus, well thought out as they 
are and put forth with due compression, 
have tended considerably to relieve the 
foot-notes from over-crowding. We have 
already said that only in the original can 
Herodotus be thoroughly enjoyed. A few 
notes may serve to show that this edition 
of Mr. Wood's goes some way towards 
making this enjoyment more widely avail- 
able by an intelligent appreciation alike of 
his author's peculiarities and his reader's 
* needs. How well he has apprehended the 



Page^ No, 7.) 

former cannot be better shown than by 
quoting an excellent passage from his chap- 
ter on ' The Style of Herodotus,' whidi is 
at the same time a key to the understand- 
ing of the Herodotean manner." — Saturday 
Review. 

"Mr. Woods has clearly appreciated 
the true object of the series, which is edu- 
cational rather than critical, and has laid 
out his labour accordingly. In the result 
we think he has been remarkably snccess- 
ful. The notes are carefully prepared, and 
comprise all the information necessary for 
the student who desires not only to get up 
the text, but to learn the views of the 
best commentators upon it." — Educational 
Times. 

" It is an admirable edition of Hero- 
dotus." — Evening Standard. 



HoRATi Opera. 

By J. M. Marshall, M.A., Under- Master of Duhvich College. 

Vol. I. — The Odes, Carmen Seculare, and Epodes. 

\Just ready. 

Taciti Historiae. 

By W. H. SiMCOX, M.A., Fellow and Lecturer of Queen^s College^ 
Oxford, [Jt^st ready. 
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4 History of the English Institutions 

master the territorial dement, receiving, however, in the 
course of the struggle some moderating and tempeiing 
influences from the opponent principle. 

CHAPTER //. 
THE PEOPLE. 

1.^ Gla43ses of the People. — ^The English settlers in 
Britain were from the first divided into the two great 
hereditary classes of Eorls (the principes of Tacitus) and 
Ceorls,^ both free, but the former of noble, the latter of 
ignoble birtL The oath of an eorl availed against that of 
six ceorls, and there was a corresponding difference in the 
amount of the weregild or compensation-money to be paid 
for the murder of a member of the two classes ; which in 
the case of a ceorl was only 200 shillings (whence he was 
called a tvyyhyndman)^ but in that of an eorl 1200 
shillings. Besides these distinctions between the two 
classes, another was introduced, which had not existed 
when the people dwelt in the forests of Germany. Their 
private wealth had then consisted of household furniture, 
armour, and cattle, while their land was regarded as the 
common property of the tribe. But after settling upon 
the conquered soil of Britain, they made continually in- 
creasing encroachments on the f olc-land, or land common 
to the whole people, by converting portion after portico 
of it into boc-land — ^land held by private individuals, by 
book or charter. Landed wealth was at first the accom- 
paniment of noble Inrth or personal merit, and when it 
became dissociated from these^ it was gradually looked 

^ For the periods of otir history to which the sections marked 1-6 
tn the different chapters correspond, see the Preface. 

' The words have now urder the modernised forms of earl and 
ohv/rL acquired totally different meanini^. 

[Historical Handbooks. Seepage 2.1 
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In Fig. 16 is represented a very pretty experiment, show- 
ing that this gas is heavier than air. First, halance a jar 

yjg ig with a weight. I say ha- 

lance ajar. Is that exactly 
correct ? Is there not some- 
thing in the jar? "No," 
you will perhaps say, " it is 
empty." But think a mo- 
ment. That jar is full of 
something, and that some- 
thing has weight. It is full 
of air. We have balanced, 
then, a jar full of air. Now 
if, as represented, carbonic 
acid gas be poured into the 
jar on the scales, the jar will 
descend and the weight will 
rise. Why ? Because there is now a gas in the jar that 
is heayier than air. 

If you have a jar filled with this gas, you can take it out 
with a little bucket, as seen in Fig. 17. As you take one 
bucketful after another out, it can be poured away as water ; 
and air will take the place of the gas as fast as it is 
removed. 

If a soap-bubble fall into a jar of carbonic acid gas, it 
will not go to the bottom as it would if the jar were fall of 
air. It will descend a little into the jar, and then ascend 
and remain in its open mouth. Why is this ? The air that 
is blown into the bubble is lighter than the gad in the jar, 

[-^tfxy /«fr(?iuc<wn to CHemutry. See^gc\v\ 
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P&OPO6IT10N B. Theobem. 

If two triangles haae two angles cf the one eqtud to two 
angles qf the other^ each to ea^ch^ and the sides acdacent to 
tlie equal angles in each also equal; then must the triangles 
be equal in all respects. 





In A 8 ABCy DBF, 
let lABC= z2>^i^, and lACB^ iDFE, and BC=EF, 
Tlten must AB=DF, and AC=£>F, and lBAC= l EDF. 

For if LDEFhQ applied to lABC, bo that E coincides 
with B, and ^i^ falls on BC; 

then vEF^BC, :. F mil coincide with C; 

and V L DEF= l ABC, ,\ ED will faU on BA ; 

.". D will fall on BA or BA produced. 

Again, •.• l DFE= l ACB, .-. /7> will fall on CA ; 

.•• D will fall on CA or CA produced. 

.'. D must coincide with A, the only pt. common to BA 
and CA, 

.*. DE will coincide with and .*. is equal to AB, 

and DF AC, 

and lEDF iBAC\ 

and /. the triangles are equal in all respects. Q. s. n. 

Cor. Hence, by a process like that in Prop. A, we can 
prove the following theorem : 

if tuH> angles qf a triangle he equal, the sides which sub" 
tend lh4¥in are also equal, (BucL i. 6.^ 

8.E. 

[Elements of Geometry* Set pag!t%\ 
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thus : if the articles had cost £1 each, the total cost 
would have been £24^8 ; 

.*. as they cost i of ;£i each, the cost will be £^^^, or ;^4i3. 

The process may be written thus ; 
3x. 4//. is i of ;^i I £24.7^ = cost of the articles at £i each. 

£413 = cost at 3f. 4//. . . . 

Ex. (2). Find the cost of 2897 articles at £2. 12s. gd. 
each. 



;^2 is 2 X £i 

10s. is I of ;^I 
2S. is J of lOf. 

Sd. is 3- of 2s. 
id. is 4 of Sd. 



2897 . 0.0 = cost at ;^i each. 



5794 . 0.0= £2 ... 

1448 . la • o = 10s.. . . 

289 • 14 • o = 2S. . . , 

90 . II .4^ ^a. ... 

IZ . I . S "^ ...... l€t» . . . 



£7640 . 16 . 9 = £2. 12s.gd.each, 

Note. — ^A shorter method would be to take the parts 
thus: 

lor. = I of ;^i ; 2s. 6d. = J of lor. ; 3^. = -^ of 2J. 6d. 

Ex. (8). Find the cost of 425 articles at £2. iSs. 4^. 
each. 

Since £2. iSs. ^d. is the diflference between £3 and 
IS. Sd. (which is ^ of £1), the shortest course is to find 
the cost at £s each, and to suhtrcu^t from it the cost at 
\s. M. eacli, thus : 

£ t. d. 

£Z is 3 X;^i 425 . 0.0 = cost at £1 each. 



IS. Sd. is ^ of ;^i 



1275 • 0.0= £3 "•' 

35 . 8.4= IS. Sd. each. 



;f 1239 .11.8= £2. i8j. 4d, each. 



[Arithmetic. See |)age ^:V 
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ON THE MEASUREMENT OF ANGLES. 



28. To $hefiD tJhot the angle subtended at the centre qf 
a circle by an are equal to the radius qf the eirde i$ the 
same for all circles. 




Let be the centre of a circle, whose radius is r ; 

AB the arc of a quadrant, and therefore AOB a right 
angle; 

AP an arc equal to the radius AG. 



wr 



Then, AP^^r and AB=-j . (Art 14.) 

Now, by Buc. vl 33, 

angle AGP _ arc^P 
angle -405" arc -4-ff' 



or. 



angle AGP 
a right angle 


_ r 

irr 
2 

2r 
= ? 


1 


oncrlA ytf/}P 


2 right 


angles 



Hence 



Thus the magnitude of the angle AGP is independent of r 
and is therefore the same for all circles. 



ITrtgonomeiry, Seipast^\ 



[Specimen Page^ No. 6.] 
44 RESOLUTION INTO FACTORS. 



89. Oasb II. The next case in point of simplidtj is that 
in which four terms can be so arranged, that the first two 
have a common factor and the last two have a common factor 

Thus 

«* + o.^ + da? + oft = (o^ + od?) + (&4? + oft) 

= a? (a? + a) + & (a? + a) 

Again 

aC'-ad-he-\-hd^{<Ki—ad)—{b€''hd\ 

=a{C'-d)-h{c-d) 

-(a-d)(c-rf). . 

EXAMPLBS.— XVIII, 

Besolve into factors : 

1. s^-cta-hx+ah, 6. aba^-aay+hxy-y^, 

2. ab + cuc — hx—a^, 6. abx—aby+cdx-cdy. 

3. bc+by-cy-y^ 7. cda^+drnxy—cnxy—mny^, 

4. bm^-mn + ab + an, 8. abcx—l^dx—acdy+bd^, 

90. Beforo reading the Articles that follow the student is 
adyised to turn back to Art. 66, and to observe the manner in 
which the operation of multiplying a binomial by a binomial 
produces a trinomial in the Examples there given. He will 
then be prepared to expect that in certain cases a trifwmial 
can be resolved into two binomial factors^ examples of which 
wo shall now give. 

91. Case III. To find the factors of 

;c*-i-7a?+12. 

Our object is to find two numbers whose product is 12, 

and whose sum is 7« 

These will evidently be 4 and 3, 

.-. a?2 + 7a?+12 = (a? + 4)(a?+3). 

\gaiu, to find the factors of 

a^-^-^bx-^^bK 

Our object is to find two numbers whose product is 6^, 

and whose sum is 0& 
Tliese will clearly be 3& and 2&, 

/. «"4-5&a?4-6&*=(a?+35)(a?+2^). 

\A IgAra* Su pagt %\ 
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64 HPOAOTOT [75. 3. 

•T/J09 ktovTov TOP yprjar/MOv eivaiy iaTparevero 69 Ti)i/ Ueparmv 
fiolpav, *I29 Se chri/c€To cttI toj/^AXui; irorafiov 6 Kpo^ao?, 3 
TO ivdevrevy eiS? /Ltev 67© \67a), /carA ra? iovaa^ ye^vpa^ Ste- 
/3i^aaQ TOP crrpaTOv' mss Se 6 ttoWo? X0709 EXXrJi/cai/, 0aX^9 
ot Mt\7}o-to9 Bt,el3i^a(T€, airopeovro^ yap JSipoiaov 2/ca)9 oa 4 
Sca^TjaeraL rov Trorafibv o oTparb*; {pv yap Sfj elvai k<o 
TOVTov Tov y(p6vov Tot/i ye<f>vpa$ Tatira?), Xiyerai irapeovra 
TOP %aXriv iv to5 oTpaTOTriSa) iroLrja-ai avr^ rov TrorafioVy 
ef dpiarepri^; %€t/509 piovra tov orpaTov, Kal i/c Seft^? pietv* 
TTOi'^at Se ftJSe. avcoOev tov OTpaTOTriSov dp^dfievov, Slco- 5 
pv^O' ^adeqv opvaauv, ayovra firfvoeiBia, '6k(o^ av ri 
aTpaTOTreSov ^iSpv/Juivov KaTa vootov Xa^oi^ TavTj) xaTa rfjif 
tidipvxO' iicrpairofievo^ ix twp dp^aiwv peeOpcov, Kal avTi^ 
irapafiei/Sofievo^ to aTpaToireSov, €9 Tci dp)(ala ea^dXKoi* 
&aT€, iirei re xa I ia'^iaOrj Td')(i<TTa 6 7roTafib<:, dfi^oTipy 6 
Sta/Saro? iyivcTO, oi Se koX to irapdirav Xerfovcrv Kal t6 
dp')(alov peeOpov dm'o^rjpavBrjpai, dXKd tovto fiev ov irpoo'-' 



§ a. irpos leovrov] E sua parte, 
ir/)dy=from the direction of (no. «, 
n.), from the point of view of, and 
so favourable towards. Cf. irpos 

Eur. Ale. 57. 

§3. Tcls4ov(ra$7.] The plural 
of a single bridge (205. 3, n.). 

§ 4. Tavra8=rds ioiLxraSf above. 

X^^erai] Hdt.'s doubts about this 
story are prob. due to chronological 
difficulties (Ab.). *The exact year 
of Thales' birth and the date of his 
death cannot be known.' Clinton. 

I{ cLpurTcpijs] This implies that 
the army was marching, or that the 
camp was facing, upstream (i. e. 
southwards) at the time. 

Kal Ik SfJ.] * Partly on the right 
hand as well' (§ 6). 

§ 5. oKo»« dv...Xdpoi] A com- 
mon construction in Hdt, as in 
Homer. Cf. 91. 2; 99. 3; 15^. 2, 
Thuc. has fi^ dr — hrirrXe^creiaPy ll, 
93. 2. Prob. &» renders the object 
ii view rather less definite than it 
would otherwise be, by implying the 
existence of some condition :=' if 



possible.* 'With the opt. dts Ap, 
6rru)S 6»—qiiomodo or tU, vpofiTi- 
60VVTCU, 6Tr<as Ay ei&doufiovolris is derived 
from the direct interrogative, irws dv 
{el iwaropetri) evdatfMvolrit *,* Madv. 
G, S. App. 302. Tr. 'that so per- 
adventure (the river) might take the 
camp, there pitched, in the rear (L e. 
might flow on the western side of 
the camp), having on this side been 
diverted from its ancient course Into 
the channel' 

§ i5. Kal i<rxCcrOT|] ' Kdi. leads one 
to expect a second ica^ before 5iapaT6s 
which is omitted.' Kr. More prob. 
ifai = * actually,' the mere purpose 
(6KW above) now having the per- 
formance superadded. 

Kal t6 irapdirav] 117. i, n. 

Kal rh dpx* ] Kai belongs to the ob- 
ject of X^. = * say this also, viz. that.* 

8Upi)(rav] * How did they cross 
(on this supposition)?' i.e. how could 
they have crossed? Cf. 187. 5, n. 
Hdt.'s objection is hardly a valid 
one, since they might have dammed 
up the new stream and again divert- 
ed the river (into its old bed\» 



iJIerodotus* See page 22*1 
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TBE ELECTRA OF 

HA, [interrvpUng] rC rav intovr^v ^ rl t&v SvTfov v4pi ; 
UP. IwlemrUy] kafi€lv ^Ckov $ria'avp6Uf hp <f>aCv€i, 0€6s» 235 

HA, IboVj KOXa $€OVS. 

\daaping her handi] ^ ri Vq \4y€i,s, yipov ; 
HP. fikhltov wv is T6vb\ S> riicvov, rbv <l)C\TaTov. 

[turning her round to Obestes.] 
HA, [aadly'] viXai d^doiKo, firi <ri y' oifKir eS <t>povpS' 
HP, ovK cS <f>pov& 'yo) (rhv KaxrCyvrirop pk4v<»v ; 
HA, [starting ittddenly] 

TT&s €tTras, Si y^paC, ivikitKn-ov \6yov ; 240 

UP. [emphaiitally] Spav ^Opiarqv t6v^€ top 'Ayofi^fLVOi/off. 
HA. Ttoiov xapaKTrjp* €l<riZ<iv, ^ v€Ca'oiuu ; [inondulotui} 
HP, [pointing at a scar in Obestes' foreJiead] 

ovKfiv itap* 6<l)pvv, ifv itor iv varpSs bofJLO^t 

V€ppbv buiKOiV cod iiiO* ippJixOri Tt€a-(iv. 
HA, ttQs <l>ris ; 6p& pip imipMros T€Kp'/fpLOP» 246 

[astounded, but still hesitating.^ 
HP, lirctra piXXcis ttpooTsLTPiw toXs ^iXrctrocf ; 
HA, [resolved] &XX' ovKit^, S> y^poii* avp^fiSkouri, yhp 

Toh aoXs iriTTfiapai Bvp6p. [she rushes in a transport of 
joy into her hrotJier's arms,ll & XP^^V (f^optis, 

lx*«> <'■' AcXTTTwy. OP. Kdf ipLOv y' ^ci xpdpt^ 
HA, ovb€TroT€ h6(a(r. OP. oil' iyit yap ijKvtcra, 250 
HP. iKtufos cl ot; ; 
OP, <rippMx6s yi croi pLovos, 

^p iKairia-oipaC y hp perip\opM, fioKop, 

vivoiOa y. fj XPV P't'^iff fiy€ur6<u Ocovs, 

€l rihiK loTOi rQ; hLKqs vvipT€pa. [with co^fidsnceJ] 

[Scenes from Greek Flays, See page l8.] 
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NOTES TO THE TIMEPIECE. 89 

378 But loose in morals. Such a one as George Selwyn's chap- 
lain and parasite, Dr Warner. "In letter after letter he (Dr 
Warner) adds fresh strokes to the portrait of himself, not a little 
curious to look at now that the man has passed away; all the foul 
pleasures and gambols in which he revelled, played out ; all the 
rouged faces into which he leered, worms or skulls ; all the fine 
gentlemen whose shoebuckles he kissed, laid in their coffins." — 
Thackeray's George III, See also Goldsmith's Citizen of the 
lVorld,lio, SZ, **A Visitation Dinner j" 'Kmsjai*^ History of Eng- 
land^ voL vii., p. 109. 

384 Scrawls a card. Writes his name on a visiting card. 
Visiting cards in the last century were not the plain bits of paste- 
board which we see now-a-days, they had generally some vignette 
or ingenious device engraved on them. Specimens may be seen 
at Dresden whidi Raphael Mengs drew and Raphael Morghen 
engraved. 

385 Rout, A crowd or crush, the fashionable term in the last 
century for what is now called an " at home." For an amusing 
account of a rout to which Porson was inveigled^ see Landor's 
Imaginary Conversations, Southey and Porson. 

**Southey — Why do you repeat the word rout so often ? 

** Porson — Not because the expression is new and barbarous, I 
do assure you, nor because the thing itself is equally the bane of 
domestic and polite society." 

389 By infidelity, * * This worthy clerg3anan takes care to tell us 
that he does not believe in his religion." — Thackeray, loc, cit, 

390 A sinecure. Especially applied to a benefice without the 
cure of souls. 

397-408. A free paraphrase and amplification of I Tim. ilL 
I-i I, and Titus i 7-9. 

409 Rostrum, More correctly **rostra,^ the stage or pulpit for 
speakers in the Roman forum, so called from being ornamented 
with the beaks of ships taken from the Antians, A.U.C. 416. 

410-414 See remarks on Cowper's wit and humour, in Introduc- 
tion. 

420 Conceit of Vanity on account o£ 

423 Tropes, Trope, Greek r^iv$t, properly a word turned from 
its natural sense, then applied more generally to any rhetorical 
ornament. 

430 Ava$mt. French "avant," Latin ."ab ante," move on» 
begone. 

431 TTieatric I 'ic is from the French 'ique. The additional 
adjectival termination -etl in the modem theatrical arose from the 
adjectives in -ic (logic, mathematics, or more correctly mathe- 
matic, domestic, &c. ) acquiring the force of substantives. 

435 Curious. Inquisitive. 

436 Nasaliwang. ArelicofPuritanism^andgenerallysupposedy 

[Notes to Cowpes^s JTuA. Seepage 4.] 
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their kind, and of every creeping thing of the earth after 
his kind." Sufficient food was also to be provided : "take 
thou unto thee of all food that is eaten, and thou shalt 
gather it to thee, and it shall be for food for thee and for 
them" [Gen. vL 19-21]. 

To make all these preparations required a strong belief 
in God on the part of Noah. The world around him 
utterly disbelieved the message which he conveyed to it 
during many vears of preparation as the *' preacher of 
righteousness '* [2 Pet. ii. 5], while God's longsufifering 
waited [i Pet. lii. 20]. Our Lord says that "they were 
eating and drinking, marrying and giving in marriage, 
until the day that Noah entered into the ark, and knew 
not until the flood came and took them all away" [Matt. 
xxiv. 38 ; Luke xvii. 26]. But though all the world dis- 
regarded, Noah was entitled to be enrolled among the 
number of St Paul's " elders who obtained a good report," 
for his faith made him believe in the things of which God 
gave him warning "though not seen as yet** [Heb. xi. 7], 
and it is recorded of him, " Thus did Noah; according to 
all that God commanded him so did he" [Gen. vL 22]. 

The Ark which Noah built in obedience to the Divine 
command was not a navigable ship, but a great wooden 
•* coffer," or water-tight chest, made so as to float about 
steadily upon the water.^ 

It was built of cypress or " gopher " wood, and covered 
with pitch within and without to secure it against leakage 
from the flood below or the rain above. The size of the 
ark is distinctly given as being 300 cubits in length by 50 
cubits in width, and 30 cubits in height. The cubit is 
reckoned at about. 21 inches, and we are thus able to com-* 
pare die size of the ark with that of our large iron and 
wooden ships of modern days." 



The Ark 

Duke of Wellington 

Great Eastern 


Length. 


Breadth. 


Depth. 1 


S^S feet 
&4ofeet 
680 feet 


87 f«et 6 inches 
60 feet 
83 feet 


5a feet 6 inch«fl 
7a feet 4 iadaes 
58ie«t 



^ Its object being the same as that 
of the ** ark " in wmch the infant Mo- 
ses wasplaced when cast into the Nile 
in obedience to the edict of Pharaoh. 

S The proportions of the ark are 
exactly those of the human body, 
vtf., so*+i'6+x*; and die c^Mtdty 



of these proportions for stowa^ has 
been proved by experiments in Hut- 
land and Denmark to be a third 
greater than that of vessels as built 
for ordinary sailing purposes. That 
of the Arte was thus about the tame 
as diat of the Great Castenu 



[Companion to Old Testament, Seepage 24.] 
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CHANTING. 



Chanting is the arrangement of prose in a rfiythmical form. 
The psalms, canticles, &c. are sung or chanted to melodies 
called Chants, which are either single or double. 

The melody of a single chant is, for convenience, written in 
phrases of seven bars of two minims each or their value. 

The first half of a chant has three, the second four bars. 

The first half is called the mediation^ die second the cadifice. 

TUKNBR. 



i 



-^ 



22 



I 



^p 



ZZ 



First ka^. 



^ 



^^ 



Second Aa(f, 



A double chant is simply a single chant form repeated. 

Attwood. 



fjj^^l-flJ^J^Ij^^ l ^ l li,l|][!l^|!-lHf^l ^l 



m 



\ f^' \ "i i ^ \ ri\fA H^i^riM^P 



E 



^ 



First half a. 



X 
Second ka^ a. 



First half h. Second half ^* 



A single chant is arranged to fit one verse of the psalms, a 
double chant two; for the long psalms quadruple chants, of 
which the phrase or melody is designed to include four verses, 
have been wriuen. 

A changeable cfaant is one whose key-chord may be either 



\7Tk€ ChcrUter^i Guide. See page iS^Ti 
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(especially in winter), and only a limited number of troops can march along 
one road. Thus all roads leading out of a. fortress are to some extent like 
causeways across a marsh, for practical purposes. The difficulty is dimi- 
nished by acting at night, and by making feints. 

24. Fort St. Georges was on the east, La Favorita on the north side, both 
on the outside of the lakes. A t6te-de-chaussee is a fort which commands 
and '' caps " a road, as a t6te-de-pont does a bridge. 

25. " Considered himself able to obtain.'* 

26. Detached that is, from the army now under the Archduke Charles. 
Till this new force, under a new general, should arrive, Melas was left in 
command of what remained of Beaulieu*5 army, now in retreat up the Tall^ 
of the Adige. Beaulieu himself was recalled. 

27. The district called the Vorarlberg lies between the Lake of Constance 
and the TyroL The Tyrolese attachment to the House of Austria is 
famous. In 1809, Napoleon wanted to take the Tyrol from Austria, and 
give it to Bavaria, setting up the latter as a rival power to Austria. The 
Tyrolese resisted. [Story of Hofer.] 

28. [Why did not Bonaparte cross the Adige, or else ascend it, and make 
for the Danube ?] 

29. " Dependent on *' (comp. the English "irrelevant") . . . "invested 
with," i.e. holding. These little domains were only nominally dependent 
on the empire ; in reality they were part of the territory of Genoa, and con- 
tributed to its militia. " The empire " had only eight years more to live. 
When Francis IL saw that he had lost all real power as emperor, he threw 
it up altogether, and took the title of Emperor of Austria instead. 

30. [St Januarius.] 

31. There were also six tiliousand English in Corsica, who might have 
reinforced an army attacking Bonaparte from the south. [Have English 
troops ever been in North Italy ? Only once, I believe.] 

32. In its lower course, the Po is highei than the surrounding country, 
thanks to the deposits brought down from the Alps, which raise its bed 
incessantly. It is walled in by high embankments, kept in order by a staff 
of engineers, as in Holland. But, in spite of their efforts, the river some- 
times breaks through. 

33. " Referred the question of peace to." 

34. Napoleon had strange good fortune in one respect: his enemies 
never attacked him at the same moment In this campaign he could 
hardly have resisted a flank attack from a Papal and Neapolitan army 
combined with that of the Austrians. So, when he beat Austria at Auster- 
litz, Prussia on his left flank was holding back ; when he beat Prussia at 
Jena, Austria on his right flank was passive; when he invaded Russia, 
neither Prussia nor Austria stirred ; when at last they did combine in one 
attack, they were more than a match for him, and he was ruined in the 
great battle of 1 81 3. 

INotes to Campaigns 0/ Napoleon. See ^age ^n^ 
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